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This  report  contains  the  abstracts  of  the  publications  which  summarize 
our  research  results  in  those  areas  during  this  semi-annual  period,  fol¬ 
lowed  by  the  main  body  of  the  report  which  consists  of  the  Ph.D. 
dissertation  by  H.  Richard  Gail,  *On  the  Optimization  of  Computer  Net¬ 
work  Power, ^conducted  under  the  supervision  of  Professor  Leonard  Klein- 
rock  (Principal  Investigator  for  this  contract) .  It  addresses  the 
tradeoff  between  throughput  and  delay  involving  the  selection  of  a  suit¬ 
able  operating  point  for  a  computer  network.  This  tradeoff  is  studied 
through  the  maximization  of  various  throughput-delay  performance  meas¬ 
ures,  all  known  as  pgwec.  The  models  analyzed  for  the  most  part  are 
those  for  a  terrestrial  wire  network.^  Power  is  first  analyzed  for  sim¬ 
ple  computer  networks.  Although  these  networks  are  topologically  sim¬ 
ple,  they  also  yield  single-variable  optimization  problems  which  are 
mathematically  simple.  The  critical  system  parameter  turns  out  to  be 
the  average  number  in  system  at  maximum  power  since  it  is  a  parameter 
which  is  easily  implemented  in  networks  which  use  window  flow  control 
and  also  because  it  exhibits  important  invariances.  A  network  which  is 
topologically  simple  but  which  no  longer  has  a  simple  problem  formula¬ 
tion  is  also  studied.  It  is  found  that  some  of  the  nice  results 
obtained  for  the  simple  formulations  do  not  hold  for  this  more  compli¬ 
cated  multi-variable  problem.  In  particular,  issues  involving  fairness 
of  operating  points  are  explored.  The  power  problem  is  extended  in 
several  ways.  First  the  problem  formulation  itself  is  altered  (the  con¬ 
straints  and/or  decision  variables);  second  the  objective  function  (the 
pcwer  function)  is  changed.  With  these  extensions,  the  multi-variable 
problem  is  often  manageable.  A  generalized  power  performance  measure, 
which  enables  the  analyst  to  vary  the  importance  of  throughput  relative 
to  delay,  for  the  above  problem  formulations  is  also  studied.  Finally, 
the  analysis  of  power  is  extended  to  networks  with  blocking.  Tradeoffs 
among  throughput,  delay  and  the  blocking  probability  are  examined. 
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Defense  Advanced  Research  Projects  Agency 
Semi-Annual  Technical  Report 

September  SO,  1988 


INTRODUCTION 

This  Semi-Annual  Technical  Report  covers  research  carried  out  by  the  Advanced  Telepro¬ 
cessing  Systems  Group  at  UCLA  under  DARPA  Contract  No.  MDA  903-82-C-0064  covering  the 
period  from  April  1,  1983  through  September  30,  1983.  Under  this  contract  we  have  three  desig¬ 
nated  tasks  as  follows: 

TASK  L  PACKET  RADIO  SYSTEMS 

The  extension  of  cur  analytic  and  design  techniques  to  modern  multi-hop  packet 
radio  networks  will  be  studied.  The  applications  and  extensions  include  access 
methods,  large  network  control  and  management,  queueing  network  models, 
approximation  methods,  capture  phenomena,  conflict-free  algorithms,  reliability, 
routing  procedures,  topological  studies,  TDMA  in  a  multi-hop  environment  and 
multiplexing  methods. 

TASK  IL  RESOURCE  SHARING  AND  ALLOCATION 

Extended  concepts  of  “power”  in  networks  will  be  studied.  The  extensions 
include  more  complex  topologies  and  configurations,  extended  queueing  discip¬ 
lines,  general  distributions,  other  definitions  of  power,  effects  of  varying  the  traffic 
matrix  and  fairness.  The  problems  of  large  scale  internetting  with  respect  to 
resource  allocation  and  sharing  will  also  be  studied  further. 

TASK  m.  DISTRIBUTED  PROCESSING  AND  CONTROL 

Overall  principles  of  distributed  processing  and  distributed  control  will  be  stu¬ 
died.  The  issues  of  sequencing  in  data  base  updates,  distributed  control  and  dis¬ 
tributed  processing  (involving  the  calculation  of  concurrency  of  processing)  are 
the  subjects  of  concern  here. 

A  major  contribution  of  our  research  during  this  reporting  period  is  contained  in  Refer¬ 
ence  7  listed  below,  namely,  "On  the  Optimization  of  Computer  Network  Power,”  by  H.  Richard 
Gail.  This  dissertation  was  supervised  by  Professor  Leonard  Kleinrock  (Principal  Investigator  for 
this  research).  It  addresses  the  tradeoff  between  throughput  and  delay  involving  the  selection  of  a 
suitable  operating  point  for  a  computer  network.  This  tradeoff  is  studied  through  the  maximiza¬ 
tion  of  various  throughput-delay  performance  measures,  all  known  as  power.  The  models 


analyzed  for  the  most  part  are  those  for  a  terrestrial  wire  network.  Power  is  first  analyzed  for 
simple  computer  networks.  Although  these  networks  are  topologically  sample,  they  also  yield 
single-variable  optimization  problems  which  are  mathematically  simple.  The  critical  system 
parameter  turns  out  to  be  the  average  number  in  system  at  maximum  power  since  it  is  a  parame¬ 
ter  which  is  easily  implemented  in  networks  which  use  window  flow  control  and  also  because  it 
exhibits  important  invariances.  A  network  which  is  topologically  simple  but  which  no  longer  has 
a  simple  problem  formulation  is  also  studied.  It  is  found  that  some  of  the  nice  results  obtained 
for  the  simple  formulations  do  not  hold  for  this  more  complicated  multi-variable  problem.  In  par¬ 
ticular,  issues  involving  fairness  of  operating  points  are  explored.  The  power  problem  is  extended 
in  several  ways.  First,  the  problem  formulation  itself  is  altered  (the  constraints  and/or  decision 
variables);  second,  the  objective  function  (the  power  function)  is  changed.  With  these  extensions, 
the  multi-variable  problem  is  often  manageable.  A  generalized  power  performance  measure, 
which  enables  the  analyst  to  vary  the  importance  of  throughput  relative  to  delay  for  the  above 
problem  formulations,  is  also  studied.  Finally,  the  analysis  of  power  is  extended  to  networks  with 
blocking.  Tradeoffs  among  throughput,  delay  and  the  blocking  probability  are  examined.  The 
entire  dissertation  is  reproduced  as  the  main  body  of  this  report.  The  following  list  of  research 
publications  summarizes  the  results  of  this  semi-annual  period  and  the  abstract  of  each  paper  is 
given  along  with  the  reference  itself. 


RESEARCH  PUBLICATIONS 


1.  Nelson,  R.  and  L.  Klelnroek,  "Maximum  Probability  of  Successful  Transmis¬ 
sion  In  a  Random  Planar  Packet  Radio  Network,”  Infocom  '88  Proceedings,  April 
18-21,  1083,  San  Diego,  California. 

Suppose  a  packet  radio  network  has  nodes  which  are  randomly  distri¬ 
buted  over  the  infinite  plane  according  to  a  Poisson  point  process  such 
that  nodes  have  an  average  of  N  nodes  within  its  transmission  range.  In 
this  paper  we  show  that,  over  all  protocols,  the  maximum  probability  of 
a  successful  transmission  over  any  period  of  time  is  upper  bounded  by 
.9878/ N  for  suitably  large  N.  We  compare  this  performance  to  that 
obtained  using  slotted-ALOHA  and  CSMA  and  show,  for  realistic  net¬ 
works,  that  these  protocols  at  best  achieve  respectively  about  86 %  and 
J9%  of  our  bound. 


3.  Klelnroek,  L.,  "Packet  Switching  Principles,”  Proceedings  of  the  L.  M.  Ericsson 
Award  Ceremony,  Stockholm,  Sweden,  May  5,  1882,  also  published  as  a  special 
editorial  In  Journal  of  Telecommunication  Networks,  Spring  1883,  pp.  1-5. 


This  paper  traces  the  development  of  packet  switching  over  the  last 
decade,  explores  its  underlying  principles  and  describes  its  impact  on  the 
modern  world  of  data  communications.  The  likely  applications  to 
advanced  future  systems  is  also  discussed. 


Sadr,  R-,  “UCLA  Demodulation  Engine,"  UCLA  Computer  Science  Depart* 
ment  Report  No.  CSD-830518,  May  1083. 

This  report  describes  the  VLSI  design  and  implementation  of  a  Viterbi 
algorithm  processor  for  simultaneous  data  demodulation  and  phio,*  track¬ 
ing  of  Minimum  Shift  Keying  signal. 

During  the  1981-82  academic  year,  graduate  students  in  the  VLSI  course 
(CS258A-C)  at  UCLA  designed  the  implementation  of  this  system  as  a 
one-year  class  project  and,  with  support  from  DARPA  (Defense 
Advanced  Research  Project  Agency),  fabricated  this  processor  on  a  single 
chip,  using  4-micron  NMOS  technology.  The  UCLA  Demodulation 
Engine  can  be  used  as  an  inexpensive  digital  radio  receiver  in  a  variety  of 
applications. 

Sadr,  R.,  "Receiver  Design  and  Analysis  for  Generalised  Minimum  Shift  Keying 
Modulation  Techniques,"  Ph.D.  Dissertation,  University  of  California,  Los 
Angeles,  June  1983. 

In  this  dissertation  we  consider  the  design,  analysis  and  implementation 
of  optimum  demodulators  for  a  class  of  coherent  Minimum  Shift  Keying 
(MSK)  signals.  An  open  loop  design  for  simultaneous  data  demodulation 
and  phase  tracking  of  the  MSK  signal  using  the  Viterbi  algorithm  is  con¬ 
sidered. 

Two  variations  of  the  MSK  signal  are  studied.  The  MSK  with  overlay  is 
a  dual  rate  modulation  technique  which  is  equivalent  to  transmitting  two 
symbols  during  certain  periods  of  the  MSK  signal.  The  demodulator  uses 
the  Viterbi  algorithm  to  estimate  both  the  low  and  high  rate  data  simul¬ 
taneously  from  the  data  signal.  The  MSK  with  Pseudo  Random  (PN) 
sequence  combats  intentional  or  unintentional  jamming  in  spread  spec¬ 
trum  systems.  We  find  a  simplified  receiver  for  MSK  with  PN  sequence 
and  also  a  demodulator  which  takes  into  consideration  the  effect  of  ran¬ 
dom  phase  perturbations. 

The  performance  of  these  demodulators  is  evaluated  using  new  transfer 
function  bounds  for  periodically  time  varying  finite  state  dynamical  sys¬ 
tems  and  can  also  be  applied  for  time  varying  codes  and  modulations. 

The  VLSI  system  architecture  of  the  Viterbi  algorithm  processor  for 
simultaneous  data  demodulation  and  phase  tracking  of  the  MSK  signal  is 
formulated.  The  UCLA  course  on  VLSI  during  the  1981-82  academic 
year  undertook  the  implementation  of  tne  UCLA  Demodulation  Engine 
as  a  one  year  class  project.  This  chip  is  fabricated  on  a  single  die,  using 
4-micron  NMOS  technology. 


Silvester,  J.  A.  and  L.  Kleinroek,  “On  the  Capacity  of  Multi-Hop  Slotted 
ALOHA  Networks  with  Regular  Structure,"  IEEE  Transaction  on  Communica¬ 
tions,  Vol.  COM-31,  August  1083,  pp.  074-082. 

In  this  paper  we  investigate  the  capacity  of  networks  with  a  regular 
structure  operating  under  the  slotted  ALOHA  access  protocol.  We  first 
consider  circular  (loop)  and  linear  (bus)  networks  and  then  proceed  to 
two-dimensional  networks.  For  one-dimensional  networks  we  find  that 
the  capacity  is  basically  independent  of  the  network  average  degree  and 
is  almost  constant  with  respect  to  network  size.  For  two-dimensional 
networks  we  find  that  the  capacity  grows  in  proportion  to  the  square  root 
of  the  number  of  nodes  in  the  network,  provided  that  the  average  degree 
is  kept  small.  Furthermore,  we  find  that  reducing  the  average  degree 
(with  certain  connectivity  restrictions)  allows  a  higher  throughput  to  be 
achieved.  We  also  investigate  some  of  the  peculiarities  of  routing  in 
these  networks. 

Silvester,  J.  A.  and  L.  Kleinroek,  “On  the  Capacity  of  Single-Hop  Slotted 
ALOHA  Networks  for  Various  Traffic  Matrices  and  Transmission  Strategies," 
IEEE  Transactions  on  Communications,  VoL  COM-31,  August  1083,  pp.  083-001. 

In  this  paper  we  formulate  a  general  model  of  the  capacity  of  single-hop 
slotted  ALOHA  networks.  We  find  that  the  capacity  can  be  expressed  as 
a  function  of  the  nodal  degree  (i.e.,  number  of  nodes  within  range  of  a 
transmitter).  We  then  evaluate  this  model  for  various  traffic  matrices. 

In  order  to  satisfy  the  requirements  of  a  given  traffic  matrix,  the 
transmission  power  is  selected  accordingly  and  this  determines  tue  degree 
of  the  nodes  and,  hence,  the  network  performance.  Finally,  we  compare 
our  results  to  simulation  studies. 

Gall,  H.  Richard,  "On  the  Optimisation  of  Computer  Network  Power,"  Ph.D. 
Dissertation,  Computer  Science  Department,  University  of  California,  Los 
Angeles,  September  1083,  Report  No.  CSD-830022. 
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ABSTRACT 


We  study  the  tradeoff  between  throughput  and  delay  involving  the  selection  of  a  suit¬ 
able  operating  point  for  a  computer  network.  We  choose  to  analyse  this  tradeoff  through  the 
maximization  of  various  throughputrdelay  performance  measures,  all  known  as  power.  The 
models  we  analyze  for  the  most  part  are  those  for  a  terrestrial  wire  network. 

We  begin  by  analyzing  power  for  simple  computer  networks.  Although  these  networks 
are  topologically  simple,  they  also  yield  single-variable  optimization  problems  which  are 
mathematically  simple.  We  concentrate  on  a  critical  system  parameter,  the  average  number  in 
system  at  maximum  power,  since  it  is  a  parameter  which  is  easily  implemented  in  networks 
which  use  window  flow  control,  and  also  because  it  exhibits  important  invariances.  We  next 
analyze  a  network  which  is  topologically  simple  but  which  no  longer  has  a  simple  problem  for¬ 
mulation.  We  find  that  some  of  the  nice  results  obtained  for  the  simple  formulations  do  not 
hold  for  this  more  complicated  multi-variable  problem.  In  particular,  issues  involving  fairness 
of  operating  points  are  explored. 


We  then  extend  the  power  problem  in  several  ways.  First  the  problem  formulation 
itself  is  altered  (the  constraints  and/or  decision  variables);  second  the  objective  function  (the 
power  function)  is  changed.  We  find  with  these  extensions,  (hat  the  multi-variable  problem  is 
often  manageable.  We  also  study  a  generalized  power  performance  measure,  which  enables  the 
analyst  to  vary  the  importance  of  throughput  relative  to  delay,  for  the  above  problem  formula¬ 
tions.  Finally  the  analysis  of  power  is  extended  to  networks  with  blocking.  Tradeoffs  among 
throughput,  delay  and  the  blocking  probability  are  examined. 
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CHAPTER  1 
Introduction 


now  does  one  select  an  “appropriate"  operating  point  for  a  computer  network?  This 
seemingly  simple  question  does  not  have  a  straightforward  answer.  The  object  of  this  research 
is  to  contribute  toward  answering  the  above  question. 

1.1  Computer  Network  Models 

Before  addressing  this  general  question,  we  must  describe  the  modeling  environment  of 
computer  networks.  It  has  long  been  recognized  that  sharing  of  the  various  network  resources 
(channels,  nodes,  software,  etc.)  is  essential  since  data  traffic  is  known  to  be  “bursty"  in 
nature.  In  conventional  land-based  wire  networks,  customers  (messages,  packets)  enter  the 
system  and  are  served  (transmitted)  by  the  interconnecting  message  channels.  In  broadcast 
networks  (satellite,  packet  radio,  broadcast  cable),  collisions  of  messages  may  occur  since  it  is 
no  longer  possible  to  schedule  (queue)  customer  requests.  In  this  case,  the  system  resources 
(the  communication  channels)  may  be  used  very  inefficiently.  To  analyze  both  types  of  net¬ 
works,  various  performance  measures  have  been  proposed.  These  include  throughput, 
response  time  (delay),  backlog,  efficiency  and  system  capacity.  Other  measures  such  as  line 
cost,  buffer  size,  reliability,  blocking  and  fairness  have  also  been  studied. 

The  first  modeling  and  analysis  of  a  computer  network  was  that  of  Kleinrock  ( Kle i64j 
Using  various  assumptions  (such  as  external  Poisson  arrivals,  infinite  nodal  storage,  exponential 
message  length  and  the  well-known  independence  assumption)  he  was  able  to  model  a  conven¬ 
tional  wire  network  as  a  queueing  network  of  the  type  studied  by  Jackson  [Jack63|.  In  such 
Jacksonian  networks,  the  analysis  of  certain  network  measures  may  be  reduced  to  the  study  of 
the  individual  nodes.  The  system  probabilities  obey  a  product-form  solution  with  respect  to  the 
nodal  probabilities.  Thus  Kleinrock  could  find  expressions  for  average  number  in  system  and 
also  for  average  delay.  He  extended  his  studies  to  design  issues,  and  for  design  variables  he 
included  the  topology  of  the  network,  the  capacities  of  the  links,  and  the  flows  on  the  channels. 
The  networks  we  will  analyze  in  this  dissertation  will  (for  the  most  part)  be  of  the  above  type, 
and  thus  the  models  used  will  be  based  on  that  of  Kleinrock. 
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1.1.1  Noted  an 


We  now  present  the  notation  which  we  will  nse  in  this  dissertation.  It  follows  that 
employed  by  KleiTock  [Klei75,  Klei76j  in  modeling  conventional  wire  terrestrial  computer  net¬ 
works.  We  assume  the  network  has  N  nodes  (switching  computers)  and  M  channels,  and  that 
the  topology  is  arbitrary.  The  capacity  of  the  ith  channel  is  assumed  to  be  C,  bits  per  second 
The  mean  length  of  the  messages  which  traverse  the  network  is  b  bits  per  message  (the  mes¬ 
sage  length  distribution  is  sometimes  assumed  to  be  exponential).  Each  source-destination  pair 
(j,  1)  of  nodes  of  the  network  represents  a  potential  user  (or  users)  who  wishes  to  send  mes¬ 
sages  from  (a  HOST  connected  to)  node  j  to  (a  HOST  connected  to)  node  k.  We  assume  that 
the  traffic  originating  from  this  user  occurs  with  a  rate  of  7;»  messages  per  second.  We  usually 
consider  these  arrival  processes  to  be  Poisson,  although  that  restriction  will  be  relaxed  on  occa¬ 
sion.  The  total  external  arrival  rate  of  messages  to  the  system  is  simply 

N  N 

(1-1) 

In  the  networks  considered  here  we  usually  assume  messages  are  not  blocked  or  lost  (e.g. 
infinite  buffer  capacity,  no  noise  on  the  lines  and  no  possibility  of  collision  as  in  packet  radio 
networks  or  local  networks  of  the  ETHERNET  type).  Thus  throughput  is  synonymous  with  the 
traffic  applied  to  the  system,  and  so  it  is  equal  to  7  for  these  networks  (however,  the  case  of 
blocking  will  be  considered  in  chapter  7  below). 

The  arrival  rate  of  messages  which  are  transmitted  over  channel  i  is  assumed  to  be  X, 
messages  per  second.  Therefore,  the  total  traffic  within  the  network  is 

X  =  £>,  (1.2) 

We  next  set  T  to  be  the  average  total  time  spent  in  the  network  by  a  message.  Thus  T  is  the 
sum  of  W,  the  average  total  waiting  time  (on  queues)  spent  in  the  network  by  a  message,  and 
x,  the  average  total  service  time  of  a  message.  (That  is,  x  is  the  total  time  a  message  spends  in 
transmission  00  all  channels  in  its  journey  through  the  net)  We  have 

T  =  W+x  (1.3) 

Finally  we  set  N  to  be  the  average  total  number  of  messages  in  the  network. 

These  various  network  parameters  are  composed  of  corresponding  quantities  for  each  of 
the  message  channels  in  the  network.  We  let  N„  T„  W„  x,  be  the  values  for  channel  i. 


The  service  time  for  a  message  on  the  ith  channel,  z,,  may  be  expressed  as  the  average  length 
of  a  message,  k ,  in  bits,  divided  by  the  capacity  of  the  ith  channel,  C,,  in  bits  per  second  That 
is,  we  have 


(1.5) 


Thus  the  variation  in  service  time  at  the  ith  channel  occurs  due  to  the  variation  in  message 
length.  We  also  define  the  utilization  (efficiency)  for  the  ith  channel  as 


P,  — X.z,  (1.6) 

Using  these  quantities  for  the  individual  message  channels,  Kleinrock  established  the  key  delay 
throughput  relationship 

r-S^-r,  (i,7) 
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We  also  will  use  Little’s  result  [Littfilj  which  relates  several  of  the  above  quantities  as 

tf-7  T  (1.8) 

Note  that  equation  (1.7)  is  a  consequence  of  equation  (1.4)  and  Little’s  result  Summarizing 
these  definitions  we  have  the  following  list 


M  number  of  channels 

N  number  of  nodes 

C ,  capacity  of  the  ith  channel 

r  mean  message  length  (bits) 

7 ji  traffic  from  node  j  to  node  k 
7  total  external  traffic  (throughput) 

X,  traffic  on  channel  i 

X  total  network  traffic 

T  total  mean  time  in  system 

r,  mean  time  at  channel  i 

W  total  mean  waiting  time  (on  queues) 
W,  mean  waiting  time  at  channel  i 
x  total  mean  service  time 

z,  mean  service  time  at  channel  i 
N  total  mean  number  in  system 

N,  mean  number  at  channel  i 

p,  utilization  (efficiency)  for  channel  i 


1.1.2  Delay  as  a  Performance  Measure 


Kleinrock  used  equation  (1.7)  as  the  overall  performance  measure  for  a  computer  net¬ 
work.  Further,  he  posed  several  optimization  problems,  three  of  which  we  now  review  since 
we  intend  to  consider  similar  problems  using  a  new  performance  measure  called  power 
throughout  this  dissertation.  In  all  three  problems,  the  topology  of  the  network  and  the  traffic 
matrix  {7;*}  are  assumed  to  be  given. 

(i)  In  the  capacity  assignment  problem  (CA)  the  channel  flows  {X,}  are  given,  and  one 
seeks  to  select  capacities  which  minimize  total  system  delay  T  under  a  given  capacity  cost  con¬ 
straint  Using  the  method  of  Lagrange  multipliers  [MangflO),  Kleinrock  solved  this  problem 
assuming  linear  costs  (e.g.  channel  cost  proportional  to  capacity).  The  result  is  the  so-called 
square  root  capacity  assignment  |Klei64|.  This  problem  has  also  been  analyzed  assuming  other 
cost  functions  (Klei76|. 

(ii)  For  the  flow  assignment  problem  (FA)  the  capacities  are  now  given  and  the  channel 
flows  must  be  determined  which  minimize  3”.  The  problem  is  a  convex  cost  multicommodity 
flow  problem  with  the  interesting  fact  that  upper  bounds  on  the  flows  are  incorporated  (impli¬ 
citly)  into  the  objective  function  as  penalties.  Convex  cost  network  flow  problems  also  occur  in 
other  diverse  areas  (urban  transportation  systems,  pipe  network  systems  and  production- 
distribution  problems),  and  there  is  a  considerable  literature  on  the  attempts  to  solve  them 
[Kenn80|.  We  mention  two  methods  tailored  to  the  communications  design  problem,  namely 
the  flow  deviation  algorithm  |Frat73,Klei76|  and  the  extremal  flows  method  |Cant74].  The  flow 
deviation  method  is  a  variant  of  the  Frank-Wolfe  algorithm,  while  the  extremal  flows  method  is 
an  application  of  Dantzig-Wolfe  decomposition.  The  shortest  route  subproblems  of  flow  devia¬ 
tion  can  be  solved  very  quickly  with  programming  techniques  that  emphasize  the  use  and  mani¬ 
pulation  of  certain  data  structures  |Kenn80|. 

(iii)  As  a  final  example,  the  above  two  problems  have  been  extended  in  a  natural  way 
to  obtain  the  capacity  and  flow  assignment  problem  (CFA).  Here  the  decision  variables  include 
both  capacities  and  flows.  A  suboptimal  algorithm  has  been  studied  (Frat73,  Klei76j  which,  in 
the  language  of  Geoffrion  |Geof70|,  makes  use  of  the  technique  called  projection.  The  pro¬ 
jected  problem  turns  out  to  be  a  non-convex  programming  problem  on  a  convex  polyhedron. 

Clearly,  delay  must  be  considered  when  selecting  a  network  operating  point. 

1.1.3  Throughput  u  a  Performance  Measure 

We  have  given  three  examples  of  network  design  problems  for  wire  networks  that  have 
varying  degrees  of  difficulty.  All  use  delay  as  the  principal  measure  of  interest.  Another  key 
measure  of  performance  is  system  throughput  which  we  discuss  in  this  section. 
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Let  as  focas  on  two  issaes  of  importance  in  the  analysis  of  the  throughput  of  real  sys¬ 
tems,  those  of  routing  and  flow  control.  We  have  seen  an  example  of  a  (static)  routing  problem, 
namely  the  flow  assignment  problem;  the  task  was  to  route  traffic  (i.e.  And  the  channel  flows) 
in  such  a  way  so  as  to  minimise  total  system  delay.  In  real  systems  the  bursty  nature  of  the 
traffic  may  require  dynamic  routing  algorithms  to  enable  the  network  to  adjust  to  the  changing 
traffic,  as  well  as  dynamic  flow  control  schemes  to  provide  high  throughput 

In  discussing  the  routing  problem  we  assumed  a  certain  amount  of  traffic  had  to  be  sent 
through  the  network  in  an  efficient  manner.  Of  course  it  is  possible  that  too  many  messages 
may  be  in  the  network  thus  straining  the  capacity  of  various  system  resources.  Congestion, 
throughput  degradation  and  even  deadlock  may  develop.  The  system  may  not  be  able  to  func¬ 
tion  under  heavy  load  and  may  grind  to  a  halt.  One  answer  to  this  problem  is  to  throttle  traffic 
entering  the  network  (or  perhaps  at  intermediate  nodes).  A  set  of  protocols  to  achieve  this  is 
called  a  flow  control  scheme,  some  of  which  have  been  (heuristically)  developed.  Both  static 
and  dynamic  flow  control  schemes  have  been  studied  [Klei80,Kerm80|.  A  recent  survey  of  the 
various  levels  of  flow  control  which  may  be  needed  in  a  network  are  discussed  in  [Gerl80|. 
The  book  (Gran70|  edited  by  Grange'  and  Gien  contains  the  proceedings  of  a  symposium 
devoted  entirely  to  the  flow  control  problem. 

How  are  these  issues  relevant  to  the  choice  of  an  operating  point?  Once  we  somehow 
determine  the  characteristics  such  a  point  should  have  (using  some  performance  criterion  say), 
flow  control  is  one  mechanism  that  might  be  used  in  attempting  to  achieve  this  goal.  For 
example,  if  we  claim  that  for  a  certain  network  the  operating  point  occurs  when  the  rate  of 
messages  into  the  system  is  X*  (msg/sec),  or  perhaps  it  occurs  when  the  average  number  of 
messages  in  the  system  is  N*,  then  an  appropriate  flow  control  strategy  m^y  be  considered  in 
order  to  operate  the  network  at  the  right  point.  The  design  of  a  good  flow  control  strategy 
(using  permits,  windows,  etc.)  will  depend  on  the  physical  characteristics  of  the  network  in 
question.  Figure  2  of  (K!ei78aj  gives  a  nice  graphical  interpretation  of  the  interaction  of 
throughput  with  a  flow  control  scheme. 

Throughput  is  also  an  important  performance  measure  for  broadcast  networks,  often 
considered  in  the  literature  to  be  more  important  than  delay.  In  the  single-hop  broadcast 
environment  (satellite,  etc.),  protocol  capacity  (that  is,  the  amount  of  throughput  that  can  be 
achieved  if  we  pump  the  system  until  the  point  of  infinite  delay)  seems  to  be  the  current  meas¬ 
ure  in  favor  [Moll82|.  Perhaps  this  is  partially  due  to  the  complexity  of  the  delay  analysis  for 
such  networks.  As  a  result,  the  emphasis  in  this  area  has  been  to  invent  an  access  scheme  and 
see  how  much  throughput  it  gives  if  you  run  it  to  capacity.  These  results  are  quite  interesting, 
but  they  fail  to  answer  the  question  of  where  to  operate  a  single-hop  broadcast  system. 
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In  thf  multi-hop  broadcast  packet  radio  network,  other  performance  measures  have 
been  examined  [Nels82j.  In  such  systems  individual  nodes  have  the  ability  to  hear  a  subset  of 
the  set  of  all  nodes,  but  as  in  single-hop  systems  collisions  can  occur.  This  has  some  of  the 
graphical  flavor  of  the  wire  network  problem  combined  with  some  aspects  of  single-hop.  Two 
measures  of  interest  are  the  expected  number  of  successful  transmissions  (perhaps  normalized) 
and  the  expected  progress  (in  hops)  per  transmission  attempt  In  some  sense  the  first  is  a 
measure  of  throughput  while  the  second  is  a  measure  of  delay  (if  the  average  length  a  message 
must  travel  is  n  hope,  for  example,  we  may  obtain  an  indication  of  delay  using  the  expected 
progress  criterion). 

1.1.4  Through  put- Delay  TVadecCEi 

We  have  reviewed  various  physical  networks  and  the  techniques  used  to  model  and 
analyze  them.  Although  several  performance  measures  have  been  discussed  in  the  literature, 
no  one  single  measure  gives  an  adequate  answer  to  the  main  question  posed  at  the  beginning  of 
this  chapter.  Two  important  measures,  throughput  and  delay,  have  emerged  which,  in  some 
sense,  are  conflicting.  If  the  input  rate  of  messages  to  a  network  is  decreased  in  order  to 
decrease  the  system  delay,  the  throughput  will  also  decrease.  Conversely,  if  the  rate  of  mes¬ 
sages  to  a  network  is  increased  to  obtain  higher  throughput,  the  delay  will  increase.  Thus  one 
might  suggest  that  an  appropriate  operating  point  may  incorporate  some  type  of  tradeoff 
between  the  competing  measures  of  throughput  and  delay.  Several  such  tradeoff  functions 
have  in  fact  been  introduced. 

One  such  function,  called  power,  has  been  found  to  be  quite  useful,  and  it  is  the 
behavior  of  this  measure  (and  its  generalizations)  which  is  addressed  in  this  dissertation.  In  its 
simplest  form,  power  is  the  ratio  of  throughput  and  delay  (i.e.,  P  <—i/T).  Thu*  P  is  an 
increasing  function  of  the  (good)  performance  measure  throughput  and  a  decreasing  function 
of  the  (bad)  performance  measure  delay. 

1.1  Summary  at  Results 

We  now  give  a  brief  outline  of  this  dissertation  and  summarize  its  major  results.  In 
this  first  chapter,  we  have  discussed  several  previous  models  of  computer  networks  and  the 
accompanying  analyses.  Such  analytical  work  is  necessary  before  we  can  attempt  to  select  a  net¬ 
work  operating  point  The  list  of  models  is  by  no  means  exhaustive,  but  illustrates  the  type  of 
performance  measures  used  in  the  study  of  such  networks  and  represents  candidates  for  the 
extension  of  this  research. 

In  chapter  2  a  recently  introduced  concept  called  power  is  discussed.  Power,  P,  is  a 
measure  which  combines  the  two  most  common  performance  measures  (throughput  7  and 
delay  T)  into  a  single  performance  function  as  P  Several  simple  networks  are  analyzed 

from  the  power  point  of  view  and  intuitive  rules  of  thumb  are  shown  to  be  valid  for  these 
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networks.  Hie  networks  which  are  studied  are  not  only  topologically  simple,  but  they  yield 
problems  which  are  simple  from  an  optimization  point  of  view.  Of  major  interest  is  the  param¬ 
eter  N*,  the  average  number  in  system  at  the  optimal  power  point.  Not  only  is  it  implement- 
able  in  a  window  flow  control  scheme,  but  we  also  find  that  it  is  invariant  under  scaling  of 
channel  capacities  in  some  cases,  and  invariant  with  respect  to  the  service  time  distribution  in 
other  cases.  We  first  study  two  types  of  aeriet  networks  with  Poisson  input,  the  M/M/l  series 
network  (exponential  message  length)  and  the  M/D/l  series  network  (constant  message 
length),  and  obtain  results  for  arbitrary  channel  capacities.  In  the  particular  cue  of  equal  chan¬ 
nel  capacities,  we  show  that  is  identical  for  both  networks,  even  though  other  system  param¬ 
eters  (such  as  the  optimal  throughput  7*)  are  quite  different  We  next  consider  a  parallel  net¬ 
work  with  Poisson  input  and  arbitrary  message  length,  the  M/G/l  parallel  network.  After 
obtaining  several  results  for  this  general  parallel  network,  we  consider  two  special  cases: 
exponential  message  length  (the  M/M/l  parallel  network);  and  equal  loads  on  each  channel. 
We  show  that  the  equation 

tr-tv-W.’)’  do) 

1-*  t-4 

characterizing  FT,  which  was  given  by  Bharath-Kumar  |Bhar80)  for  the  M/M/l  series  network, 
also  holds  for  the  M/M/l  parallel  network.  When  we  have  Poisson  input  to  the  network,  we 
obtain  various  extensions  of  the  “keep  the  pipe  full”  result  of  Kleinrock  |Klei79)  which  states 
that  N*  —1  for  the  M/G/l  queueing  system.  However,  we  then  show  that  for  any  positive  t, 
there  is  a  G/M/l  system  with  0  <  N*  <  «,  which  is  certainly  different  from  the  M/G/l  result. 

In  chapter  3  a  topologically  simple  network  (a  parallel  net)  is  analyzed,  but  the  optimi¬ 
zation  problem  which  results  is  no  longer  mathematically  simple.  Although  the  input  traffic  is 
Poisson  and  the  message  length  is  exponential  as  was  the  case  for  the  M/M/l  parallel  network 
studied  in  chapter  2,  the  traffic  on  the  M  channels  is  optimized  individually,  yielding  a  multi- 
variable  optimization  problem  instead  of  the  simple  single-variable  problems  of  chapter  2.  We 
obtain  an  analytical  solution  for  the  case  of  two  channels  and  give  an  optimization  procedure 
for  the  general  case.  Equation  (1.9),  which  characterized  the  M/M/l  networks  of  chapter  2,  is 
again  shown  to  hold.  A  notion  of  a  fair  operating  point,  due  to  Jaffe  |Jaff8l),  is  examined  for 
this  network  (an  operating  point  is  fair  if  all  users  of  the  network  receive  positive  throughput). 
For  the  two  channel  case,  we  show  that  the  optimal  power  point  is  fair  if  and  only  if  the  ratio  of 
the  capacity  of  the  fast  channel  to  that  of  the  slow  channel  is  less  than  four,  and  fairness  results 
are  also  presented  for  the  general  M  channel  case.  Thus  optimal  power  points  may  be  unfair  to 
certain  users.  We  also  give  an  example  of  a  power  function  which  is  not  concave.  These 
undesirable  properties  motivate  extension  of  the  power  analysis  in  two  directions  (which  are 
discussed  in  the  following  chapter). 
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In  chapter  4  the  analysis  of  power  is  extended  in  two  ways.  In  the  first  section  of  the 
chapter,  we  change  the  routing  constraints  and/or  the  traffic  matrix  of  our  power  problem  for¬ 
mulation.  One  particular  formulation  (known  routing  and  relative  traffic  matrix)  is  solved  com¬ 
pletely  for  an  M/M/1  network  with  arbitrary  topology.  Using  this  solution,  we  show  that  the 
equation  which  characterizes  N*  for  the  M/M/l  series  network  and  the  M/M/1  parallel  network 
(equation  (1.9)  above)  holds  for  all  the  formulations  introduced  in  this  chapter.  In  the  second 
section  of  chapter  4,  the  objective  function  of  our  optimization  problem  is  changed.  Several 
extensions  of  the  definition  of  power  which  appeared  previously  in  the  literature  are  compared 
and  contrasted.  We  show  that  one  power  function  (first  introduced  by  Kleinrock)  h»  proper¬ 
ties  that  are  more  intuitively  pleasing  than  the  other  definitions  of  power.  For  a  general  net¬ 
work  power  problem  using  Kleinrock’s  definition,  we  show  that  one  should  "keep  the  pipe 
full”  (i.e.,  N*  *»1  for  all  i)  if  the  constraints  of  the  problem  allow  it  We  also  give  an  example 
of  a  solution  which  optimizes  Kleinrock’s  power  function  and  does  "keep  (he  pipe  full”,  but 
which  is  unfair. 

In  chapter  5,  we  study  a  performance  measure  introduced  by  Kleinrock,  called  general¬ 
ized  power,  which  allows  the  analyst  to  vary  the  importance  of  throughput  relative  to  delay. 
This  new  family  of  functions  is  then  analyzed  for  the  simple  network  problems  introduced 
above.  Extensions  of  results  in  chapter  2  and  chapter  4  are  obtained. 

In  chapter  6,  the  analysis  of  generalized  power  is  extended  to  the  parallel  network  stu¬ 
died  in  chapter  3.  Two  different  families  of  generalized  power  functions  are  examined,  and  one 
family  is  shown  to  have  optimal  solution  points  with  desirable  properties  such  as  fairness. 

In  chapter  7  the  study  of  power  is  extended  to  multiple-server  systems  and  to  systems 
with  blocking.  Under  the  influence  of  a  smoothing  principle  for  large  shared  systems  (which  is 
nothing  more  than  the  law  of  large  numbers),  the  asymptotic  behavior  of  large  systems  is 
observed  to  be  deterministic  in  nature.  Various  deterministic  rules  of  thumb  are  derived.  Both 
pure  loss  systems  and  systems  with  finite  waiting  room  are  also  studied.  The  previous 
definitions  of  power  are  shown  to  be  inadequate  for  use  with  these  blocking  systems,  and  a 
further  extension  of  power  due  to  Kleinrock  which  incorporates  the  blocking  probability  is 
examined.  Kleinrock’s  new  definition  not  only  is  an  increasing  function  of  the  (good)  measure 
throughput  and  a  decreasing  function  of  the  (bad)  measure  delay  as  before,  it  is  also  a  decreas¬ 
ing  function  of  the  (bad)  measure  blocking.  This  new  power  function  is  shown  to  peak  at  the 
intuitively  correct  point  for  the  limiting  case  of  large  pure  loss  systems. 

In  chapter  8  we  list  further  proposed  topics  which  might  be  carried  out  as  extensions  of 
this  study. 


8 


CHAPTER  2 

An  Analysis  of  Power  for  Simple  Computer  Network  Configurations 

In  this  chapter  we  introduce  the  performance  measure  of  interest  to  this  dissertation, 
namely,  power,  several  definitions  of  which  have  appeared  in  the  literature.  We  then  analyze 
various  simple  computer  netwoik  configurations  with  respect  to  the  maximization  of  power. 
The  networks  are  not  only  topologically  simple,  but  (what  is  perhapo  more  important)  they  are 
mathematically  timplt  from  an  optimization  point  of  view.  The  optimisation  problems  which 
result  involve  a  single  decision  variable,  and  equations  which  characterize  the  optimal  power 
point  are  easily  derived  for  these  simple  networks.  These  equations  are  then  utilized  to  study 
several  simple  computer  network  models. 

First  a  series  network  with  Poisson  arrivals  and  exponential  message  length  (which  can 
be  used  to  model  a  path  through  a  network  with  large  mixing  of  messages)  is  analysed.  Next  a 
series  network  with  Poisson  arrivals  and  constant  message  length  (e.g.,  a  path  in  a  virtual  circuit 
network)  is  studied.  The  results  for  these  two  tandem  models  are  contrated.  Then  a  parallel 
configuration  with  Poisson  arrivals  and  general  message  length  distribution  is  studied  (e.g.,  a 
packet  switch  with  numerous  outgoing  channels  where  the  average  number  represents  the 
buffer  size  or  the  window  size).  Several  special  cases  of  parallel  networks  for  certain  network 
parameters  are  considered. 

For  the  simple  networks  studied,  we  show  that,  when  the  network  is  operated  at  the 
maximum  power  point,  the  analysis  leads  to  a  value  for  the  average  number  in  system  which  is 
invariant  under  scaling  of  line  capacities  in  some  cases  and  invariant  under  distribution  of  mes¬ 
sage  length  (service  time)  in  other  cases.  This  value  of  the  average  number  in  system  is  easily 
calculated  for  the  simple  networks  we  consider,  and  controlling  it  in  an  operational  network 
may  be  implemented  using  a  window  flow  control  scheme  [Gerl80j. 

Finally  the  Poisson  arrrvd  assumption  is  dropped,  and  a  queueing  system  with  general 
input  and  exponential  service  is  analyzed.  Many  of  the  nice  results  which  are  true  under  Pois¬ 
son  arrivals  are  shown  to  no  longer  hold  for  systems  which  have  a  more  general  arrival  process. 
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X.1  Power  as  a  Performance  Measure 

Our  interest  is  the  tradeoff  between  throughput  ard  delay  involved  in  choosing  a  partic¬ 
ular  system  operating  point.  As  the  input  traffic  (messages,  packets)  offered  to  a  network 
increases,  the  mean  system  delay  increases.  One  might  also  expect  that  the  more  traffic  allowed 
into  a  network  the  higher  the  throughput.  In  congestion-prone  systems  this  need  not  be  the 
case,  and  the  throughput  may  actually  decrease  as  the  input  traffic  increases  (see,  for  example, 
Figure  2  of  (Klei78aj).  Various  flow  control  policies  have  been  designed  to  counter  such 
behavior.  However,  in  the  queueing  models  we  consider  in  this  dissertation,  not  only  is  delay 
an  increasing  function  of  the  input  traffic,  but  also  throughput  is  an  increasing  function  of  the 
traffic. 


A  performance  measure  combining  throughput  and  delay  into  a  single  function  is  the 
notion  of  power  introduced  in  (Gies78|.  This  is  simply  defined  as 

where  7  is  the  throughput  and  T  is  the  mean  delay  as  defined  in  chapter  I.  The  two  contrast¬ 
ing  objectives  of  maximizing  throughput  and  minimizing  delay  (or  maximizing  1  /T)  are  incor¬ 
porated  into  this  single  objective  function.  A  similar  measure  (P*)  was  independently  defined 
in  [Yosh77|,  while  a  third  related  power  function  (P*)  appeared  in  [Klei79|.  For  the  simple 
networks  studied  in  this  chapter,  all  three  definitions  of  power  yield  the  same  optimal  power 
point  (this  will  be  shown  below  in  chapter  4,  where  we  present  these  other  definitions).  Conse¬ 
quently,  only  the  measure  Pa  (which  we  denote  by  P  for  simplicity)  will  be  studied,  with  the 
understanding  that  the  results  which  we  obtain  are  equally  applicable  if  the  other  measures  are 
used.  However,  in  subsequent  chapters  of  this  dissertation  all  three  measures  will  be  compared 
and  contrasted  for  more  general  network  problems  (for  which  the  optimal  power  point  wHl 
depend  on  the  particular  choice  of  function). 

Let  us  introduce  the  notion  of  optimizing  power  for  a  network  configuration  by  study¬ 
ing  the  throughput-delay  profile  as  shown  in  Figure  2.1. 
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Note  that  for  small  values  of  7,  a  significant  increase  in  throughput  can  be  obtained  with  only  a 
slight  increase  in  delay,  motivating  us  to  increase  throughput  in  this  region;  conversely,  for 
large  values  of  -7,  a  large  decrease  in  delay  will  occur  if  the  throughput  is  decreased  only 
slightly;  motivating  us  to  decrease  throughput  in  this  region.  Clearly  we  should  avoid  operating 
near  these  extreme  regions;  but  where  should  we  operate?  If  we  have  a  system  with  the  profile 
of  Figure  2.1,  then  it  is  not  difficult  to  see  that  an  appropriate  operating  point  for  this  system 
would  be  at  (or  near)  the  “knee”  ot  the  throughput-delay  curve.  Here  the  knee  is  fairly  well- 
defined,  and,  as  we  shall  see  shortly,  a  useful  choice  is  to  define  it  exactly  as  the  point  on  the 
curve  such  that  a  line  through  the  origin  to  the  point  is  tangent  to  the  curve. 

Now  consider  the  profile  shown  in  Figure  2.2  (which  happens  to  be  that  for  M/M/1). 


“  »  T 

Figure  2.2  Throughput-Delay  Profile  for  M/M/1 

In  this  case,  it  is  not  as  obvious  where  one  should  operate;  to  resolve  this  uncertainty,  we  again 
choose  the  knee  (as  defined  above)  as  our  operating  point  Kleinrock  [Klei78aj  demonstrated 
the  usefulness  of  this  “knee  criterion’’  by  observing  that  the  value  of  7  which  maximizes 
power  occurs  exactly  at  the  knee.  We  see  then  that  an  appropriate  operating  point  for  the  sys¬ 
tem  is  to  choose  that  value  of  7  which  maximizes  power;  we  now  reproduce  his  argument 


In  Figure  2.3  below,  we  note  that  a  straight  line  through  the  origin  to  a  point  (70,  T0) 
on  the  throughput-delay  curve  has  slope  T0/i0,  which  is  the  reciprocal  of  the  power  function 
evaluated  at  that  point  Thus  maximizing  power  is  equivalent  to  minimizing  such  a  slope. 


T 


Figure  2.3  Relationship  Between  Slope  and  Power 


The  minimal  dope  ocean  where  a  line  through  the  origin  fint  hits  the  throughput  delay  curve, 
starting  with  slope  zero  and  increasing  in  slope  until  the  line  intersecte  the  curve.  The  minimal 
slope  clearly  occurs  at  the  knee  of  the  throughput  delay  curve,  and  thus  power  is  maximized  at 
the  knee.  Note  also  that  the  line  from  the  origin  is  tangent',  to  the  throughput  delay  curve  at 
the  knee,  and  so  it  must  have  slope  dT/d 7.  Equating  the  ^wo  expressions  for  the  slope,  we 
have 

dT  __r 
di  1 

inis  shows  that  power  is  maximized  for  a  value  of  7  where 


for  the  M/M/1  system.  If  we  use  the  convention  that  the  superscript  •  indicates  that  tin  van* 
able  in  question  has  been  maximized  with  respect  to  power,  we  may  rewrite  the  above  equation 
as 

■'■ttL-'-7'  <2-2> 

Multiplying  equation  (2.2)  by  7*  and  using  Little’s  result  [Litt61],  we  obtain  the  equivalent 
equation 

<^i77L--s’  <2'3> 

which  characterizes  the  maximal  power  point  Although  this  approach  can  be  immediately  gen* 
eralized  to  network t  which  have  similar  throughput  delay  curves,  Kleinrock  further  extended 
this  argument  by  noting  that  the  7(7)  curve  need  not  be  a  convex  function  of  7  in  order  for 
the  above  to  hold.  In  the  cases  where  more  than  one  tangent  line  can  be  found  (more  than 
one  knee  occurs),  maximum  power  will  occur  for  that  tangent  line  which  makes  the  smallest 
angle  with  the  horizontal  axis.  Examples  of  nonconvex  throughput  delay  curves  may  occur  in 
the  case  of  multiple  access  protocols  which  adapt  to  increasing  load.  This  type  of  behavior  was 
observed  for  the  URN  scheme  of  Yemini  and  Kleinrock  [Klei78]  and  its  extensions  [Mitt81j. 
Although  such  a  curve  has  multiple  knees,  equation  (2.2)  may  still  be  used  to  determine  the 
maximal  power  point 

The  above  geometric  argument  may  also  be  applied  to  throughput-delay  curves  which 
are  continuous,  but  are  not  necessarily  differentiable  everywhere  (i.e.,  they  have  “cusps”). 
Arguing  as  before,  we  still  see  by  the  definition  of  P  that  maximizing  power  is  equivalent  to 
minimizing  the  slope  of  a  line  through  the  origin  to  the  (7,  T)  curve.  Thus  the  optimal  power 
point  occurs  where  a  line  through  the  origin  (starting  with  slope  zero  and  increasing  in  slope) 
first  touches  the  throughput-delay  curve.  Note,  however,  that  the  line  is  not  necessarily 
tangent  to  the  curve  at  the  optimal  power  point,  since  the  derivative  dT/d'j  may  not  *xist 
there,  and  thus  equations  (2.2)  and  (2.3)  may  not  characterize  the  optimal  power  point. 
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Equation  (2.2)  (and  thus  equation  (2.3))  may  also  be  derived  from  optimization  theory 
considerations  [Klei78aj.  The  feasible  region  over  which  the  power  function  is  defined  for 
M/M/1  is  simply  the  closed  interval  of  the  real  line  with  endpoints  y  =0  and  y  =  l/x  (which 
correspond  to  p  =0  and  p  =»1).  We  observe  that  the  power  function  P  =y /T  is  positive 
throughout  the  interior  of  this  feasible  region  and  zero  at  the  two  endpoints,  and  thus  the  max¬ 
imum  of  P  must  occur  in  the  interior  of  the  feasible  region.  Since  P  is  differentiable  and  the 
maximum  is  at  an  interior  point,  the  maximum  must  occur  when  the  derivative  iP/iy  is  zero. 
But 

dP  _  T-  y  rfr/dy 

(fy  “  7 * 

and  so,  setting  dP/d y  =0,  we  see  that  equation  (2.2)  characterizes  the  maximal  power  point  as 
before.  Note  that  the  above  argument  does  not  require  any  concavity  assumptions  on  P;  it  will 
hold  for  any  differentiable  power  function  which  is  zero  at  the  endpoints  of  the  feasible  region 
and  positive  in  the  interior.  However,  if  the  function  does  not  have  “nice”  properties  such  as 
concavity,  there  may  be  several  points  where  the  derivative  is  zero.  In  this  case,  equation  (2.2) 
will  hold  at  each  such  point,  and  these  points  must  be  compared  to  determine  the  global  max¬ 
imum. 


Using  equation  (2.2),  Kleinrock  [Klei79j  showed  the  remarkable  result  that  for  any 
M/G/l  system 

(2.4) 

Thus  equation  (2.4)  indicates  that  if  the  throughput  y  (or  equivalently,  the  input  rate  X)  of  an 
M/G/l  system  is  chosen  so  as  to  maximize  power  P(y),  then  the  average  number  in  system  iV* 
at  this  point  y*  is  equal  to  1.  This  agrees  with  the  reasoning  that  the  proper  operating  point  of 
the  determinietic  D/D/l  system  is  exactly  when  N*  =*  1.  It  also  can  be  shown  that  the  server 
utilization  at  maximum  power  for  M/G/l  is 

P  =lW(l  +  ^)/2  (2'5) 

where  v  is  the  coefficient  of  variation  of  the  service  time  distribution  (recall  that  u  is  simply  the 
ratio  of  the  standard  deviation  to  the  mean  service  time).  Other  networks,  such  as  tandems, 
have  also  been  analyzed  from  the  point  of  view  of  maximizing  power,  and  various  results  have 
appeared  in  the  literature  (Klei78a,  Klei79,  Bhar80).  We  will  now  extend  the  analysis  of  power 
to  more  general  “simple”  computer  network  configurations.  In  each  case,  the  optimization 
problem  we  study  involves  a  single  decision  variable.  The  feasible  region  is  a  closed  (and 
bounded)  interval  of  the  real  line,  and  the  power  function  is  zero  at  the  two  endpoints  (which 
correspond  to  zero  throughput  and  infinite  delay).  Thus  the  point  which  maximizes  power 
occurs  in  the  interior  of  the  feasible  region,  and  so  equations  (2.2)  and  (2.3)  characterize  this 
optimal  power  point. 
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2.2  Th«  M/M/1  Series  Network 


A  message  path  in  a  network  can  be  modeled  as  a  series  of  independent  M/M/l 
queues,  if  there  is  sufficient  mixing  of  messages  to  justify  the  use  of  Kleinrock’s  independence 
assumption  (Klei64].  This  M/M/l  series  network  has  been  analyzed  with  respect  to  power  by 
Kleinrock  (Klei78aj  and  Bharath-Kumar  (Bhar80j.  In  this  section,  we  reproduce  several  of 
their  results  for  continuity  of  exposition,  and  we  also  obtain  other  results  for  the  M/M/l  tan* 
dem.  We  consider  a  tandem  of  M  channels  where  the  tth  channel  has  capacity  C ,  bits  per 
second  (see  Figure  2.4). 


Figure  2.4  The  M/M/l  Series  Network 

We  assume  that  the  arrival  process  of  messages  to  the  system  is  Poisson  with  rate  X,  and  that 
the  message  length  distribution  is  exponential  with  mean  f—l /p  bits.  Note  that  the 
throughput  of  the  system  7  is  equal  to  the  input  rate  X.  We  also  invoke  the  independence 
assumption  in  order  to  view  each  channel  as  an  M/M/l  queueing  system.  Kleinrock  [Klei78aj 
showed  that  for  such  a  series  with  M  channels  and  equal  channel  capacities  ( C,  £  C  for 
1  <  i  <  Af),  then 

(2.6) 

In  fact,  he  showed  that  the  optimal  value  of  throughput  is  7*  =  1/(2J)  =*pC/2,  and  it  there¬ 
fore  occurs  when  p*  *1/2.  Thus 

tf,*-l  (2.7) 

for  1  <  »  <  M .  This  model  of  a  message  path  in  a  computer  network  was  further  examined 
by  Bharath-Kumar  (Bhar80|.  He  considered  such  a  path  having  arbitrary  channel  capacities,  and 
found  that 

N*  <  M  (2.8) 

with  Kleinrock’s  “keep  the  pipe  full”  result  of  equation  (2.6)  holding  when  all  capacities  are 
equal. 


We  first  give  a  proof  of  Bharath-Kumar’s  bound  of  equation  (2.8),  since  an  expression 
derived  in  the  course  of  the  argument  will  be  of  use  later.  Maximizing  power  for  the  M/M/1 
series  network  yields  a  simple  (single  variable)  optimization  problem.  The  endpoints  of  the 


feasible  region  are  7  **0  and  7  =*fiC m*,  where  is  the  smallest  of  the  M  channel  capaci- 


^-Efl*-E  [$*+[*.*-  (*,?]] 

The  above  expression  is  equivalent  to 

^=£[1-  1  +  2 N*-  (N,‘)21 

1-4 L  J 


or 

tr-M-  E(i-«.T 

1-4 

This  immediately  gives  equation  (2.8). 


We  will  now  And  a  lower  bound  on  the  average  number  in  system  at  maximum  power 
for  the  M/M/1  series  network  with  arbitrary  channel  capacities.  We  will  show  that 

E-%1  <  r  (2.10) 

■>4 

where  Cm i.  is  the  minimum  of  the  M  channel  capacities  of  the  tandem.  To  state  this  lower 
bound  in  another  way,  let  us  express  C,  —  a,  for  each  »  (where,  of  course,  a,  >  1).  Thus 

we  wish  to  show 


Sf  <w 

■  ■4  ai 

To  obtain  the  lower  bound,  we  will  use  Bharath-Kumar’s  equation  (2.9).  We  may  write 

t  —  1  11/  —  .  Pi  X! 

T,  =  2,  +  W,  *  x,  +  — - 

1-  P, 

since  node  »  is  M/M/l.  Multiplying  by  7  and  using  Little’s  result  yields 


(2.11) 


N, 


(p.) 


or 


Thus 


N,  =P,+(1V,)2(  1-  p,) 


^-E^.=*Ep.  +  E(^)2(i-p.) 

1*4  la4  la4 


n=Ep.  +  E(^.)2-  EM*.)2 


or 


This  equation  holds  for  all  values  of  throughput  7.  If  we  evaluate  it  at  the  maximum  power 
point  and  use  equation  (2.9)  to  simplify  the  resulting  expression,  we  have 


u  v 


Dividing  both  sides  of  this  equation  by  p^,  yields 


u  p'  “  P 


E-t--E-v-(*T 

P  mu  i»*  P  auu 


Now  since  pf/p^»*  <  1  for  each  i,  we  have 


U  o  U  o’  U 

P'  «-3  / rr*\2  ^  r->/TT«i2 


e-^-e-s-^psewt 

!■<  Pmtx  1— «  P mu  ia* 


Thus  using  equation  (2.9)  again,  we  obtain 


u 


E-v-  <  & 

P mu 


(2.12) 


We  now  write  this  lower  bound  entirely  in  terms  of  the  (given)  channel  capacities.  Noting  that 
P 1*  — (7*r)/C7,  and  thus  p ^  “(T'O/^min  we  obtain  equation  (2.10),  namely, 


E—Stf 

i-t  °i 


Rewriting  this  equation  yields  equation  (2.11),  that  is, 


V  1 

<aT 

1-4  a' 


Therefore,  the  lower  bound  of  equation  (2.10)  which  we  have  just  shown  and  the  upper  bound 
of  equation  (2.8)  due  to  Bharath-Kumar  yield  the  following 


Theorem  2.2 


For  the  M/M/1  series  network,  the  average  number  in  system  at  maximum  power  satisfies 

(2.13) 

i»4  °l 

Note  that  the  upper  and  lower  bounds  are  equal  if  we  have  equal  capacities  at  all  M  nodes;  in 
this  case  we  obtain  Kleinrock’s  result  that  N*  —M.  However,  we  also  note  that  the  upper  and 
lower  bounds  of  Theorem  2.2  may  be  quite  different  in  some  cases.  For  example,  we  consider 
a  tandem  witn  one  slow  channel  (of  capacity  C)  and  M  -  1  fast  channels  (of  capacity  0C, 

w  C*.  ■/  _  | 

where  0  »  M).  Here  the  lower  bound  is  -  =  1  +  —z —  =1  which  is  far  less  than 

1-4  P 

the  upper  bound  of  M  (especially  if  M  is  large).  Since  the  throughput  is  constrained  by  the 


one  bottleneck  node,  the  average  number  in  system  at  optimal  power  is  approximately  1.  Thus 
the  lower  bound  is  close  to  the  actual  value  of  V*,  while  the  upper  bound  is  quite  bad 


We  now  turn  our  attention  to  the  optimal  throughput  7*.  Since 


1  »  •  r>  * 

l- p,  nC,-  7 

for  1  <  i  <  St ,  equation  (2.9)  can  be  written  solely  in  terms  of  7*  as 

U  •  u  r  •  ,2 


U  •  U  ,  •  y 

£ dC,-7*  “SLc.-i'l 


This  yields  a  polynomial  equation  in  7*,  and  thus,  as  observed  by  Bharath-Kumar  [Bhar80|,  7* 
may  be  found  by  any  polynomial  root  finding  procedure.  Bharath-Kumar  also  found  upper  and 
lower  bounds  on  the  value  of  7*  in  (Bhar80|  for  the  M/M/l  tandem.  The  upper  bound  he 
gives  is  simply  7*  <  it  Cm t,.  which  is  the  upper  endpoint  of  the  feasible  region.  This  must  hold 
in  order  for  the  tandem  to  remain  stable.  The  lower  bound  he  gives  is  incorrect.  We  now 
show  upper  and  lower  bounds  on  7*  by  a  method  completely  different  from  that  of  Bharath- 
Kumar.  However,  a  proper  utilization  of  his  method  will  also  give  these  bounds.  We  first  need 
to  show  the  following. 

Lemma:  Let  /  be  a  real-valued  differentiable  strictly  convex  function  defined  on  an  open  con¬ 
vex  subset  5  of  the  real  numbers.  Let  :,y  £  S  with  0  <  x  <  y.  Then 


/(v)-  /(*)  <  J'(y)v-  /'(*)* 


(2.14) 


This  is  simple  to  prove  as  follows.  Since  z<y  (and  thus  it  is  well-known  (see 

Theorem  6.2.3  of  (Mang69|)  that 

l/'(v)-  /'(*)]  {y-  x)  >0 

and  so  f'(x)  <  f'{y).  Also  we  have  (see  Theorem  f. 2.2  of  [Mang69j)  that 


or,  equivalently, 


Thus,  since  f'(y)  x  >  f'(x )  x, 


/(*)-  f(v)  >  f'(y)(x~  y) 


/(»)-/(*)  <f'(y)(y-x) 


f(y)~  f(x)  <  f'{y)y-  f'(y)x  <  f‘(y)y-  /'(*)* 


which  is  equation  (2.14). 
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Using  the  lemma  we  will  no./  End  upper  and  lower  bounds  on  the  value  of  7  by  prov¬ 
ing  the  following 

Theorem  2.3 

For  the  M/M/1  series  network  the  value  of  throughput  which  maximizes  power  satisfies 


/t  Cmin  •  C  mix 

- - -  <  7  <  - 

2  “  2 


(2.15) 


(Of  course  we  also  have  7*  <  pC^  in  order  for  the  system  to  be  stable.)  Note  that  equal 
capacities  at  all  M  nodes  gives  Kleinrock’s  result  that  7*  ==/i  C / 2. 

We  now  prove  Theorem  2.3.  Let  X*  maximize  power  for  the  »'th  channel  individually, 
and  recall  that  7*  maximizes  power  for  the  M  channel  tandem.  We  now  show 


min  X*  <  7*  <  max  X* 

!<■<«  ~  ~  1<|<W 


(2.16) 


Since  each  individual  node  is  an  M/M/1  system,  X*=/iC,/2.  Thus  equation  (2.16)  implies 
equation  (2.15),  and  so  we  need  only  prove  equation  (2.16).  We  first  show  the  left-hand  ine¬ 
quality  of  equation  (2.16).  To  this  end,  suppose  (for  proof  by  contradiction)  that 

•  .  .  • 

7  <  min  X, 

1<I<U 


i*  <  x; 


for  1  <  »  <  M .  We  now  note  that  the  average  delay  T,  at  channel  i  is  a  differentiable  strictly 
convex  function  of  7  in  the  open  set  5,  ^(0,  pC,).  Also  note  that  7*  <  pC^  <  pC,,  so 
that  X, ,  7  €  St.  Thus  the  above  lemma  (equation  (2.14))  may  be  used.  By  this  previous 
lemma  applied  to  T,  we  have 


71(X,*)-  71(7*)  <  X,*-~ 

foi1  1  <  *  <  A/ .  From  the  optimality  of  X*  equation  (2.2)  yields 

for  1  <  «  <  M.  Therefore 

hi 

for  \  <  i  <  M .  Adding  these  M  inequalities  and  recognizing  T  =*  T,  so  that 

dT  "  JT, 

— —  =*  >  .  — — .  we  have 


Bat  since  7*  maximises  power  for  the  M  channel  tandem,  equation  (2.2)  gives 


This  contradiction  shows  that 


min  X,  <  7 

l<i<V  ~ 


Similarly  we  may  show  tne  right-hand  inequality  of  equation  (2.10),  namely 

7  <  max  X, 

—  i<i<ir 

Thus  equation  (2.10)  (and  therefore  Theorem  2.3)  is  proved. 

From  the  above  results  we  already  see  invariant  properties  of  TT,  the  average  number 
in  system  at  maximum  power.  For  example,  equation  (2.4)  shows  an  invariance  with  respect  to 
service  time  distribution,  while  equation  (2.13)  shows  an  invariance  with  respect  to  scaling  of 
channel  capacities.  We  know  of  no  other  system  variable  which  shows  such  invariance.  In  the 
following  sections  we  introduce  other  simple  networks  and  again  emphasize  such  invariance 
properties  in  our  analyses. 

2~3  His  M/D/1  Series  Network 

Consider  a  computer  network  with  constant  length  messages  of  b '  bits.  Furthermore,  as 
a  message  traverses  a  path  through  the  network,  its  message  length  does  not  change.  Its  ser¬ 
vice  time  (or  transmission  time)  over  a  channel  of  capacity  C  bits  per  second  is  simply 
J  « b/C .  We  choose  to  model  a  message  path  in  a  computer  network  as  a  series  of  M  queues 
where  the  length  of  a  message  remains  eorutant  as  it  traverses  the  path.  Note  that  the  arrival 
rate  X  and  the  throughput  7  are  identical  for  this  series  network.  Also  note  that  the  various 
channels  may,  in  general,  have  different  capacities  C,  (see  Figure  2.5). 


w 

Figure  2.5  The  M/D/l  Series  Network 


T 


*  * 


If  we  assume  Poitton  arrivals,  the  first  node  in  the  system  is  simply  an  M/D/1  queue 
However,  the  subsequent  nodes  in  the  path  are  more  complicated  queueing  systems  (there  is  a 
dependence  between  the  output  process  of  one  node  and  the  input  process  of  the  next  node). 
This  model  was  extensively  analyzed  by  Rubin  [Rubi74|.  He  showed  that  the  distribution  of 
waiting  time  for  the  total  system  is  identical  to  that  for  an  M/D/1  queueing  system  with  arrival 
rate  X  and  service  time  equal  to  the  maximum  of  the  individual  service  times  at  the  nodes. 
With  this  result,  the  Pollaczek-  Khinchin  equation  |Klei75]  may  be  used  to  give  the  mean  end- 
to-end  waiting  time  for  a  message  along  the  path  zb 


and  so 


7*  mu  j(  ^  mu) 

2(l-  Pmu)  2(1-  Pm*,) 


(2.17) 


iW 


(Pmu)S 


2(1-  Pm„) 

This  expression  gives  the  average  delay  in  the  system  as 


(2.18) 


w 


T-W  +  Zz, 


7(*mu)  " 

+  2>. 


2(l-7?mu)  S 

where  M  is  the  number  of  channels  in  the  tandem.  Differentiating  this  equation  we  have 


(2.19) 


dT  dW 


(*mu)2 


dl  d  7  2(l-7Xmu)2 

Using  equations  (2.3)  and  (2.20),  at  maximum  power  we  have 

(Pic)2 


iv*=(7yil]  =» - [Pmu) 

2(1- p^)5 

From  equation  (2.18),  we  obtain 


FT: 


-w  £p: 


1-  Pr 


1-  Pc 


or 


This  last  equation  yields 


FT-  p^FT^FT-  £>; 


»«4  Pxrax 


Noting  that  p*  =*(7*6 )/C,  and  thus  p^,  =(7*0/Cmiii  we  obtain 


(2.20) 


(2.21) 


(2.22) 


I 


! 


¥ 

i: 
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number  in  system  at  maximum  power  does 
es  C„  but  only  on  their  values.  If  the  6rst  cl 
:cept  at  node  i;  if  the  last  channel  is  the  slow 
ius  the  individual  values  of  N*  for  1  <  »  <  Ai 
in  all  cases  we  have  the  invariance  for  the 

_1_ 

a, 

I  as  for  the  M/M/l  series  network,  namely, 


<  M 


lorem  2.3  cives  the  bound 


Til  us  we  have  the  interesting  result  that 

Wm/d/i  <  NMf M/i  (2.26) 

Of  course  we  have  equality  (both  means  have  value  M)  if  all  capacities  are  equal. 

As  mentioned  earlier,  the  M/D/l  series  network  may  be  used  to  model  a  virtual  circuit 

in  a  packet  network.  A  window  flow  control  scheme  is  often  used  with  virtual  circuits.  Our 
v 

result  that  ^  —  (equation  (2.23))  may  therefore  be  used  as  the  window  size  setting 

for  this  path.  This  number  is  easily  calculable,  and  uses  only  local  path  information  in  the 
sense  of  Jaffe  (Ja£T8lj. 

The  above  M/D/l  expression  for  N'  may  also  be  used  as  an  approximation  for  the  aver¬ 
age  number  in  system  at  maximum  power  of  the  M/M/l  series  model  with  arbitrary  capacities. 
As  explained  in  (Bhar80)  the  calculation  of  N*  for  the  M/M/l  tandem  involves  the  complexity 
of  finding  roots  of  polynomials.  We  have  numerically  calculated  values  for  average  number  in 
system  for  the  M/M/l  series  model  with  up  to  100  channels  and  various  combinations  of  capa¬ 
cities.  We  have  compared  the  results  to  values  obtained  by  operating  the  M/M/l  tandem  at  a 
window  size  given  from  the  M/D/l  equation  (2.23).  The  error  in  value  of  power  was  found  to 
be  small,  although  other  system  parameters  had  larger  errors  in  some  cases.  The  best  cases 
were  those  with  fewer  channels  (as  one  might  expect)  and  those  with  one  slow  server  and  all 
the  rest  fast  (the  bottleneck  case).  This  is  pleasing  because  the  bound  ST <  M  for  M/M/l 
given  in  (Bhar80)  (and  rederived  as  part  of  Theorem  2.2  above)  can  be  quite  bad.  Recall  the 
example  M/M/l  series  network  discussed  after  Theorem  2.2  which  has  one  slow  channel  of 
capacity  C  and  M  -  1  channels  of  capacity  0C  where  p»M.  This  tandem  has  a  value  for 
N* ,  the  average  number  in  system  at  optimal  power,  which  is  close  to  1  (far  from  the  upper 

w  1  A/  —  l 

bound  of  M).  But  the  M/D/l  value  is  £ — =1+  =1  as  expected.  Thus  equation 

°i  P 

(2.23)  may  often  be  used  as  a  good  approximation  to  the  M/M/l  tandem. 


Other  optimized  variables  of  interest  for  the  M/D/l  series  net  include  7*  J*,  P*  and  p * 
for  1  <  i  <  M .  By  equation  (2  21)  we  have 


TT 


(*w)2 

2(1-  O2 


and  so  we  obtain  the  quadratic  equation 


(^)2=2^*(l-plx)2 


Taking  square  roots  gives 


and  so 


p^) 

.  \f2W 


1  +  \f2N* 


(2.27) 


Other  variables,  such  as  p*  for  1  <  »'  <  M,  and  7*,  T*,  P*  =P( 7*),  may  also  be  calculated 
easily  from  our  earlier  equations.  Recall  that  p *  =  ( 7**~) /C",  and  so  p ^  =(7*i")/Cmlll.  There¬ 
fore 


C  ml. 

[  sn?  ] 

Cx 

,1  +  \piW  J 

for  1  <  i  <  M .  The  optimal  throughput  is 


CmHi 

s/TW 

r 

.l+v/iiv*. 

We  also  have 


^  jV*  _  _ _ A_ 


'  min  L 


VTn* +  2/7* 


and 


For  the  case  of  equal  channel  capacities,  we  obtain  a  simplification  of  the  above  results. 
Assuming  C,  £  C  for  1  <  i  <  W  and  thus  p,  £  p,  Theorem  2.4  gives 

N* -M  (2.28) 

This  is  the  same  result  as  Kleinrock  |Klci78a)  obtained  for  the  M/M/1  tandem  with  equal  capa¬ 
cities  (see  equation  (2.6)),  However,  the  average  numbers  at  the  individual  nodes  at  optimal 
power  N,  are  different  for  the  two  series  networks.  In  the  M/D/1  tandem  with  equal  channel 
capacities,  all  queueing  takes  place  at  the  first  channel;  there  is  no  waiting  at  any  of  the  subse¬ 
quent  channels.  Therefore,  N*  ^  N*  for  2  <  »'  <  M.  In  the  M/M/l  tandem,  Kleinrock 
showed  that  N,  «  1  for  1  <  »'  <  M  (see  equation  (2.7)).  Therefore,  the  individual  average 
numbers  V*  are  identical  for  1  <  i  <  M . 


For  the  M/D/1  series  network  with  equaJ  channel  capacities,  equation  (2.27)  yields 


v/2A/ 

7+7 ~ 


(2.29) 


which  compares  with  the  value  of  p *  =  1/2  mentioned  above  for  the  M/M/1  series  net  with 
equal  channel  capacities.  Thus  values  of  other  variables  (7*,  p*  T*)  differ  between  the  M/M/l 
and  M/D/1  series  models  as  do  the  individual  node  average  numbers  N*  for  1  <  »  <  Af.  It  is 
all  the  more  amazing  that  the  expression  N*  =-*A/  is  invariant  for  both  service  time  distributions. 
Table  2.1  shows  the  differences  in  the  values  of  various  optimized  variables  for  the  two  sys- 


M/M/l 


M/D/1 


Average  Number  In 


Node  Queue  Server  System  Queue  Server  System 


Average  Number  In 


A/(l-p*) 


M  1-  p* 


Total  A/(  1  -  p*)  A/p*  M  A/(l-p*)  M  p* 


A/(l-  p*)  +  p* 


Table  2.1 


This  table  graphically  illustrates  that,  although  N“  =M  for  both  series  networks,  the  behavior 
of  the  two  systems  at  optimal  power  is  quite  different.  Noting  that  p*=*  1/2  for  the  M/M/l 
series  network,  and  that  p“  =*V 2Ar /(I  +  v/TaT)  for  the  series  network  with  constant  message 
length,  we  obtain  the  optimized  values  shown  in  Table  2.2. 
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2 

1  W2Af 

1  +  Jim 

Table  2.2 


We  see  from  Table  2.2  that,  in  the  M/M/l  tandem,  each  of  the  Af  channels  contributes  exactly 
1  to  the  average  number  (for  any  value  of  Af ).  In  the  M/D/1  series  net  with  equal  capacities 
there  is  no  queueing  at  any  node  i  for  2  <  i  <  Af  (all  queueing  occurs  3t  the  first  channel). 
In  fact,  for  the  M/D/1  tandem,  as  Af  -*  oo  then  the  common  utilization  p*  -*  1  (almost  1  in 
each  server)  and  also  the  number  in  queue  at  the  first  node  Af ( 1  -  p*)  -*  oo.  As  the  table  indi¬ 
cates,  other  system  variables  (  p*,  N*,  etc.)  differ  greatly  for  the  two  models,  but  in  both  cases 
amazingly  iV*=*Af. 

2.4  The  M/G/l  Parallel  Network  (Known  Routing) 

This  network  model  is  for  a  parallel  configuration  of  Af  message  channels,  where  chan¬ 
nel  i  has  capacity  C,.  The  input  to  the  system  is  again  Poisson  with  parameter  X.  The  system 
throughput  7  is  equal  to  the  input  rate  X.  The  message  length  distribution  is  arbitrary.  In  par¬ 
ticular,  the  length  of  messages  which  use  channel  i  is  a  random  variable  b,  (with  arbitrary  dis¬ 
tribution),  and  so  the  service  time  (transmission  time)  for  a  message  on  the  ith  channel  is  the 
random  variable  x,  —6,/C,.  Probabilities  0  <  p,  <  1  for  1  <  i  <  Af  are  given  satisfying 
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'  ]p,  »■!  which  determine  the  channel  a  newly  arrived  message  chooses. 


Thus  each  channel  i 


acts  as  an  M/G/l  queueing  system  with  Poisson  input  rate  X,  =*p,  X  *ap,  7  for  l  <  i  <  M  (see 
Figure  2.6). 


Figure  2.6  The  M/G/l  Parallel  Network 


We  wish  to  find  that  value  of  7  which  will  maximize  the  power  of  this  parallel  system. 
Since  each  node  is  an  M/G/l  system,  then  by  th  Pollaczek- Khinchin  equation  [Klei75] 


x,*7  _  p, 

2(1- P.)  2(1- p,  7  x.) 


(2.30) 


where  p,  ■"X.J,  — p, 7?,  is  the  utilization  of  the  ith  channel,  I,  —  b,/C,  is  the  mean  service 
time  for  channel  i,  and  x?  *mb?/C,2  is  the  second  moment  of  service  time  for  channel  i. 
Therefore 


x,w, 


(x,)2*7 

2(1- P.) 


(2.31) 


We  may  also  write  W,  in  terms  of  v,,  the  coefficient  of  variation  of  service  time  for  channel  i 
(i.e.,  the  ratio  of  the  standard  deviation  to  the  mean  service  time).  Note  that  u,  is  simply  equal 
to  the  coefficient  of  variation  of  message  length  for  the  ith  channel.  Equation  (2.30)  becomes 


W, 


P.x,  fl+t',2 

1  ~P,[  2  > 


while  equation  (2.31)  is 


x  w  -  (p,)S  (1  +  I/,3i 


We  note  that  the  average  delay  T,  at  channel  i  is 


r, -w,+x,».  Pi7*7  +x, 

2(1-  p,  7*.) 


(2.32) 
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and  the  average  number  N,  at  channel  >  ia 


n,  -x,r,  -p.  +  x.w, 


Writing  N,  in  terms  of  u„  we  have 


(2.33) 


(2.34) 


(2.35) 


+  —  t— 2 - ) 

We  may  express  the  average  delay  T  for  the  system  as 

u  \  u  u  u 

r-E -t-t,  -E p<t<  -E^.  +  Eft*. 

M 

and  the  average  number  N  in  the  system  as 

jv-Trr-xjx.r,  =  £/7, 


We  now  examine  the  characteristics  of  the  optimal  power  point  for  the  M/G/l  parallel 
network.  Differentiating  equation  (2.35)  with  respect  to  7  yields 

dT  "  dW, 

“£P'  di 

and  thus,  differentiating  equation  (2.30),  we  have 


<u  p  1*1 

di  ~hp'  2(1- p,)2 

Using  equations  (2.3)  and  (2.30),  at  maximum  power  we  have 

rr dT\  _/  *2x^1  (Pi)21* 


dlh^  2(1- p.T 


(2.36) 


Z2(i-Py 


Therefore,  equation  (2.31)  yields 


1^  1  -  Pi 


and  thus,  by  equation  (2.33),  we  have 


n*= 

1— (  M  1  -  Pi 

Rewriting  the  middle  term  of  the  above  equation,  we  obtain 


(2.37) 


(2.38) 


(2.39) 
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From  equation  (2.33),  we  also  may  rewrite  equation  (2.40)  as 


la*  1  P I 


U  X  * 

SXII-^I-O 

I >*  1  -  Pi 


(2.41) 


We  now  use  equation  (2.41)  to  obtain  several  interesting  results  for  the  M/G/l  parallel 
network.  We  first  find  the  optimal  throughput  7*.  Substituting  equation  (2.32)  in  equation 
(2.41)  yields 


£  »f,  /  A«  +  *M  « 

5>  1_  7" 7*-  — T“  “° 

.-*  1  -  P,  1 


(2.42) 


Using  p,  =  X,  J,  —  7  p,x,  for  1  <  «  <  M ,  we  see  that  equation  (2.42)  is  equivalent  to  a  polyno¬ 
mial  equation  involving  the  known  quantities  p,,  x,  and  u,  and  the  single  unknown  7*.  There¬ 
fore,  the  optimal  throughput  7*  may  be  found  by  any  polynomial  root  finding  procedure,  and 
then  other  system  variables  at  maximal  power  (such  as  p*  and  iv,*)  may  be  determined  for  the 
M/G/l  parallel  network. 


Next  we  use  equation  (2.41)  to  find  a  lower  bound  on  N*  as  follows.  Rewriting  equa¬ 
tion  (2.41)  we  have 

V  u  X*W* 

iM  IM  I-  P I 

Dividing  both  sides  of  this  equation  by  p ^  yields 

£  p:  &  p: 

Zj  —5—  - *■ 

P  max  iM  P  mu  •"  ”  Pt 


Now  since  pf/p^  <  1  for  each  i,  we  have 


^  p:  "  p:  x,v;  *rx,x 

2-i  •  2-i  •  7  r  S  2j  ,  • 

!■*  P mix  /’mu  1  _  01  la*  -  Pi 


From  equation  (2.38),  we  recognize  the  rightrhand  side  of  the  above  inequality  as  IT.  Thus  we 


obtain  the  lower  bound 


u  „ 

M  P  max 


(2.43) 


We  observe  that  this  equation  is  identical  to  equation  (2.12).  Noting  that  p *  =  -7 *p, x,  and  thus 
pi™  “7*  max  p, I,  we  have  the  following 


Theorem  2.5 


For  the  M/G/l  parallel  network,  the  average  number  in  system  at  maximum  power  satisfies 


1! - <  jV* 


max  p.x. 

i<)<U 


(2.44) 


This  lower  bound  is  given  entirely  in  terms  of  the  known  quantities  p,  and  F,  (=*bJC,). 


Using  equation  (2.41),  we  have  found  a  lower  bound  on  N*  for  the  M/G/l  parallel  net¬ 
work,  and  we  have  also  found  that  the  unknown  7*  is  a  root  of  a  certain  polynomial  and  may  be 
determined  by  any  root  Gnding  procedure.  However,  for  certain  special  cases  of  this  network, 
we  may  exploit  the  equivalent  equation  (2.40)  to  obtain  additional  results  about  N*  (without 
explicitly  solving  for  7*).  This  we  now  proceed  to  do. 


3.4.1  The  M/M/1  Parallel  Network  (Known  Routing) 


Assume  all  M  channels  are  modeled  as  M/M/1  queueing  systems  (exponential  message 
length  with  mean  F,  —  1  //i , ) .  Then  it  is  well-known  that 


for  1  <  i  <  M .  Thus  equation  (2.40)  becomes 


IX (1-  N,*)  -0 


which  yields  the  following 


Theorem  2.0 


For  the  M/M/1  parallel  network,  the  average  number  in  system  at  maximum  power  satisfies 


(2  45) 


This  expression  is  the  same  as  Bharath*  Kumar’s  equation  (2.9)  for  the  M/M/l  series  network. 


'  V  ' 

>  \*  V 


■  ■  ■  - •  -.VO  V- 


'  • j "  -  *  .  - . -v- V*  ivi  -r.  -V  «*.  ■ 


^  's'  • 


Proceeding  in  a  manner  identical  to  the  proof  of  equation  (2.8)  from  equation  (2.9),  we 
obtain  the  upper  bound 

N*  <  M 


This  is  the  same  bound  mentioned  above  for  the  M/M/l  tandem.  Also,  since  z,  =1 
(1  <  i  <  A/)  for  the  M/M/l  parallel  network,  Theorem  2.5  (which  holds  for  the  more  general 
M/G/l  parallel  network)  may  be  rewritten  for  M/M/l  as 


£  p,h,c, 


<  ft* 


or 


M 

s 

i>4 


min  ii.C./p. 

\<]<U  ’  ”  ’ 

M.  C,/p, 


<  & 


If  the  (exponential)  message  lengths  at  all  A/  channels  are  identical  (i.e.,  we  have  fi,  £  p  for 
1  <  i  <  A/),  the  lower  bound  becomes 


u 

£ 


min  C./p, 
i<]<u 


<?,//>, 


< 


This  lower  bound  for  the  M/M/l  parallel  network  was  derived  from  results  obtained  for  the 
M/G/l  parallel  network;  later  in  chapter  4  of  this  dissertation,  we  will  obtain  it  as  a  particular 
case  of  a  result  obtained  for  M/M/l  networks  with  general  topologies.  We  have  shown  the  fol¬ 
lowing  (for  equal  message  length  distributions  at  all  M  channels) 


Theorem  2.7 


For  the  M/M/l  parallel  network,  the  average  number  in  tystem  at  maximum  power  tatisfict 

u  m  in  C ,  / p , 
v1!  i<;<« 


£  Cjp, 


<  FT  <  M 


(2.46) 


We  observe  that  Theorem  2.7  is  identical  to  Theorem  2.2  for  the  M/M/l  series  network,  since 
both  theorems  may  be  written  in  the  form 


U  g* 

<  N*  <  M 

M  Pm ax 


(2.47) 


In  chapter  4  we  will  show  that  these  bounds  hold  for  more  general  M/M/l  networks. 
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To  find  the  average  number  in  system  at  the  jth  channel,  we  use  equation  (2.34)  to  write 
(recall  that  p*  =  />*) 


(2.50) 


Substituting  equation  (2.49)  into  this  latter  expression  yields 


+\/E£U+*'.2)/2  [  n/E,^(i+^2)/2  2 

In  general,  the  values  of  the  average  number  at  the  individual  nodes  N*will  depend  on  the  ser¬ 
vice  time  distribution  (through  i^2).  But  amazingly,  these  quantities  always  add  in  such  a  way 
so  as  to  force  the  total  number  N*  =M . 

In  the  case  of  equal  coefficients  of  service  time  variation  at  the  M  nodes  we  can  say 
more.  Assume  now  that  v2  £  i?  for  1  <  i  <  M  (which  is  certainly  true  if  all  service  time  dis¬ 
tributions  are  of  the  same  type).  Under  this  additional  assumption  equation  (2.49)  gives 


1  +  V(  1  +  i'2)  /2 


Also  by  equation  (2.50)  we  clearly  have 


K-n? 


for  1  <  ij  <  M ,  and  so  Theorem  2.8  yields 


m  a/  -n* 


Thus  we  have  the  following 


Theorem  2.9 


For  the  M/G/l  parallel  network  with  equal  loads  and  equal  coefficients  of  service  time  varia- 


N*  =  1  1  <  i  <  M 


12.521 


2.6  The  Queueing  System  G/M/l 


In  this  section  the  analysis  of  power  is  extended  to  the  queueing  system  G/M/l.  We 
find  that  the  assumption  of  Poisson  arrivals  appears  to  be  critical  in  the  beautiful  results  for  N* 
derived  above.  However,  we  find  a  type  of  continuity  property  in  the  sense  that,  as  long  as  the 
coefficient  of  variation  v2  of  the  interarrival  process  is  close  to  1  (i.e.,  Poisson  arrivals),  then 
N*  is  approximately  1  as  in  M/G/l.  But  for  large  values  of  v2,  the  value  of  N*  may  become 
quite  different  than  1.  In  fact,  a  major  theorem  of  this  section  on  G/M/l  states  that  we  can 
find  G/M/l  systems  so  that  at  maximum  power,  N*  can  be  made  arbitrarily  close  to  0.  This  is 
certainly  different  from  Klein  rock’s  result  for  M/G/l. 

Consider  a  G/M/l  queueing  system  with  mean  interarrival  time  t  and  meau  (exponen¬ 
tial)  service  time  I  “l//i.  Note  that  X  A  l/t  is  the  average  arrival  rate  of  customers  (packets, 
messages)  to  the  system,  and  thus  the  throughput  7  is  simply  equal  to  X.  We  begin  our 
analysis  of  power  for  G/M/l  by  recalling  (Cohe69j  that  the  equilibrium  probabilities  are 

Po  =1-  P  k  =0 

Pt  ™p(  1-  a)al~l  k  >  1 

where  a  is  the  root  between  0  and  1  satisfying  the  equation 

a  —A(/i  -  pa)  (2.53) 

Here  we  break  with  the  notation  in  [Klei75]  and  let  A  be  the  Laplace  transform  for  the  interar¬ 
rival  time  density  (the  notation  .A*  of  (Klei75|  for  the  Laplace  transform  might  be  confusing, 
since  we  have  pkeviously  introduced  the  convention  that  the  exponent  *  indicates  optimization 
with  respect  to  power).  We  also  recall  that  N  ™p/(  1-  a)  for  G/M/l,  and  so  T  = 1/(1 -  a). 
In  order  to  maximize  power,  we  use  equation  (2.2)  of  Kleinrock 

which  characterizes  the  maximum  power  point.  However,  to  find  the  derivative  dT/d 7,  we 
note  that  T  involves  the  root  a ,  which  is  a  (possibly  complicated)  function  of  the  throughput 
7.  For  example,  a  **p  —'ll  for  M/M/1,  while  for  Ez/M/1  (Erlang-2  interarrival  process)  it 
can  be  shown  that 

<7  =j(l  +  4 p-  v/r+8^) 

Thus  dT/d'i  will  involve  the  derivative  da  jd 7.  Let  us  assume  this  latter  derivative  exists  (in 
all  the  examples  of  G/M/l  systems  that  we  analyze,  this  will  be  the  case).  Since 
T  =  J/(  1-  a ),  then 

dT  x  da  T  da 
di  (1  -  a)3  di  l-  a  d*i 

Substituting  equation  (2.55)  into  equation  (2.54)  yields 


(2.55) 


l-<7*  rf7ll-r* 

r”^'7ri7_- 


Using  Little’s  result  we  have 


(2.56) 


This  equation  relates  various  parameters  at  the  maximum  power  point  for  the  queue  G/M/l 
Note  that  for  M/M/l  (Poisson  arrivals)  we  have  o  =  p  =72  and  so  do  fd^  —I.  Thus  equa¬ 
tion  (2.56)  reduces  to  the  result  of  Kleinrock  that  N*  =1  for  M/M/l.  We  now  use  equation 
(2.56)  to  analyze  various  interarrival  processes. 

2.5.1  Erlanglan  Input 


The  first  G/M/l  system  we  analyze  has  a  i -stage  Erlangian  interarnva!  time  process. 
Here  iX  is  the  (Poisson)  arrival  rate  to  each  of  the  k  stages,  so  that 

r-*-L=l 

iX  X 

Thus  the  arrival  rate  to  the  system  is  X  and  the  throughput  is  7  =X.  The  utilization  is 
p  =X//i  =7 //i.  The  variance  of  the  interarrival  time  distribution  is 

VAR  -i  ■  — 1  ,  =-i- 
(iX)2  iX2 

The  coefficient  of  variation  for  the  arrival  process  is 

2  VAR  1 

1/  •  mm  -  a  — » 

‘  (<)J  * 

and  is  therefore  less  than  or  equal  to  1.  The  Laplace  transform  A  is  given  by 

"«*>  -(tttt)1 

and  thus  o  is  found  by  solving  the  equation 


Using  p  —\/n  this  becomes 


o  *=A(fi-  fio)  =*( - ) 

'  '  V-  110  +  iX  > 


o  -(—*'_)* 
‘  1  -  <7  +  ip  ' 


(2.57) 


We  shall  now  find  do  fd').  Differentiating  both  sides  of  equation  (2.57)  with  respect  to  7  yields 


(1-  o  +  kp)kx  -  kp( 


d'j  '  1  -  a  +kp  '  (1-  a  +kp)2 


Multiplying  both  sides  of  this  equation  by  p  and  simplifying  gives 


t  (1-  o)kx+kp-^~ 

p^-=t _ is _ )  _ _ : _ £l 

d'j  '  1-  o  +kp  f  1  -  a  +kp 


Therefore,  using  equation  (2.57),  we  have 


O  +kp)\  •mo  jl-  o)kI  + 


— — [p(l-  <7  +kp)~  kpo\  ==<t ( 1  —  o)kx 
d  7 


We  finally  have 


do  kxo(l -  o) 

d'j  p(l  -  o  +kp-  jfc cr ) 


(2.58) 


Note  that,  for  i**l,  we  have  an  M/M/l  system,  so  that  o  =  p.  In  this  case  equation  (2.58) 
reduces  to  do  /d'j  as  expected. 


We  now  use  this  expression  for  do /d'j  in  equation  (2.56)  to  find  the  optimal  power 
point  We  have 


*r<7*(i-  o’) 


1  -a  p  (1-  o  +  kp  -  ko 


which  simplifies  to 


1-  <rm+kpm-  ko * 


This  yields  the  equation 


1-  o*+kp*~  ko*  =*ko* 


1-  o*  +  k  p*  =2ko* 


Thus  we  have 


.  l  +  kp* 


2k  +1 


(2.59) 


and  also 


•  v- 


•  2k<r*~  [l-  a' 


(2.60] 


Using  the  above  expression  for  p*  in  equation  (2.57),  we  see  that  a*  must  satisfy 

•  \2ka*~  ( 1  -  a  *)  1 


which  is  equivalent  to 


a  —  1- 


[  1  -  a  *)  !2a  * 


(2.62) 


For  any  value  of  k,  equation  (2.61)  (or  (2.62))  can  be  solved  numerically  for  a*.  Then  values 
of  other  system  parameters  at  the  optimal  point  (such  as  p*  and  N*)  can  be  found. 

As  an  example,  we  now  analyze  the  system  E2/M/l  (the  case  k  =2).  For  this  system, 
equation  (2  61)  is 


ia  -  (1-  <r 


which  yields 


18(0S=(5**-  l)S-25(02-  lOa’+l 


16(o*)*-  25(<r*)a  + 10<7*-  1  =0 

Since  a*  =  1  is  always  a  root,  we  factor  the  above  equation  and  find 

{a*-  1)(16(<7*)2-  9(7*+  1]  =0 
Thus  o*  must  be  a  root  of  the  equation 

ie(Os-  9<7*+l  =0 


The  two  roots  of  this  quadratic  are 


.  9±  n/TT 


Now  from  equation  (2.60)  we  know  that  p*  satisfies 


•  4 a*-  (1-  <7*)  5(7*-  1 


Hence  the  above  two  possible  values  of  ^ " yield  the  corresponding  values 

.  13  ±  5n/TT 


Since  the  negative  square  root  gives  p*<  0,  we  must  chocse  the  positive  square  root.  There¬ 
fore 

.  9+\/T! 

°  "  32 

and 

•  13  +  5>/l7 

P  ”  64 

We  also  have 

jV*  =  P*  =  13  +  5^17 
”  1-  a*  “  46-  2\/l7 

Thus,  for  the  system  Es/M/l,  we  have 

(7*  =  .410097,  p*  =  .525243,  jV*  =  .890388  (  2.63) 

We  note  that  the  relationship  W*  =1  (which  holds  for  M/G/l)  is  not  true  for  this  F^/M/l  sys¬ 
tem. 


We  next  consider  the  system  D/M/1  (i.e.,  the  case  of  constant  interarrival  times  and 
exponential  service  times).  For  this  system  we  have  i/,2  =0.  Since  D/M/1  =  lim  Et/M/1, 

k  —  OO 

we  may  analyze  this  queue  by  using  our  previous  results  concerning  power  for  the  Erlangian 
systems.  Thus,  as  k  -*oo,  equation  (2.60)  provides  the  interesting  result 

p*  s=2a*  (2.64) 

which  holds  for  D/M/1  at  the  optimal  power  point.  Also  equation  (2.62)  becomes,  in  the 
limit, 

<7*  =e~  l0-O/*O  (2.65) 

Solving  this  equation  for  a*  (numerically)  and  using  the  result  to  calculate  p*  and  N*  we  obtain 
for  the  D/M/1  queue 

<7*  =  .284668,  p*  =.569336,  N*  =  .795905  (2.66) 

These  equations  m^y  also  be  obtained  directly  without  resorting  to  the  Et/M/l  results.  Since 
A(r)  =e”  *  for  D/M/1,  equation  (2.53)  gives 

Differentiating  this  equation  with  respect  to  7,  we  find  (after  considerable  computation) 

da  a(  1  -  a)x 
d'j  p(p-a) 

Equation  (2.56)  then  yields  p*  =2(7* as  before. 
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We  now  list  values  of  parameters  for  the  system  E*/M/l  at  maximum  power  and  com¬ 
pare  them  to  the  corresponding  M/E*/l  system.  Recall  that,  for  M/G/l, 


*•=  1 


and 


/i.  _ 1 _ 

P  “  l  +  V/(l  +  ^2)/2 

where  t/»2  is  the  squared  coefficient  of  variation  for  the  (general)  service  time  distribution. 
Thus  for  M/Et/l  (with  i>t2  «=1  /k)  we  have 

•  _  1 

P  “  1  +  V(t  +l)/(2i-) 

In  this  following  table  we  note  that,  even  for  constant  interarrival  time  (h  =  oo),  Ft  remains 
fairly  close  to  1  (at  about  .8). 


M/Et/l 

Et/M/1 

k 

• 

P 

Ft 

/ 

• 

<7 

Ft 

1 

1/2 

1 

1/2 

1/2 

l 

2 

.535898 

1 

.525243 

.410097 

.890388 

3 

.550510 

1 

.537006 

.373002 

.856472 

4 

.558482 

1 

.543813 

.352806 

.840263 

5 

.563508 

1 

.548252 

.340115 

.830829 

10 

.574178 

1 

.558058 

.313361 

.812739 

25 

.581020 

1 

.564628 

.296386 

.802468 

50 

.583382 

1 

.566947 

.290568 

.799156 

100 

.584579 

1 

.56r133 

.287628 

.797523 

1000 

.585665 

1 

.569215 

.284965 

.796066 

00 

.585786 

1 

.569336 

.284668 

.795905 

Table  2.3 
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i-  o  +p/p, 


Sicce  the  /3,  are  fixed  constants,  it  is  easy  to  differentiate  equation  (2.67)  with  respect  to  7  to 
yield  da /dq.  Then  equation  (2.56)  may  be  used  to  solve  for  p*  and  a*  as  was  done  for  the 
Erlangian  case. 

The  coefficient  of  variation  of  interarrival  time  was  less  than  or  equal  to  one  for  all  of 
the  above  G/M/l  systems.  If  we  now  look  at  systems  with  t/,2  >  1  we  find  that  the  values  of 
various  parameters  at  maximum  power  become  quite  different  from  those  for  the  Poisson  case. 
We  will  next  study  systems  with  hyperexponentiid  interarrival  time  distributions  (these  systems 
satisfy  t/,s  >  1). 

2.5.2  Hyperexponential  Input 

We  first  consider  a  general  hyperexponential  interarrival  process  consisting  of  R  parallel 
stages,  with  the  probability  of  choosing  stage  t  to  be  a,,  and  stage  t  is  exponential  with  parame¬ 
ter  X,.  We  assume  that  R  >  1,  since  we  have  an  M/M/l  system  for  R  »1.  We  also  assume 

R 

that  0  <  a,  <  1  for  all  1  <  i<  R  and  that  a ,  «—l  (see  Figure  2.7). 


Figure  2.7  The  Hyperexponential  Interarrival  Process 
The  Laplace  transform  for  this  interarrival  time  process  satisfies 


and  the  first  two  moments  are  therefore 


Thus  t/,2,  the  squared  coefficient  of  variation  of  the  interarrival  time  distribution,  satisfies 


(*V 
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Using  the  Cauchy-Schwari  inequality 


with 


and 


(£™)2<(£*.2)(£i/,2) 

i  i  i 


as  in  [Klei75],  we  find  thati/,2  >  1. 


We  now  restrict  our  analysis  to  the  following  H*/M/l  systems.  We  consider  systems 
for  which  X,  =*\(a,/0,)  where  0,  is  a  fixed  constant  with  0</9,<l  and  where  =1. 
Note  that  the  mean  interarrival  time  is 


r-£(«.)f 

i-t  Ai 


£<«■>£- 
■at  AUi 


X 


Thus  X  is  the  arrival  rate  to  the  system,  and  so  the  throughput  is  7  —X.  The  utilization  is 
P  —X//x  »7//i.  To  find  the  root  a  we  solve  equation  (2.53).  This  becomes 


a 


Ma,/0,) 

pa  +  \{a,/0,) 


or,  writing  the  above  in  terms  of  p, 

/>(<*, 2//M 

1-  a  +P(<*,/P  ) 


(2.68) 


For  eveiy  value  of  the  input  rate  X  (or  the  utilization  p),  the  corresponding  value  of  <7  is  deter¬ 
mined  from  equation  (2.68).  In  particular,  the  optimal  value  a*  is  given  by  that  equation  if  the 
optimal  efficiency  p*  is  known. 


We  now  use  equation  (2.56)  to  find  another  expression  relating  p  and  a  .  We  first 
determine  da /d'j.  Since  the  a,  and  the  0,  are  fixed  constants,  we  m^y  easily  differentiate  both 
sides  of  equation  (2.68)  with  respect  to  7  to  obtain 

~£  (1-  <7+p(a,/£,)j2 


io  ^  (1- <r)x(c*,V^,)  +p(«.2/^,)-|^- 

*T"£  [1  -<7+„K/A)j2 


This  equation  becomes 


da  j_  A  p(a,2/0,) _  _A  (1- a)x(a,2/0l) 

dl  ~  h[l~  *+/>(a,/^I2J“  ,*|l-<7+p(a,//?t)|2 


We  finally  have 


A  (1  -a)x\a2/0,) 
da  ,^[l  -  <7+p(a,//9,){2 

rf7  "1  A 

i[l  -a+p(a,/0,)\* 


(1-  ffliV— _ 
d<7  ^ _ ,^  [  1  -  °  +  p(<»i/fti)|2 

dl  "  i_  A  a.VA 

P,‘i(l-<r+p(a,//91)|8 


(2.69) 


We  now  use  this  expression  for  da /d 7  in  equation  (2.56)  to  find  the  optimal  power 
point  We  have 

VA  <*.2M 

t  .A  q,2/^, 

ill  -<7’+pV./A)|2 


1  »A  «.2A?.  .A  °.2#. 

.ill -tr'+pWA)!*  S|l-<rNVK/A)P 


(2.70) 


Further  simplifying  equations  (2.68)  and  (2.70),  we  have  two  equations  in  the  two  unknowns 
p*  and  <7*,  namely 


-«  1-  o  +  p  ( a ,//},) 


and 


1 


ff*+ P*{<*t/0,)  |2 


(2.72) 


These  two  equations  can  be  solved  numerically  for  any  R  and  any  values  of  a,  and  0,  which 
satisfy  the  conditions  mentioned  above.  This  yields  <r*and  p*  and  thus  N*  =*p* /(l-  a*). 


2.5.3  Keep  The  Pipe  Full  Counterexample 


Previous  results  show  that,  although  Kleinrock’s  "keep  the  pipe  full"  result  for  M/G/l 
does  not  extend  to  G/M/l,  the  average  number  in  system  at  optimal  power  N*  is  fairly  close  to 
1  for  systems  with  Erlangiaa  interarrival  time  distributions.  However,  it  was  also  noted  that  the 
value  of  v*  for  these  systems  was  between  zero  and  one.  We  now  consider  hyperexponential 
distributions  with  an  arbitrarily  large  coefficient  of  variation  for  the  interarrival  process.  We 
choose  certain  a,  and  0,  and  solve  for  N“  to  show  that  we  can  make  N*  as  small  as  desired  ( N * 
positive).  This  gives  the  theorem  promised  above. 


The  interarrival  time  process  will  consist  of  two  parallel  phases  (an  Hj/M/l  queueing 
system).  We  set  at  =*><5  and  a3  »1-  6,  where  6  is  a  real  number  which  satisfies  0  <  S  <  1. 
We  next  set  0,  *m(K-  1  )/K  and  02  **1  /K,  where  K  is  a  positive  integer  greater  than  1  (i.e., 
K>2).  Note  that  a,  +  a2  » 1  *0,  +  0^  We  have 


Thus  the  arrival  rate  is  X,  the  throughput  is  7  —X  and  the  utilization  is  p  =»X//i  —7 //<.  Also 


+_ 1 

.  .0.  1  _ o <  . 


KH  K\  1-5) 


-  1 


We  observe  that  j/,j  becomes  arbitrarily  large  as  J-*0  (for  fixed  K).  The  interarrival  process 
is  illustrated  in  Figure  2.8  below. 


Figure  2.8  An  Interarrival  Process  for  Bursts  of  Messages 


With  low  probability,  the  interarrival  time  between  messages  will  be  large,  while  the  interamval 
time  will  be  small  with  high  probability.  Such  an  arrival  process  can  be  used  to  model  a  very 
bursty  source  of  messages  (such  as  a  terminal).  In  such  a  situation,  the  think  time  between 
bursts  of  messages  may  be  large  compared  to  the  time  between  messages  from  the  same  burst 
Thus  the  interarrival  process  will  approximate  the  case  of  bulk  arrivals. 

We  first  examine  the  behavior  of  <7  for  a  fixed  value  of  p  when  the  parameter  6 
becomes  small.  Under  the  above  choice  of  the  a,  and  0„  equation  (2.68)  yields 

_ P52K/(K-  1)  .  p(l-6)2K 


r_  p62K/(K-  1)  p(l-6)2K 

1- a  +pSK/(K-  1)  l-ff+p(l-9)K 


S2/(K-  1) 


a  =Kp\ - - + _ L LZJX _ 

P[l- +Kp6/(K- 1)  1- a +Kp(l- 6)  \ 

This  equation  becomes 

<r[l-  a  +Kp6/(K-  1 )] [  1  —  <7+Ap(l-  5)]  — 

[Kp52/(K-  l)|(l-<7+Ap(l-  6)1  +  (ATp(l  -  6)*\[\- <r +Kp6/(K  -  1)| 
which  is  equivalent  to 

<r(l-  «7)J+<r(l-  <r)\Kp6/{K- l)+tfp(l-  6)\  +o\(Kp)H(  1-  6)/(K-  1)]  = 

(l-<r)Kp62/(K-  1)+(1  -<r)Kp(\-  6)2  +  (Kp)H\  1  -  S)/(K-  1)  +( K  p)2t(  1  -  6)*/(K-  1) 
The  right-hand  side  of  the  above  equation  may  be  simplified  by  noting  that 

(Kp)H\  1-  S)/(K-  l)+(Ap)25(l-  S)2/(K-  1)  =(A»25(1-  S)/(K-  1) 

This  yields 

o(l-  <7)2  +  <r(l-  <r)\Kp6/(K-  1)  +  K p(  1  -  5)|  - 

(1-  a  )Kp6i/(K  -  1)+(1-  a)Kp(\-  5)2  +  (  1  -  <r)(  Kp)2S(  1  -  6)/(K  -  1) 

It  is  no  surprise  that  1-  o  is  a  common  factor,  because  the  above  equation  was  derived  from 
equation  (2.68)  which  is  a  special  instance  of  the  general  G/M/l  equation  a  =*A(p- fit r). 
Dividing  by  1-  a ,  we  have 

<r(\-o)+<r[Kp6l(K-\)+Kp(\-6)\  ~Kp62/(K-  1)  +  Ap(l-  J)2  +  (Ap)2S(l-  6)/(K  -  1) 


<r(l-  <7)  =Kp(  1-  5)(1-  <7-  6)+KpS/(K-  1)(5  +  Ap(l-  5)-  <7) 
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This  is  equivalent  to 

a(l-ff)  -Kp(l-  a)-  KpS(l-  a)-  KpS{l-  6)  +  Kp6f(K- l)|l-  a-  (1-  -h  ATp(  1  -  *)) 


or 

<r(l-  a)  ~Kp(\-a)-KpS(\- o)(l-  j^j)- Kp6(\- ^)(l  +  -~-- 
We  finally  have 

o(l-  o)  — ATp(l-  a)- KpS(l- a)  KpS(  1  -  S)  ^ 

or 

Kp(i-a)  «o(i-o)  +  -|^-((a:-2)(i-o)+a:(i-  *)(i-,)| 

This  may  be  written  in  the  form 

Kp{\- o)  —  o(l- <r)+f(6)  (2.73) 

where 

/(«)  i-^-[(*--2)(l-„)+Jf|l-i)(l-p)|  (2.74) 

Note  that  equation  (2.73)  is  equivalent  to 

(A>-o)(l-o)  -/(*)  (2.75) 

Since  K  >  2,  we  observe  that 

0  <  <  7fr]-((tf-2)+*l  =2K6 

for  0  <  p  <  1  and  0  <  S  <  1.  Thus  we  have  lim/(<5)  =0  for  any  (all)  p  between  0  and  1.  We 
also  have 


0  <  (Kp-  o)(l- a)  <  2KS  (2.76) 

from  equation  (2.75)  for  this  range  of  p  and  S.  Using  the  left-hand  inequality  (and  the  fact 
that  a  lies  between  0  and  1),  we  obtain 

0  <  a  <  min  (Kp,  1)  (2.77) 


We  consider  a  fixed  K>  2  and  a  fixed  S  satisfying  0<£<  1.  Note  that  equation 
(2.76)  is  valid  for  all  0<p<l.  We  now  examine  the  behavior  of  a  for  the  two  ranges 
0<P<  1  IK  and  1  (K  <  p  <  1.  For  p  —1  jK,  equation  (2.76)  yields 


0  <  (1-  «r)s  <  2K8 


or 

0  <  1-  a  <  sfW8 

Since  a  is  an  increasing  function  of  the  input  rate  (a  represents  the  probability  that  a  customer 
arrives  to  find  a  non-empty  system  (Klei75])t  we  have 

0  <  1-  a  <  s/2K8  (2.78) 

for  l/K  <p<  1.  Now  consider  the  range  0  <  p  <  l/K.  For  those  values  of  p,  a  <  Kp  by 
equation  (2.77).  We  now  use  Kp  <  1  and  equation  (2.76)  to  obtain 

0  <  (Kp-  a)2  <  (Kp- <r)(l-  a)  <  2KS 

Thus 


0  <  Kp-  a  <  V2KS  (2.79) 

for  0  <  p  <  l/K.  From  equations  (2.78)  and  (2.79),  the  behavior  of  a  with  respect  to  p 
becomes  evident  for  small  8.  We  have  a  —Kp  (a  <  Kp)  for  0<  p  <l/K,  and  a  — 1 
(<r  <  1)  for  l/K  <p<  1. 

The  power  function  satisfies 

p  —  7  _  7*  1  P2 

T  7 T  ( r)2  N 

and  so,  since  N  —p/(  1-  a)  for  G/M/l, 

p  ma<7)  (280) 

To  find  the  optimal  power  point,  we  need  to  maximize  P.  For  l/K  <p<  1,  equation  (2.78) 
yields 

(J)SP-/>(1-  a)  <  l- a  <  y/2 K8 

Now  consider  the  particular  point  p—l(2K.  For  this  value  of  p,  equation  (2.77)  yields 
a  <1/2.  Thus  we  have  1  -  a  >  1/2,  and  so 

(J)2P-p(l-  a)  >  >  V2XJ 

for  small  8.  Therefore,  the  optimal  power  point  cannot  occur  in  the  range  l/K  <  p  <  1,  and  so 
it  must  occur  for  some  p  satisfying  0  <  p<  l/K.  For  this  range,  we  recall  that  a  =Kp,  and 
therefore 


Differentiating  the  right-hand  expression,  we  find  that  the  vaioe  of  p  which  optimizes  power  is 

P'~W  (2-81) 

Since  a  ~Kp  in  this  range,  we  find 


a 


Since  N  a)  for  G/M/l,  we  finally  have 


i_ 

K 


(2.82) 


(2.83) 


Thus  for  any  fixed  K,  we  can  find  a  £(/f )  >  0  so  that  FT  =  l/K.  We  also  have 

a, _ L_ 

(F)2  4  K(I)* 


We  now  can  show  the  following 
Theorem  2.10 

Given  e  >  0,  there  it  a  G/M/l  tyttem  (in  fact  an  H^/M/l  tytiemj  tuck  that  at  maximum 

power 

0  <  FT  <  €  (2.84) 

To  prove  this  we  first  choose  K  so  large  that  l/K  <  t.  Then  we  choose  6(K)  >0  so  that  we 
may  construct  an  H2/M/l  system  aa  above  with  iV*  —  l/K.  That  is,  we  may  choose  K  and 
then  6(K)  so  that  0  <  /7*<  t. 

In  this  chapter,  we  have  seen  that  the  average  number  in  system  for  certain  simple  net¬ 
works  operating  at  maximum  power  is  a  quantity  that  exhibits  invariances  in  several  ways  and  is 
numerically  quite  easy  to  evaluate.  Not  only  were  these  networks  topologically  simple,  the 
power  problems  which  were  studied  turned  out  to  be  mathematically  simple.  When  more  com¬ 
plicated  network  problems  are  considered,  we  will  find  that  maximizing  power  may  be  difficult. 
We  will  extend  our  analysis  of  power  to  such  problems  in  the  next  chapter  and  discover  several 
undesirable  characteristics  of  the  optimal  operating  point  However,  in  later  chapters,  some  of 
the  beautiful  results  obtained  above  for  these  simple  networks  will  be  extended  to  more  com¬ 
plex  power  problem  formulations. 
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CHAPTER  3 

Power  of  the  M/M/l  Parallel  Network 


In  the  previous  chapter,  several  simple  networks  were  analyzed  in  terms  of  the  maximi- 
ration  of  power.  These  networks  were  not  only  topologically  simple,  they  were  also  “simple” 
from  an  optimization  point  of  view.  That  is,  they  all  yielded  single-variable  optimization  prob¬ 
lems,  and  thus  the  equation 


T 


—  7 


dT_ 

dl 


could  be  used  to  analyze  the  optimal  solution  which  maximized  power.  One  of  the  networks 
considered  was  an  M/G/l  parallel  net  where  the  fraction  of  traffic  p,  on  channel  t  was  known. 
The  resulting  optimization  problem  involved  only  a  single  variable,  the  total  input  7  to  the 
parallel  system.  The  individual  traffic  X,  on  channel  i  was  simply  X,  =  p,  7.  In  this  chapter  we 
examine  another  optimization  problem  involving  the  maximization  of  power  for  a  parallel  net 
with  M  channels.  However,  unlike  the  single  variable  parallel  network  problem  of  chapter  2, 
this  new  formulation  is  a  multi-variable  optimization  problem,  whose  decision  variables  are  the 
M  individual  channel  flows  X,,  which  are  to  be  independently  adjusted. 


3.1  Description  c/the  Optimisation  Problem 


Consider  now  a  parallel  net  with  M  channels  which,  unlike  the  above-mentioned  sys¬ 
tem,  has  no  restriction  on  the  routing,  and  let  us  optimize  it  with  respect  to  power.  We  caa  use 
this  parallel  network  to  represent  either  a  single  user  with  multiple  paths  for  his  packets  or  mul¬ 
tiple  users,  each  with  a  single  path.  In  the  first  interpretation,  the  net  is  used  to  model  a  single 
user  of  a  computer  network  (i.e.,  a  single  source-destination  pair)  with  M  alternate  paths  (pos¬ 
sibly  virtual  circuits)  for  the  user’s  packets  to  travel  through  the  net  Unlike  the  previous 
models,  the  routing  for  this  net  is  not  known  and  is  a  system  variable  which  must  be  optimized. 
This  network  may  also  represent  multiple  users  (source-destination  pairs)  in  a  computer  net¬ 
work.  The  flows  on  the  channels  would  then  represent  the  amount  of  traffic  input  Jo  the  sys¬ 
tem  by  each  user.  Note  that  in  this  latter  interpretation,  the  users  are  independent  (their  pack¬ 
ets  don’t  interfere  with  one  another).  The  corresponding  system  parameters  of  the  users  only 
interact  in  the  calculation  of  the  power  function  P.  Finally,  we  note  that  analysis  of  the  parallel 
net  is  important,  since  we  may  use  it  along  with  the  series  net  explored  above  as  building 
blocks  for  a  general  network. 


Let  us  now  state  the  optimization  problem  we  wish  to  solve.  We  are  given  M  parallel 
channels  with  capacities  C\,  .  .  . ,  CUt  and  we  assume  that  the  message  length  distribution  is 
exponential  with  mean  b  »l//i.  We  wish  to  find  inputs  X^  .  .  .  ,Xv  which  maximise  the 
power  of  the  system  (see  Figure  3.1). 


Figure  3.1  The  M/M/l  Parallel  Network 

Note  that  the  problem  being  considered,  unlike  the  single* variable  problems  studied  previously, 
involves  optimizing  the  M  variables  X,,  .  .  .  ,XM.  To  obtain  the  objective  function  of  our 
optimization  problem  (the  power  function  P)  in  terms  of  the  X,,  we  first  note  that  the  system 
throughput  is  given  by 

1  —X,  +  •  •  •  +XW 

We  may  express  the  mean  delay  in  the  system  T  as 

"  X, 

r, 


which  becomes,  using  the  value  for  7  given  above, 


Xji/ 

+  - - - — - — Tu 
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We  have  expressed  both  the  throughput  7  and  the  delay  T  in  terms  of  the  decision  variables 
X|,  .  .  .  ,\u.  Using  these  expressions,  we  find  that  the  power  function  P  =7/7  is 

U  2 


We  now  extend  the  function  P  of  equation  (3.1)  in  a  continuous  manner  so  that  the 
feasible  region  of  our  optimization  problem  is  compact  (closed  and  bounded)  by  considering  the 
two  (extreme)  cases  of  zero  throughput  and  infinite  delay.  We  know  that  if  some 
the  (M/M/1)  delay  T,  1  /( /s C,  —  X,)-*oo,  and  so  from  equation  (3.1)  we  must  have  P -* 0. 

We  now  consider  the  case  when  X,  -*0  for  all  i  (the  case  of  zero  throughput).  Since 


T.  >  z.  >  min  x, 

~  —  1<j<U  1 


>  0 


for  1  <  »  <  M,  equation  (3.1)  yieids 


0  <  P  < 


U  * 

(£x') 


—  —  u  x 

E-  ' 


V 


flue  u 


and  therefore  P-*0  when  all  X,  approach  zero.  We  may  thus  extend  equation  (3  1)  for  P  to  a 
continuous  function  which  includes  these  limiting  cases  when  the  network  has  zero  power.  The 
feasible  region  is  then  considered  to  be  the  set  of  all  vectors  (Xj,  .  .  .  ,\u)  such  that 

0  <^,<fiC}  l<j<M 

and  is  therefore  a  compact  set 


We  wish  to  find  a  point  which  maximizes  power  over  the  feasible  region.  Since 
p,  ~\j/pCj  (for  all  1  <j<M),  this  optimization  problem  is  equivalent  to  one  involving  the 
M  unknowns  P\,  .  •  .  ,Pu-  The  feasible  region  of  this  equivalent  problem  is  simply  the  (unit) 
M -cube  given  by  the  equations 

0<P}<1  1  <j<M 

(the  cases  M  and  M  =3  are  depicted  in  Figure  3.2). 


P  2 


Figure  3.2  The  Feasible  Region 


The  power  function  P  written  in  terms  of  the  p}  is 


P 


u  2 
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P, 

1  ~P, 


We  will  frequently  skip  back  and  forth  between  these  two  equivalent  formulations  of  this  max¬ 
imization  problem.  The  feasible  region  is  compact,  and  the  objective  function  (the  power  func¬ 
tion)  is  continuous  there.  Thus  the  function  does  attain  its  maximum,  and  it  makes  sense  to 
try  to  find  a  globally  optimal  point. 


3.3  A  Bit  at  Opdndisdon  Theory 


Let  us  first  review  some  well-known  facts  in  the  classical  theory  of  the  optimization  of 
real-valued  functions  of  more  than  one  variable.  These  results  are  standard  and  may  be  found, 
for  example,  in  the  books  by  Luenberger  (Luen73j  and  Marlow  [Mar!78],  among  others.  We 
consider  a  function  f:S-*R  where  5  is  an  open  set  and  SCI?'.  Analogous  to  the  derivative 
of  a  real-valued  function  of  a  single  variable  used  in  chapter  2,  we  first  recall  the  concept  of  the 
gradient  of  the  function  /  (denoted  v/)-  This  is  simply  the  vector  of  partial  derivatives 


iIL  IL 

1  dll  ’  ‘ ' '  '  dx 


We  next  recall  the  definition  of  a  feasible  direction.  Consider  a  set  FC  S  (we  think  of 
F  as  being  the  feasible  points  for  some  set  of  constraints).  A  non-zero  vector  d£  R*  is  called  a 
featible  direction  at  x£F  if  there  exists  0>O  such  that  x  +  adeF  whenever  a  6(0,  0],  Also 
recall  that  if  d  is  a  unit  vector  in  R* ,  then  the  directional  derivative  of  /  in  the  direction  d  may 
be  shown  to  be  the  following  dot  product 


V/  d 


■i&i 


Using  these  concepts,  we  now  state  a  well-known  result  of  optimization  theory. 


Facts  If  a  point  x€  F  is  a  local  maximum  (local  minimum)  of  the  function  /  on  the  set  F, 
then  v/  d  <  0  ( v/  ‘d  >  0)  for  any  feasible  direction  d  at  the  point  x. 

The  above  result  easily  yields  that  v/  «=0  at  a  local  maximum  (or  local  minimum)  of  /  which 
is  an  interior  point  of  F,  because  all  directions  at  such  a  point  are  feasible  directions.  We  adopt 
a  common  definition  in  mathematical  optimization  and  call  a  point  x  satisfying  v/  =0  a  critical 
point  of  the  function  /. 
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We  may  apply  these  results  to  our  optimization  problem  by  observing  that,  in  order  to 
find  the  global  maximizer  of  the  power  function  P  over  the  feasible  region,  we  must  determine 
all  critical  points  of  P  (points  with  vP  *>0)  and  compare  them  to  the  optimal  boundary  point. 
(Recall  that  in  the  single  variable  case  the  boundary  points  yielded  zero  power,  so  that  the 
optimal  solution  occurred  where  the  derivative  was  zero.) 

3.3  Character!  call  on  at  th«  Optimal  Solution 

Let  us  now  examine  the  characteristics  of  the  optimal  boundary  point  of  our  optimiza¬ 
tion  problem.  We  adopt  the  convention  of  bating  the  channels  of  a  parallel  netwoik  in  order  of 
decreasing  capacity.  That  is,  we  renumber  the  channels  of  our  parallel  configuration  so  that 
C\>  <?a>  ‘  '  >  Cy-  This  will  not  affect  our  optimization  problem  and  will  simplify  subse¬ 
quent  notation.  We  now  observe  the  following  (intuitively  clear)  result  which  is  easily  shown. 

Lemmai  Consider  two  parallel  M/M/l  systems,  each  with  M  char  nels,  such  that  Cu  >  C2,  for 
1  <  i  <  Af  (that  is,  each  channel  of  the  first  system  has  higher  rapacity  than  the  corresponding 
channel  of  the  second  system).  Then  the  optimal  value  of  power  for  the  first  system  is  at  least 
as  large  as  the  optimal  value  of  power  for  the  second  system,  i.e.,  P *  >  P2. 

To  prove  this,  let  (Xlf  .  .  .  ,\u)  be  any  point  which  is  feasible  for  the  second  system.  Then  it 
is  also  feasible  for  the  first  system,  and  we  have 

a  u  a 

(£M 

>  •  •  •  r^u)  ”  j 1/  C*  S -  “P j(Xi,  .  .  .  ,\y) 

because  (for  M/M/l) 

T  ■  1  x  1 

~  iiC2,-\,  31 

f°r  1  ^  ^  A/ •  Ther»fore,  if  we  let  (Xjj,  .  .  .  ,  Xjj/)  be  optimal  for  the  second  system,  it  is 
feasible  for  the  first  system,  and  we  have 

Pi  ~P •  •  •  r^iu)  ^  p •  •  ■  ,  Xjj/)  <  P* 

which  gives  the  result. 


This  simple  fact  allows  us  to  determine  the  nature  of  the  optimal  boundary  point  The 
boundary  of  the  feasible  region  consists  of  2Af  faces,  each  face  corresponding  to  X,  =0  or 
X,  -liC,  (l<i<M).  That  is,  the  boundary  of  the  feasible  region  F  may  be  expressed  as 
y  u 

U  UK  -Au)€F:\,-0}\J  (J  {(X„...,Xa,)€P:Xi-/1C1} 

We  immediately  disregard  the  faces  X,  (the  power  function  is  identically  zero  there  since 


If  we  assume  that  vP  =0,  then  ——  =0  for  all  j  =1 ,  .  .  . ,  M,  and  thus  we  have 

0\j 

d  T  2S^iJ,| 

X;  rf>7+  T>  =^k~  “x*  a7+  Tk  v'-*  <34> 

2.J*' 

We  note  that  this  equation  holds  for  a  G/G/l  parallel  net  However,  in  the  general  G/G/l 
case,  closed-form  expressions  for  the  delay  functions  T \  (let  alone  expressions  for  the  deriva- 
tives  dTj/d\j )  are  unknown.  Thus  we  restrict  our  attention  to  more  analytically  tractable 
queueing  systems.  Since  we  will  ultimately  analyse  networks  of  M/M/1  queues  as  models  of 
general  computer  networks,  a  particular  choice  of  interest  is  the  M/M/1  case.  This  turns  out  to 
be  a  felicitous  choice,  since  for  M/M/1  the  equations  (3.4)  become  linear  and  quadratic  (and 
thus  more  easily  solved)  as  we  shall  see  later  in  this  section.  For  these  reasons,  in  the  follow¬ 
ing  we  specialize  to  the  case  of  an  M/M/1  parallel  network. 

We  now  wish  to  rewrite  equations  (3.4)  in  terms  of  p)t  the  equivalent  variables  of 
optimization  (it  turns  out  to  be  easier  to  work  with  p}  than  with  X;).  We  first  express  the 
mean  delay  T}  and  the  derivatives  dTj/d\}  as  functions  of  X;.  Since  we  assume  each  channel 
acts  as  an  M/M/1  queueing  system,  we  have  (for  1  <  j  <  M) 


and  so 


d\,  (pc,-\,y 


Therefore, 


dT. 

x,7x7+  T’ 


dT. 

T)  ~ 


(/^-X;)S 


Since  the  efficiency  of  the  j'th  channel  is  p}  =XJ/pC;,  substituting  this  relationship  into  the 
previous  equation  gives 


We  therefore  have 


£  Pi-  2p,+2p,2 

h  (i- p.)2 


or 


£  W-P, 

-p,)2 


=  0 


Multiplying  the  numerator  and  denominator  of  the  ith  term  by  C ,  yields 

&(2P,2-P,)C,  n 
h  (1  -P,)2C, 

By  equation  (3.7)  we  see  that  the  denominators  of  all  A/  terms  in  the  above  sum  are  identical. 
Multiplying  both  sides  of  the  above  equality  by  this  common  value  finally  gives  our  A/th 
independent  equation 

£(2p,2-  p,)C,  =0  (3.10) 

This  equation  may  also  be  written  as 

&.(*.-  t)c>  =0  (3.11) 

1-4  i 


Therefore,  to  find  points  (px,  .  .  .  ,pu)  such  that  =0,  we  must  solve  M  equations 
in  M  unknowns.  We  note  that  M  -  1  of  the  equations  are  linear  (equation  (3.8)),  while  the 
A/th  equation  is  quadratic  (equation  (3.10)).  Our  solution  strategy  is  to  use  the  M  -  1  linear 
equations  to  eliminate  p2,  .  .  .  ,Pu  (i.e.,  express  each  in  terms  of  p x)  and  then  use  the  A/th 
quadratic  equation  to  solve  for  px.  Thus  we  could  have  0,  1,  or  2  points  which  are  critical 
points  of  P,  depending  on  the  given  parameters  (the  channel  capacities  C,). 

3.5  Characteristie*  at  Oitical  Paints 

Let  us  examine  these  M  equations  in  greater  detail  to  obtain  some  interesting  charac¬ 
teristics  of  critical  points  of  P  (and  thus  of  the  optimal  power  point,  since  it  is  a  critical  point  of 
the  power  function  of  a  parallel  subsystem  with  A/*  channels).  From  equation  (3.8)  and  the 
convention  that  C,  >  Ct  for  1  <  <  k  <  M,  we  see  that  1-  P,  <  1-  Pt  for  all  ;  <  k  and  so 

P\>Pi>  '  *  *  >Pu  (3.12) 

for  any  point  of  the  M  channel  parallel  system  where  the  gradient  of  the  power  function  is 
zero.  Recalling  the  nature  of  the  optimal  power  point  of  this  optimization  problem,  we  see  that 
(p i,  ■  ■  •  ,Pu)  ( the  optimal  solution  of  the  A/  channel  parallel  system)  satisfies 
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>  Pm  (3.13) 

and  also 

p*>  0  1  <  «  <  M* 

p*  =  0  M*  <  i 

where  the  p *  are  determined  by  deleting  all  channels  with  index  i>  M*  and  solving  for 
y/>  sQ  of  this  reduced  network.  Equation  (3.13)  agrees  with  our  intuition  that,  in  order  to 
decrease  delay  T  (and  thus  increase  power  P ),  faster  channels  should  be  more  heavily  utilized 
than  slower  channels. 

We  may  also  obtain  a  bound  on  the  value  of  the  utilization  of  the  fastest  channel  at 
maximum  power  by  first  examining  the  value  of  px  for  a  critical  point  of  the  power  function  P. 
We  note  that,  if  px  <  1/2,  then  by  equation  (3.12),  p,  <  1/2  for  all  1  <  »  <  M.  Thu  is  impossi¬ 
ble  by  equation  (3.11),  and  we  thus  conclude  that 

Pi>\  (314) 

for  such  a  critical  point  Therefore,  since  the  optimal  power  point  is  a  critical  point  of  the 
power  function  Pu  ,  we  have 

pt>  y  (3.15) 

and  so 

n;  >  i  (3.16) 


We  now  derive  an  interesting  expression  which  has  appeared  before  in  several  of  our 
single-variable  optimization  problems  and  which  will  appear  later  in  a  more  general  network  set¬ 
ting.  Using  equation  (3.9)  and  the  fact  that  p,/(  1-  p,)  =N,  for  an  M/M/1  system,  we  have 

N, 


u 

2l>. 


u 

£ 


or 


This  becomes 


which  is  equivalent  to 


*0 


«0 
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Again,  we  recall  that  p,/(  1-  p,}  =*  .V, ,  and  so 

tf)  =o 

or 

Etf  =E(^)2 

14  1-4 

The  above  equation  holds  for  critical  points  of  the  power  function  of  an  M  channel  M/M/1 
parallel  network.  We  may  once  again  exploit  the  nature  of  the  global  optimizer  of  the  power 
function  (it  is  a  critical  point  for  an  M*  channel  net)  to  write 

E^’-E(^T  (3.17) 

In  fact,  since  p*  =0  (and  thus  N,  =*0)  for  i  >  A/*,  we  may  actually  regard  the  summations  in 
equation  (3.17)  as  including  terms  from  1  to  A/,  which  then  yields  the  following 

Theorem  3.1 

For  the  M/M/l  parallel  network  (with  unknown  routwg),  the  average  number  in  system  at 
maximum  power  satisfies 

N'-£N,,-E(iV,T  (3.18) 

i  >4  i-4 

We  note  that  this  is  identical  to  an  equation  found  for  the  M/M/1  series  net  and  also  for  the 
parallel  M/M/l  net  (where  the  routing  was  assumed  to  be  known).  As  discussed  above,  this 
equation  is  a  special  case  of  a  general  result  to  be  derived  later  in  this  work. 

In  the  same  m  \nner  as  was  done  previously  for  the  M/M/l  series  net  and  the  M/M/l 
parallel  net  (with  known  routing)  in  chapter  2,  we  may  use  equation  (3.18)  to  yield 

Theorem  3.3 


For  the  M/M/l  parallel  network  (with  unknown  routing),  the  average  number  in  system  at 
maximum  power  satisfies 


E(i-*n-E(i-r)2 


(3.19) 


This  interesting  dual  equation  will  be  shown  to  hold  in  a  more  general  setting  in  chapter  4 


As  in  chapter  2,  equation  (3.18)  also  yields  the  following 

Theorem  3.3 

For  the  M/M/1  parallel  network  (with  unknown  routing),  the  average  numb  •  in  system  at 
maximum  power  satisfies 

N*<M  (3.20) 

This  bound  will  be  shown  to  hold  for  more  general  networks  in  chapter  4.  Of  course,  we  actu¬ 
ally  have  the  tighter  bound 

N*<M*  (3.21) 

from  equation  (3.17)  (any  channel  j  assigned  an  input  rate  X*  =0  does  not  contribute  to  N*). 
The  index  M *  is  a  quantity  which  is  determined  from  the  optimal  power  point  (and  thus  is  not 
very  easy  to  calculate),  while  M  is  simply  the  number  of  channels  in  the  network.  Unfor¬ 
tunately,  in  some  cases,  M* «  M ,  and  so  equation  (3.20)  may  not  give  a  very  good  bound. 
Later  in  this  chapter  (in  section  3.7.1)  we  describe  one  such  case. 

3.6  Solutlor  of  the  Power  Problem 


Before  solving  the  M  independent  equations,  let  us  introduce  some  simplifying  nota¬ 
tion.  To  this  end,  we  first  define,  for  1  <  j  <  M , 

S,  ±  y/CjCl  (3.22) 

Note  that  1  =Si  >  S2>  •••  >SU.  We  also  define,  for  1  <;<  A/, 

(3.23) 

Choosing  k  —  1  in  equation  (3.8),  we  have  (for  1  <  j  <  M) 

1-  pj  ™(l-  P,)y/C}/Ci 
which  is,  using  our  new  terminology, 


(3.24) 

We  also  may  utilize  this  notation  in  observing  an  interesting  relationship  among  mean  system 
times  Tj  at  the  M  different  channels  for  critical  points  of  P.  From  equation  (3.6)  and  the  fact 
that  T,  -■  1  /(pCj  -  \j)  for  M/M/1,  we  have 


1-Pj  1  -Pi 


Vj,  k 


Therefore,  choosing  k  =*1  in  the  above  expression,  we  find 


The  two  roots  of  this  equation  are 


u  *  m  It 

m  \  i  -  o  I  • 


3£S,+  9(£S.)  -8 M£S* 

A  ,a*  _ '■*  . 

“  4  Si 


A»« 


M2  m  It 


3£S,-  ME5.)  -8A/£S,! 


(3.28] 


These  mots  are  real  if  and  only  if  we  have  a  non-negative  discriminant,  i.e., 

D  -  8A/£S,2  >  0 


In  this  case,  we  clearly  have  0  <  v  <  u. 


We  now  claim  that 


u  <  2u 

Using  equations  (3.27)  and  (3.28),  we  see  that  equation  (3.30)  holds  if  and  only  if 

3^5,  +  v/F  <  6^S,  -  2\[D 


(3.30) 


which  is  equivalent  to 


W  <  T.S, 


Squaring  this  last  equation  and  using  the  definition  of  D  given  in  equation  (3.29),  we  obtain 


m2  m 

(E5.)  <a/£s,5 


(3.31) 


We  note  that  equation  (3.31)  is  true  by  using  the  Cauchy-Schwarz  inequality 

(E*.v,r<&8)(Ev.2) 


i,  =i 


y,  =s, 

This  shows  equation  (3.30).  Therefore,  whenever  the  roots  u  and  v  are  real  (i.e.,  whenever 


equation  (3.20)  holds),  we  have  the  bounds 


0  <  v  <  u  <  2v 


(3.32) 


Assuming  the  root  u  is  real,  let  us  see  when  it  leads  to  a  feasible  solution.  We  denote 
the  point  corresponding  to  u  as  p(  u)  (or  X(  u)  or  0(  u),  depending  on  the  variable  of  interest), 
but  suppress  the  dependence  on  the  particular  root  for  notationai  convenience  when  it  is  clear 
from  the  context.  We  call  the  root  u  feasible  if  the  corresponding  point  p(u)  is  feasible.  The 
condition  for  feasibility  in  0  <  p,  <  1  for  1  <  j  <  M.  For  the  point  0(u),  we  have  0,  =  u,  and 
from  equation  (3.24),  0 ,  —  u/S,  for  1  <j<M.  Equation  (3.32)  then  gives  0  <6,  for  all  j, 
which  is  equivalent  to  p ;  <  1.  Thus  the  solution  is  feasible  if  and  only  if  p}  >  0  for  1  <  j  <  M . 
This  is  equivalent  to  6,  <  1  for  all  j,  or  u  <  Sr  Since  S,  >  Sk  for  j  <  k,  the  condition  for 
feasibility  becomes 

«  <  Su 

(note  that  this  is  equivalent  to  py  >0).  The  feasible  point  is  an  interior  point  if  and  only  if 
u  <  Su  ( Pu  >  0).  Similarly,  the  root  v  would  give  a  feasible  point  if  and  only  if 

v  <  Su 

with  the  feasible  point  an  interior  point  if  and  only  if  v  <  Su.  If  these  roots  (u  and  t/)  are  real 
and  give  rise  to  solutions  within  the  feasible  region,  then  they  give  values  of  0,  where  the  gra¬ 
dient  of  the  power  function  is  tero.  Using  the  relationship  6,  =0  JS,  where  0;  =1-  p]t  all 
points  (pi,  ,  .  .  ,pu)  which  satisfy  V P  =0  for  the  M  channel  parallel  network  may  be  found. 
As  described  above,  solutions  of  this  form  (for  the  original  network  and  certain  subnetworks) 
will  lead  to  the  global  maximizer  of  P  over  the  region  of  feasibility. 

Recall  our  assumption  that  both  u  and  v  are  real  (and  thus  equation  (3.32)  holds).  If 
Sy  <  v,  then  neither  root  yields  a  feasible  solution.  If  v  <  Su  <  u,  then  only  t;  yields  a  feasi¬ 
ble  solution,  and  we  may  consequently  disregard  u.  We  now  show  that  if  u  <  5y  so  that  both 
u  and  v  yield  feasible  solutions,  then  the  solution  corresponding  to  t;  gives  higher  power  P. 
Therefore,  the  root  u  need  not  be  considered  in  determining  optimal  power  points.  To  this 
end,  assume  u  and  v  are  real  and  the  solution  points  corresponding  to  them  are  both  feasible. 
We  examine  the  solution  given  by  the  root  v.  For  1  <  i  <  M  we  have 


We  also  have 


X,  =*tiC,p, 


-M<VS*(1-  v/S,) 


or 


X,  —  liCiS^S,-  t/) 


Therefore,  the  value  of  power  at  this  feasible  point  (call  the  value  P(v),  instead  of  P(p(t>)),  by 
abuse  of  notation)  is 


PH 


(EM*  (/*<M2(Es.(s,-  "if 
E*.  7SW-*) 

1^  v  .m 


or 


PH  -(/1  Ctfv 


J]5,  -  Mv 


We  now  use  the  well-known  result  that  if  y  and  2  are  the  two  roots  of  the  quadratic 
equation  ax2  +  bx  +  c  —  0,  then  y  +  z=*~b/a  and  yz=c/a.  Applying  this  to  the  roots  u 
and  v  of  equation  (3.26),  we  find  that 


and 


We  therefore  have 


and 


u  +  v 


u 

3£S, 

1*^ 


2M 


v 


E*2 


u  ■  V 


2  M 


r-i  q  2Af  ,  . 

E5>  +  w) 


£5,2=2M(«H 

1  mi 

Using  these  expressions  in  the  equation  for  P(v )  gives 
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P(v)  -(/i<7,)2«»± 


J 


2Af,  I  JU 
— (“  +  »)-  Mv 


or 


!„) 


P(v)  =(/iC,)2  t, 


3  3 


A/(J-u-I„) 


We  finally  have 


P(v)  t/*(2u-  «,) 


(3.33) 


In  a  similar  fashion,  we  examine  the  solution  corresponding  to  u  (call  its  value  P(u))  and  find 
that 


P(u)  -(0<7,)2-^.u8(2t>-  u) 


(3.34) 


We  claim  that  P(v)-  P(u)  >0.  This  difference  is  nonnegative  if  and  only  if 

o*(2u  -  v)  -  u8(2t>-  u)  >0 
which  we  show  as  follows.  We  have 

t/*(2u  -  v)  -  u*(2v  -  u)  =  u4-  t/4-  2u8u  +2uu8 

=  (  u2+ t/2)(  u2-  u2)-  2uv(u 2-  v2) 

—  (u2-  t>2)(u  -  t;)2 

=  (u  +  t/)(u  -  r)3 

which  is  nonnegative  because  0  <  v  <  u  whenever  the  roots  are  real.  Therefore  P(u)  >  P(u), 
and  we  consequently  may  disregard  the  root  u  in  determining  the  optimal  power  point. 

Let  us  now  review  the  solution  procedure  for  finding  the  global  maximizer  of  power  for 
an  M/M/1  parallel  network  with  M  channels  and  channel  capacities  Ci>  •  •  >cu.  Let  Pm 
( 1  <  rn  <  A/ )  be  the  power  function  for  the  subnetwork  consisting  of  the  fastest  m  channels 
(channel  capacities  C1(  .  .  .  ,  Cm),  and  let  u„  and  t/„  be  the  corresponding  roots  when  Pm  is 
used.  We  first  calculate  v  =vu  from  equation  (3.28).  If  vu  is  real  and  vu  5-  $u  >  then  vu 
corresponds  to  a  feasible  point  p(vu)  =  (pj(  vu ),  .  .  .  ,pu{vu)),  which  is  a  critical  point  of  the 
original  power  function  P  =PU .  The  coordinates  of  this  critical  point  are  given  by 
Pi(vu)  “1—  vu/S,  for  and  the  value  of  Pu  at  this  point  is  given  by  equation 


(3.33)  where  u  »uw  satisfies  equation  (3.27).  This  procedure  is  then  carried  out  for  subnet¬ 
works  obtained  from  the  original  network  by  dropping  the  slowest  channel  in  each  case.  For 
example,  vu.i  (which  corresponds  to  a  critical  point  p(t;w_i)  of  P*-1)  and  uu.x  are  calculated 
next.  Among  these  M  points  (corresponding  to  the  roots  vJt  1<;'<A/,  of  the  M  subnet¬ 
works),  that  one  which  is  feasible  and  has  the  highest  power  is  the  global  maximizer  for  our 
optimization  problem.  The  following  illustrates  the  procedure. 

Step  0:  Set  m  =*  M 

Step  1:  Calculate  vm  (and  ua) 

Step  2:  Check  if  vm  real;  if  not,  go  to  Step  5 
Step  8:  Check  if  vm  feasible;  if  not,  go  to  Step  5 
Step  4:  Evaluate  Pm(vm)  amPu(vm) 

Step  5:  Check  if  m  1;  if  not,  set  m  ■■  m  -  1  and  go  to  Step  1 

Step  6:  Determine  the  global  optimum  from  the  solutions  calculated  in  Step  4 

Thus,  in  general,  we  must  search  over  M  points,  although  later  in  this  chapter  (in  section  3.7) 
we  obtain  conditions  on  the  input  parameters  (the  capacities  C,)  which  reduce  the  number  of 
points  that  we  need  to  examine. 

3.6.1  Equal  Ckpadty  Cue 

We  now  consider  several  examples  in  greater  detail.  For  our  first  (simple)  example,  let 
us  assume  that  all  channels  have  the  same  capacity  C.  In  this  case,  we  have  S}  =»1  for  all 
1  5;  j  <  Si ,  so  that  the  root  t>  *  vu  becomes 

_  3A/  -  y/9M2-  8 M2  _  3Af  -  M  1 
V  ™  4M  =  4M  ~2 

From  equation  (3.24)  we  must  have  for  all  j,k,  so  that  the  root  vu  yields 

i<;<a/ 

We  also  have  p}  and  X;  *«Xt  for  all  k.  Thus 

P,  -y-  N,~  1,  X;=i^  1  <}<M 

and  the  solution  given  by  vu  is  p(  vu )  =(  1/2,  .  .  .  ,1/2).  Therefore  (writing  P  =PU) 


P(vu)  -PU(lu) 


We  see  that  this  must  be  the  global  maximum  as  follows.  For  anv  i<  m  <M,  the  root  vm 
clearly  yields  the  solution  p{vm)  “(1/2,  .  .  .  ,1/2,0,  ...  ,0)  where  the  first  m  components  are 
1/2  and  the  last  M  -  m  components  are  zero.  This  has  power 


PK)  “PVK)  “P*( tv) 


and  so  the  solution  corresponding  to  is  globally  optimal.  Thus  we  have  N*  for  all  j, 
and  so  this  equal  capacity  parallel  channel  case  generalizes  the  "keep  the  pipe  full"  result  of 
Kleinrock  [Klei78aj  for  the  M/M/1  single-node  system. 


3.6.2  The  Two  Channel  Que 


The  next  case  we  shall  consider  is  that  of  a  network  having  only  two  parallel  channels 
with  capacities  Ci>C2  (that  is,  the  case  M  =2).  This  simple  net  was  examined  by  Jaffe 
|Jaff81|,  whose  contributions  we  will  discuss  at  the  end  of  this  subsection.  We  obtain  a  com¬ 
plete  analytical  solution  to  this  system  by  finding  the  input  rates  which  optimize  power  for  all 
possible  values  of  the  given  channel  capacities  Ct  and  C2. 


Following  the  procedure  discussed  at  the  end  of  section  3.6  (with  M  “2),  we  first  find 
the  solution  corresponding  to  u2  (the  case  m  “2)  and  then  find  the  solution  corresponding  to 
i»!  (the  case  m  “1).  Note  that  v2  (if  it  is  real  and  feasible)  yields  the  optimal  critical  point  of 
P  “P2,  while  v,  (which  is  always  real  and  feasible)  yields  the  optimal  boundary  point  For 
notations!  convenience,  define  5  £  S2  (“  v/C2/C,);  thus  we  have  0  <  5<  1.  We  look  for  the 
optimal  point  satisfying  7P  *0  (which  is  given  by  u  =  i/2)  by  examining  equation  (3.28)  for 
this  network.  The  root  v  is 


3(1  +  5)-  sfD 


where 


D  =  9(1  +  5)*-  16(1  +  5*)  =9  +  185+95*-  16-  165* 


Thus  we  have 


D  =-  7 5* +  185-  7 


and  so 


3  +  35-  \T~.  5* +  185-  7 


In  order  for  this  root  to  be  real,  we  must  have  D  =-  75*+  185-  7  >  0.  This  is  equivalent  to 


5*-  —5  +  1  <  0 
7  ~ 


V  Vv  .-  V  *  -  •vvv.1V.>N.‘V  \\V\ Vvv  '•  * 


Thus  the  condition  for  v  to  be  real  becomes 


As/2  ^  e  9  As/2 
7  “  '  7  ~  7 


or 


Since  5  <  1,  we  must  have 


9-  As/2  <  <  9  +  4v/2 


7  “  ~  7 


9-  4v/2 


<  5  <  1 


7  -  - 


These  inequalities  can  be  written  as  (approximately)  .47759  <  5  <  1.  If  this  condition  is  not 
satisfied,  P  has  no  critical  point;  hence  the  boundary  point  given  by  t>,  is  globally  optimal. 


Under  the  above  restrictions  on  the  given  parameter  5,  let  us  examine  the  root  v  **v2 
and  determine  if  it  leads  to  a  feasible  solution.  We  have  p\  *-l  -  v,  so  that 


Pi 


5-  35  +  >/-  75*  +  185-  7 


(3.35) 


Now  62""v/3  and  p2  *»1-  62 ,  so  that 

55-  3  +  x/-  75*+185-  7 


Pi 


85 


(3.36) 


Recalling  the  discussion  of  feasibility  after  equation  (3.28),  we  see  that  t;  yields  a  feasible  point 
if  and  only  if  P2  >  0.  Clearly,  p2  is  non-negative  for  5  >  3/5,  so  we  examine  the  case  that 
5  <  3/5.  Then  in  order  for  P2>0,  we  must  have 

y/-  752  +  185-  7  >  3-  55 


Since  both  sides  of  this  inequality  are  nonnegative  in  the  range  of  5  under  consideration,  squar¬ 
ing  will  preserve  it,  and  our  condition  becomes 

-  75*+  185 -  7  >  9-  305  +  255* 


or 


325*-  485  +  16  <  0 

Factoring  yields 

16(25-  1)(5-  1)  <  0 

which  is  seen  to  hold  (in  the  range  under  consideration)  when  1/2  <  5  <  3/5.  Thus  v  yields  a 
feasible  point  (p2  >  0)  for  1/2  <  5  <  1.  Putting  together  the  previous  cases,  the  root  v  is 


real  and  yields  a  feasible  point  (px,p2)  which  is  a  critical  point  of  P  if  and  only  if  5  is  m  the 
range  1/2  <  S  <  1.  The  values  forpj  and  p2  are  given  above  in  equations  (3.35)  and  (3.36) 


We  next  consider  the  case  m  =  1  of  our  optimization  procedure.  To  find  the  optimal 
boundary  point  (given  by  v,),  we  must  examine  the  face  X2  =0  (the  slowest  channel  is 
dropped).  This  face  corresponds  to  a  single  M/M/l  system  with  capacity  C,,  and  so,  from  the 
above-mentioned  result  of  Kleinrock,  we  find  that  the  optimal  boundary  point  is 
(pi.Pa)  =(1/2,0). 


We  now  determine  the  optimal  power  point  (step  6  of  our  procedure),  which  depends 
on  the  given  parameter  S.  Intuitively,  we  expect  that  for  some  constant  K,  if  CxjC2  >  K  then 
X2  =0.  That  is,  if  one  channel  is  much  faster  than  the  other,  any  traffic  which  uses  the  slow 
channel  will  increase  the  mean  system  delay  T  significantly  and  thus  greatly  decrease  the  power. 
It  would  therefore  seem  to  be  an  optimal  strategy  to  allow  no  traffic  on  the  slow  channel;  in 
fact,  we  see  below  that  our  intuition  is  correct  (and  also  that  K  —4). 

Since  an  optimal  interior  point  must  have  y P  =0  (and  thus  corresponds  to  v  =v2), 
we  immediately  see  that  the  global  maximum  occurs  at  the  optimal  boundary  point  when 
5  <  1/2  (i.e.,  C1>4<72).  For  5  *1/2  (i.e.,  Cx  =  C2),  the  optimal  boundary  point  and  the 
critical  point  given  by  v  coincide,  and  so  this  point  must  be  the  global  maximum.  Thus  we 
have  (,;,„•)  -(1/2,0)  when  Cx  >\C2. 


For  1/2  <5<1  (C2  <  <7|  <  4C2),  we  must  compare  the  value  of  power  at  the  point 
given  by  the  root  i;  satisfying  y P  =0  (which  is  an  interior  point  for  this  range  of  5)  with  that 
from  the  optimal  boundary  point  Rather  than  finding  the  power  itself  (a  difficult  computation) 
wc  will  make  use  of  the  optimization  theory  fact  stated  at  the  end  of  section  3.2  above.  In 
order  to  determine  the  global  maximizer  for  the  range  1/2  <  S  <  1,  we  examine  the  gradient  of 
the  power  function  at  the  optimal  boundary  point.  Recall  from  equation  (3.3)  that  (for 
;  =1,2) 


dP 

ax, 

Using  the  fact  that  dT/d\ 
simplifies  to 


*,  +  x2  j,fg(x,r,  +  x2r,)  ' 

x,r,+x2r2J  [  x,  +  x2  *  ’  d\,  ” 

>  '■/*  for  M/M/l  along  with  Little’s  result,  the  ;th  partial  derivative 


dP 

d\, 


X,  -f  X2  ]2|~2(/?l  +  ff2) 
Nx  +  fl2  X  |  +  X2 


W+i) 


At  (p\,  P2)  — (1/2, 0)  we  have  (X,,  X2)  =(pC x/2,  0).  At  this  optimal  boundary  point  we  also 
have  Nx  —  1,  tf2-  0,  T,  -1/X,  =2  fpCx,  and  T2  »  l/p  C2  =  l/S2pCx  (by  the  definition  of 
5).  Therefore, 


which  is  as  expected.  Also, 


Thus,  at  the  optimal  boundary  point  (X„X2)  =(/i C,/2, 0),  we  find  that  the  gradient  of  P  has 
value 


VP  ™(0,/iC,[l-  1/452]) 

By  the  well-known  result  from  optimization  theory  quoted  above,  if  a  point  is  a  local  maximum 
of  P,  then  yP  d<  0  for  every  feasible  direction  d.  Clearly,  for  1/2<5<1  the  point 
(liCj2,  0)  cannot  be  even  a  local  maximum  because  there  are  (infinitely  many)  feasible  direc¬ 
tions  d  with  yP  d>  0.  In  fact,  at  that  point  any  vector  d  =  (  du  d2)  with  d2  >  0  is  a  feasible 
direction  such  that 


VP'd—ziC, 


1- 


1 

AS2 


d2  >  0 


Thus  for  1/2  <  5  <  1  the  maximal  boundary  point  is  not  globally  optimal  (it  is  not  even  locally 
optimal),  and  so  the  critical  point  given  by  the  root  t;  must  be  optimal.  Writing  5  in  terms  of 
the  given  channel  capacities,  the  above  cases  enable  us  to  prove  the  following 


Theorem  3-4 


u: 


The  optimal  eolation  which  maximixet  the 


power  of  the  two  channel  M/M/1  parallel  network 


(a)  for  C2  ^  ^  4C2  then 

5-  3 S  +  V-  75* +185-  7 


Pi 


8 


P 2 


55-  3  +  V-  75*1-18 5-  7 


85 


(3.37) 


(b)  for  AC 2  <  C,  then 


Pi 


Pi -0 


(3.38) 


We  now  examine  the  behavior  of  the  optimal  solution  for  case  (a)  of  Theorem  3  4  in 
greater  detail;  in  particular,  we  focus  on  the  parameter  p *.  From  equation  (3.15),  we  know  that 
pl">  1/2  for  all  values  of  5;  by  direct  calculation  we  also  note  that  />*= 1/2  for  S— 1/2  and 
5  —l.  We  find  below  that  p ,*  is  a  concave  function  of  5  for  1/2  <  5  <  1  (i.e.,  case  (a)  of  the 
theorem)  and  achieves  a  maximum  value  in  this  interval.  Since  p*  =  1-  t>  for  1/2  <  5  <  1,  we 
may  examine  the  root  v  =  t>2  as  a  function  of  5  in  order  to  determine  the  behavior  of  p*. 
Recall  that 


3(1  +  5)-  s/D 
8 


where 


D  =-  75*+  185-  7 


for  the  range  of  5  under  consideration  (i.e.,  1/2  <  5  <  1).  Differentiating  t>  with  respect  to  5 
yields 

dt_  ^  JL  9-75] 

dS  ""  8  L  ~Vd  J 

and  (after  a  bit  of  manipulation) 

d2v  ^  4 

~dS*  “  D*?2 

Since  D  >  0  for  1/2  <  5  <  1,  we  have  i2 v/dS *  >  0,  and  thus  t>  is  a  strictly  convex  function  of 
5  for  this  range  of  5.  Therefore,  p*  =  l-  is  a  strictly  concave  function  of  5.  To  find  the 
maximum  value  of  p*,  we  set  dpl/dS  =0,  or  equivalently  dvfdS  =0.  This  gives 

9-  75  =3 VD 


Squaring  this  equation  and  using  the  definition  of  D  yields  (after  some  calculation) 

75*-  185  +  9  =0 

Thus  the  value  of  5  which  gives  the  maximum  pi  must  satisfy  the  above  quadratic  equation. 
Note  that  the  corresponding  value  of  D  satisfies 

D  =-  75*+ 185-  7  =2 


The  two  roots  of  the  quadratic  equation  are  5  =  (9±  3\/2)/7.  Since  5<  1,  we  must  choose 
the  negative  square  root  which  gives 

S  =  .679623 

The  corresponding  value  of  v  is 

„  ,  6  =  .453082 

Note  that  t;  =(2/3)5.  We  now  find  that  the  maximum  ^alue  of  pi  is 
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P 1  =»1-  V 


.546918 


while  we  also  have 


•  -  v  1 

™  ^  5  =  3 


for  this  value  of  5  which  optimizes  p *. 

The  following  table  lists  several  important  system  parameters  for  various  values  of  the 
variable  S  (=*JCJC i): 


FT 

i 

2 

1/2 

1/2 

1.7071 

.2878 

2/5 

8/5 

.2732 

3/13 

18/13 

.2574 

0 

1 

1/4 

1/2  1 


1.2071 


<  1/2 


Table  3.1 


Several  interesting  consequences  of  this  simple  two  channel  parallel  network  may  be 
drawn  from  the  above  results.  Let  us  regard  the  network  as  a  model  of  two  users  (source* 
destination  pairs),  each  with  its  own  channel  for  its  packets.  Then  we  see  that  operating  at  the 
(globally)  optimal  power  point  may  be  unfair  to  some  users  in  the  sense  that  they  are  restricted 
to  having  zero  throughput.  In  fact,  from  the  above  characterization  of  the  global  maximum  of 
this  system,  we  see  that  user  2  will  have  zero  throughput  whenever  4 C2<  C,  (i.e.,  whenever 
the  faster  channel  is  at  least  four  times  as  fast  as  the  slower  channel).  Of  course,  such  a  system 
operating  point  is  unfair  to  user  2.  We  also  note  that  local  power  is  not  neces  arily  equal  to 
global  power,  i.e.,  an  operating  point  obtained  by  maximizing  power  using  only  local  informa¬ 
tion  (where  each  user  is  aware  only  of  traffic  characteristics  along  his  own  path)  may  not  be  the 
operating  point  obtained  by  globally  maximizing  power.  We  see  that  the  optimal  point  using 
local  power  information  is  (P\,Pi)  ™(l/2, 1/2),  which  is  globally  optima]  if  and  only  if  S  =  1 


( i.e if  and  only  if  both  channels  are  the  same  speed).  Thus,  an  algorithm  which  attempts  to 
optimize  power  using  only  local  information  will,  in  general,  fail. 

As  stated  above,  this  two  channel  parallel  net  was  examined  by  Jaffe  [Jaff8lJ  with 
regard  to  power.  By  m  ;ans  of  a  counterexample,  he  first  demonstrated  that  the  optimal  local 
power  point  need  not  be  globally  optimal.  Using  this  two  channel  net,  Jafle  was  also  the  first  to 
study  fairness  issues  when  maximizing  power.  Here  we  have  rigorously  identified  the  behavior 
of  the  optimal  power  point  for  all  C,.  In  so  doing,  we  have  extended  Jaffe’s  result  in  which  he 
found  the  optimal  solution  for  the  special  case  of  C|/(72-*oo  (S-»0  in  our  terminology). 
Using  this  limiting  case,  Jaffe  was  the  first  to  point  out  that  unfair  operating  points  exist  which 
(globally)  maximize  power. 

8.7  Simplifying  the  Determination  at  the  Optimal  Solution 

In  the  two  channel  example  analyzed  above,  the  global  optimum  was  obtained  by  exa¬ 
mining  the  gradient  of  the  power  function  at  the  optimal  boundary  point.  Using  this  example 
as  a  guide,  we  find  that  it  is  sometimes  possible  to  analytically  determine  the  c'rf;mal  solution 
without  evaluating  all  the  Af  roots  v,  for  1  <  <  Af.  That  is,  we  may  eliminate  the  tail  of  our 

optimization  procedure  by  stopping  with  root  vm  for  some  index  m. 

Before  we  consider  the  general  case,  let  us  study  the  special  case  where  only  one  root 
needs  to  be  evaluated.  We  wish  to  find  conditions  on  the  parameters  S,  (and  thus  the  channel 
capacities  C,)  which  insure  that  the  points  corresponding  to  the  roots  «/t,  t/j,  .  .  .  ,  are  not 
optimal.  In  such  a  case,  our  optimization  procedure  involves  one  iteration,  and  since  the  condi¬ 
tions  we  seek  are  in  terms  of  the  given  5,  only,  the  remaining  Af  -  1  roots  need  not  be 
evaluated.  We  proceed  by  examining  the  gradient  of  the  power  function  for  the  original  Af 
channel  network  at  these  Af  -  1  points.  In  particular,  consider  an  index  1  <  m  <  Af  (which 
corresponds  to  a  subnetwork  with  m  <  Af  channels)  and  assume  that  vm  yields  a  feasible  point 
which  is  a  critical  point  of  its  power  function  Pm .  That  is,  is  real  and  satisfies  vn  <  Sfc.  The 
point  (pu  ...,pm)  (or  (Xj,  .  .  .  ,X,))  which  corresponds  to  the  root  vn  is  given  by 
Pj  ~Pj(v»)  ~  1-  vm/Sj  for  1  <  ;  <  m  and  satisfies 

dT  2^'T' 

X;77L  +  7’;==— ^ -  !<;<”»  (3.39) 

Ex, 


We  now  evaluate  the  gradient  of  at  the  point  (X,,  .  .  .  ,X„,0,  .  .  .  ,0).  Note 

that  this  point  represents  the  solution  corresponding  to  the  root  t/,,  in  the  original  Af- 
dimensional  space.  Evaluating  equation  (3.3)  for  the  ;'th  partial  derivative  of  P—Pu  at  the 
above-mentioned  point,  we  find  (since  X;  —0  for  m  <  ;  <  Af) 
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From  equation  (3.39)  we  have 


m 


i-4 


1  <j<m 


and  so  ( for  1  <  j  <  M ) 


dP 

d\, 


»  « 

HI 

£x, 

2 

r 

i—4 

L"i+r 

£x,r, 

1-4 

Thus,  we  clearly  have 


dP 

d\, 


-0 


1  <  j  <  m 


as  expected. 


We  now  examine  the  jth  partial  derivative  for  m  <;'  <M .  Using  equation  (3.5)  and 
the  fact  that  X }  *0  in  the  range  of  j  under  consideration,  we  find 


Now  (as  Xj  ™0), 


dP 

d\j 


£x, 


Dx.r, 


i  i 

t*Cx  (1-Pi)2"  7 


Therefore, 


dP  _  1  1 

m 

Ex. 

ax,  n Cj  (i-p,)2 

Ex.r, 

*1  -  v», 

dP  _  1  1 

m 

1-4 

0X;  (vn)2 

Ex.r, 

12 


l-(^) 


for  m  <  y  <  A/.  Thus  we  have 


dP 

ax, 


0  1  <  j  <  m 


m  <  j  <  A/ 


(3.40) 


where  K  >  0. 


We  will  now  use  the  above  evaluation  of  the  y'th  partial  derivative  to  find  conditions  on 
the  given  parameters  5,  which  insure  that  the  solution  corresponding  to  the  root  vm  is  not  the 
global  optimum.  To  this  end,  we  evaluate  ^P  d  at  the  point  given  by  vm  where  d  is  any  feasi¬ 
ble  direction.  Such  a  feasible  direction  must  be  of  the  form  d  *(  dlt  .  .  . ,  du)  where  dj  >  0  for 
m  <  j  <M  We  have 


j-*  oAi 


which,  using  equation  (3.40),  becomes 


vP  d-/C  £  d, 

«+i 


Mf) 


One  condition  that  insures  7P  -d  >  0  (and,  therefore,  that  the  solution  corresponding  to  vM  is 
not  optimal)  is  to  have 


Since  Su  <  S,  for  all  1  <  j  <  M ,  this  condition  becomes 

vm  <  Su 

Therefore,  if  the  root  vm  satisfies  vm  <  Su,  then  the  solution  point  corresponding  to  (in  the 
original  M-dimensional  space)  is  not  even  a  local  maxim1  a,  because  there  are  feasible  direc¬ 
tions  dsuch  that  yP  d>  0  at  that  point. 

Note  that  the  verification  of  the  condition  vm  <  Su  involves  the  calculation  of  the  root 
vm,  which  is  precisely  what  we  are  trying  to  avoid.  Thus  we  wish  to  find  such  a  condition  which 
depends  on  the  input  parameters  5,  only.  Recall  from  equation  (3.14)  that  we  have  p,  >  1/2 
for  a  critical  point  (p,,  .  .  .  ,p„ )  of  Pm.  Then  we  must  have  vm  <  1/2  since  vm  =1-  p,. 
Hence,  for  those  systems  for  which  Su  >  1/2,  we  have  vm  <  Su,  and  thus,  by  the  above  argu¬ 
ment,  the  solution  point  corresponding  to  v,  is  not  optimal.  Since  this  is  true  for  any  m  <  M , 
the  point  corresponding  to  the  root  vu  must  be  globally  optimal  for  such  systems.  We  have 
proved  the  following 

Theorem  3.5 

If  Sy  >  1/2  (i.e.,  Ci/Cu  <4/,  Men  the  global  maximum  of  P  for  the  M  channel  parallel 
network  it  given  by  the  point  which  corrcsponit  to  the  root  vu . 

This  yields  the  promised  condition  based  on  the  given  parameters  S,  which  guarantees  that  only 
one  solution  point  (that  corresponding  to  vu)  needs  to  be  calculated  in  determining  the  optimal 
power  point.  Note  that  the  .esult  for  the  two  channel  example  in  the  range  1/2  <  S  <  1  follows 
from  the  above  theorem.  Note  also  that,  from  Theorem  3.5,  if  Su  >  1/2,  then  the  root  vu 
must  be  real  and  yield  a  feasible  solution  point  (a  result  that  is  difficult  to  prove  directly). 

Now  let  us  return  to  the  problem  of  finding  simplifying  conditions  for  the  general  case. 
The  procedure  which  led  to  the  proof  of  Theorem  3.5  may  be  generalized  in  the  following  way. 
Define  n  as  the  largest  index  (l<n<M)  for  which  Sn  >  i/9.  Therefore,  S,  >  1/2  (i.e., 
CxfC i  >  1/4)  for  1  <  i  <  n,  and  S,  <  1/2  (i.e.,  C./C,  <  1/4)  for  i  >  n.  Note  that  Theorem  3.5 
is  the  case  n  —M.  Thus  the  ratio  of  the  capacity  of  the  fastest  channel  to  that  of  any  channel 
up  to  and  including  channel  n  is  less  than  four  ( C,/C,  <  4  for  1  <  i  <  n),  while  its  ratio  to  the 
capacities  of  all  channels  strictly  slower  than  channel  n  is  at  least  four  ( C|/C,  >  4  for  n  <  i). 
Applying  the  previous  argument  to  the  subnetwork  with  n  channels,  we  see  that  the  solutions 
corresponding  to  roots  vn_,,  .  .  .  ,v,  must  yield  lower  power  than  the  solution  corresponding  to 
v,.  Therefore,  the  optimal  power  point  must  be  given  by  one  of  the  roots  ou,  .  .  . ,  vn,  and  we 
may  ignore  the  others.  We  have  shown  the  following 


Theorem  3.0 


Let  n  be  the  largest  index  (l  <  n  <  M )  such  that  5,  >  1/2.  The  global  maximum  of  P  for 
the  M  channel  parallel  network  is  given  by  a  point  corresponding  to  one  of  the  roots  vu,  .  .  .  ,vn. 

This  enables  us  to  greatly  simplify  the  determination  of  the  optimal  power  point  for  certain  net- 
works.  In  terms  of  the  procedure  given  at  the  end  of  section  3.6,  we  may  insert  the  following 
new  step  between  steps  4  and  5; 

Step  4-5:  Check  if  Sm  >  1/2;  if  yes,  go  to  Step  6 

Thus  as  soon  as  S„  >1/2,  we  may  immediately  disregard  any  subsequent  roots.  That  is,  we 
have  found  a  condition  which  is  easy  to  check  and  which  (if  true)  enables  us  to  eliminate  the 
tail  of  our  optimization  procedure. 

3.7.1  A  Non-Reducible  Example 


Although,  as  shown  in  Theorems  3.5  and  3.6,  we  may  sometimes  simplify  the  determi¬ 
nation  of  the  optimal  power  point,  the  next  example  illustrates  that  such  simplification  is  not 
always  possible.  This  sample  network  requires  that  all  M  roots  must  be  explicitly  evaluated. 
The  net  has  65  channels  (M  =65)  with  the  fastest  channel  (number  1)  having  capacity  16C 

and  all  64  other  channels  (numbered  2,  .  .  .  ,  65)  having  capacity  C.  Thus  we  have  5j  =1  and 

hi  hi 

S,  =1/4  for  2  <  i  <  65.  Hence,  £5,  =17  and  £s,2  =5.  Therefore,  we  have 

1-4  N 

V  2  V 

Du  -O^S,)  ~  8A/£s,2=9(17)2-  8(65)(5)  =1 

Thus 


3(17)- 1  50  5 

M  <(65)  260  26 

and 


_  3(17)-H  ^  52  1 

Uu  4(65)  “  260  5 

Since  0<  <  u u  <  Sy,  this  gives  an  example  where  there  are  two  critical  points,  both  of 

which  are  feasible  interior  points.  Hence,  any  algorithm  which  attempts  to  find  critical  points 
may  converge  to  a  point  which  is  not  the  global  optimum  (and  which  may  not  even  be  a  local 
optimum).  However,  we  know  from  arguments  above  that  vu  must  yield  the  solution  with 
higher  power.  Evaluating  P  from  vu  by  equation  (3.33)  gives  the  value 

P(vM)  ^(.1281)(/s<71)2 


Let  us  now  consider  the  subnetwork  obtained  by  dropping  the  slowest  channel  (channel 
number  65).  This  subnetwork  has  64  channels  with  S|  =  1  and  S,  =  1/4  for  2  <  i  <  64.  Thus, 

u-i  «7  u-\  70 

we  have  5,  = —  and  S,2  “■ — •  Therefore 

'X  4  IX  16 

»»-.  -HgS,)-  8(M-  1)  EV  8(64)|2i)  —  jL 

Thus,  the  new  roots  and  uw_j  do  not  lead  to  a  feasible  solution  point;  these  roots  are  not 
even  real!  It  can  be  shown  that  the  subnetworks  with  2  through  64  channels  all  yield  roots 
which  are  not  real.  The  subnetwork  with  a  single  chan  el,  of  course,  yielar,  the  feasible  solu¬ 
tion  pi  *1/2  and  p,  *0  for  2  <  »  <  65.  This  point  has  power  value 

/,(«'.)-(mC1)74>  /’(«'«) 

and  it  is  therefore  the  global  maximum. 

We  first  note  that  this  gives  another  example  of  an  unfair  optimal  operating  point  In 
fact,  64  of  the  65  users  have  zero  throughput  at  this  optimal  point.  We  next  observe  that 
A/*  =  l  while  M  =65;  therefore,  as  was  suggested  earlier,  the  bound  given  by  equation  (3.20) 
may  be  quite  bad.  We  have  found  an  example  of  a  net  such  that  the  original  network  has  an 
interior  critical  point  (which  is  not  globally  optimal)  and  the  only  other  subnetwork  which  has  a 
feasible  solution  point  is  the  final  one  (and  this  point  is  the  globally  optimal  point).  Thus,  all 
M  subnetworks  must  be  considered  in  the  determination  of  the  global  optimum.  This  network 
czn  be  perturbed  slightly  to  give  examples  where  the  original  net  and  more  than  one  subnet 
give  feasible  roots,  but  other  subnets  do  not  (simply  start  with  more  than  64  slow  channels  in 
addition  to  the  one  fast  channel). 

3.8  Fairness 

We  now  demonstrate  that  Theorems  3.5  and  3.6  yield  results  concerning  Jafie’s  notion 
of  fairness.  We  first  consider  Theorem  3.5.  Note  that  the  optimal  point  (given  by  vu)  is  an 
interior  point  of  the  feasible  region  since  vu  <  1/2  <  Su,  and  so  it  yields  a  fair  solution  point. 
We  have  shown  the  following 

ThftKTem  3.7 

If  Su  >  1/2  CJCU  <  A),  then  the  global  maximum  of  P  for  the  M  channel  parallel 
network  it  a  fair  operating  point. 

Thus  we  see  that  if  the  capacity  of  the  fastest  channel  is  less  than  four  times  the  capacity  of  the 
slowest  channel,  the  optimal  operating  point  with  respect  to  power  gives  each  channel  (or  user) 
non-zero  throughput.  Therefore,  an  unfair  optimal  solution  can  only  occur  when  the  ratio  of 
the  fastest  channel  capacity  to  the  slowest  is  at  least  four.  It  is  important  to  try  to  characterize 


optimal  solutions  which  yield  channels  with  zero  throughput  because  such  a  parallel 
configuration  can  then  be  collapsed  to  a  net  with  fewer  channels  which  is  equivalent  in  terms  of 
power.  This  may  be  valuable  in  the  study  of  the  power  problem  for  general  network  topologies. 
However,  as  we  shall  see  in  section  3.8.1,  the  "width  of  four”  property  does  not  characterize 
unfair  solutions.  That  is,  there  are  parallel  networks  satisfying  CxfCu  >  4  which  yield  fair  glo¬ 
bal  maxima (i.e.,  each  user  has  non-zero  throughput). 

The  above  result  that  Sy  >  1/2  implies  the  optimal  solution  is  fair  (which  used 
Theorem  3.5)  may  be  generalized  using  Theorem  3.6  and  the  following  claim. 

Qalim  If  1  <  i<  j <  M  and  S,  >  1/2,  then  the  solution  corresponding  to  root  (for  the  sub¬ 
network  with  j  channels)  is  fair  for  user  i. 

We  prove  this  claim  by  first  noting  that  v,  <  1/2  <  5,,  and  also  (since  i  <  j,  and  thus  the  sub¬ 
network  with  j  channels  necessarily  includes  channel  i)  that  p,(t>;)=i-  vJS,.  Therefore 
p,  >0,  and  the  solution  is  fair  for  user  i.  Thus  the  claim  holds,  which  enables  us  to  prove  the 
following 

Theorem  3.8 

If  for  tome  m  (l  <  m  <  M )  Sm  >  1/2  (it.,  CxfCm  <  4),  then  the  global  maximum  of  P 
for  the  M  channel  parallel  network  it  fair  for  uter  m  in  the  tente  that  channel  m  it  atalgnei  non¬ 
zero  throughput  at  the  optimal  power  point. 

To  prove  this,  we  first  define  n  as  in  Theorem  3.6;  that  is,  we  let  n  be  the  largest  index 
(1  <  n  <  M)  such  that  Sn  >  1/2.  Thus  we  must  have  1  <  m  <  n.  From  Theorem  3.6,  wo 
know  that  the  optimal  power  point  corresponds  to  one  of  the  roots  vu,  .  .  .  ,v9.  We  now  note 
that  this  optimal  point  will  be  fair  for  users  1  through  n  (and  thus  for  user  m)  no  matter  which 
of  the  roots  vu,  .  .  .  ,  vn  yields  highest  power.  This  is  true  from  the  claim  proved  above, 
because  if  we  let  v ,  yield  the  optimal  point  and  »  be  one  of  these  first  n  users,  then  i  <  n  <  j. 
Thus  root  Vj  yields  a  point  which  gives  non-zero  throughput  to  each  of  the  channels  (users) 
1,  .  .  .  ,  n  and  therefore  to  user  m,  which  proves  Theorem  3.8. 

This  shows  that  if  the  ratio  of  the  capacity  of  the  fastest  channel  to  the  capacity  of 
channel  m  (1  <  m  <  M)  is  less  than  four,  then  the  optimal  power  point  is  fair  for  user  m.  We 
have  found  a  condition  (based  on  the  given  channel  capacities)  which  is  helpful  in  determining 
the  set  of  users  for  which  the  optimal  power  point  is  fair,  but  which  unfortunately  does  not 
fully  characterize  fairness  as  we  shall  see  in  section  3.8.1. 


3.8.1  Falmea*  Characterisation  Cbunterac ample 

We  now  give  the  promised  counterexample  to  the  “width  of  four”  conjecture.  For  the 
case  of  two  channels,  Theorem  3.4  shows  that  the  optimal  solution  when  power  P  is  maximized 
is  fair  if  and  only  if  C'l/C’a  <  4.  Thus  Theorem  3.4  gives  a  characterization  of  fairness  for 
Af  —2  in  terms  of  the  given  channel  capacities.  For  the  case  of  A/  channels,  Theorem  3.5 
shows  that  the  optimal  solution  is  fair  if  the  condition  Cx/Cu  <  4  on  the  channel  capacities 
holds.  We  now  show  that  this  property  does  not  characterize  fairness  for  this  general  case. 
That  is,  if  the  condition  Cx/Cu  >  4  holds,  then  it  is  not  necessarily  the  case  that  the  optimal 
solution  is  unfair.  Specifically,  we  prove  the  following 

Theorem  3.0 

For  any  real  number  a  >  4,  there  it  an  M/M/1  parallel  network  with  Cx/Cu  —a,  but 
whote  optimal  tolution  for  pouter  P  it  fair. 

In  fact,  the  example  network  we  choose  is  of  the  form  Ci/C,  =  a  for  2  <  »  <  Af.  For 
notaiional  convenience,  define  f)  £  Va  so  that  $ 2  **a.  Therefore,  we  have  0  >  2.  We  con¬ 
sider  a  parallel  network  of  M  channels  with  Cx  »aC  =*02C  and  C2  =■•••  =  Cu  =*C.  Thus 
the  ratio  of  the  capacity  of  the  single  fast  channel  to  the  capacity  of  any  of  the  slow  channels  is 
a  We  have  S,  *«1  and  «-Sv  We  will  show  that  there  is  a  value  of 

M  — M '  large  enough  such  that  the  resulting  parallel  syrtem  yields  a  fair  global  solution  point 
when  power  P  is  maximized.  Intuitively,  this  comes  abiut  since  the  accumulated  throughput 
for  a  large  number  of  slow  channels  is  great  enough  to  overcome  the  additional  delay  intro¬ 
duced  by  those  slow  channels. 

To  prove  this  theorem,  we  will  show  that 

(i)  vu  is  real  for  large  M 

(ii)  vu  yields  a  feasible  interior  solution  point  for  large  M 

(iii)  lim  P*t(  v*/)  ™oo 

U  —  00 

Assuming  (i),  (ii)  and  (iii),  we  now  prove  Theorem  3.9.  We  can  find  an  integer  M'  such  that 
vu>  is  real  and  yields  a  feasible  interior  solution  point  (from  (i)  and  (ii)),  and  also  such  that 

p" W)  >  P’iv,) 

for  all  j <  M1  (from  (iii)).  Thus,  as  PJ(vj)  =aPu\vj),  we  also  have 

PM\vU')  >  PU'(vj) 

for  j<M'.  The  optimal  boundary  point  is  given  by  v}  for  some  j<M'  (recall,  that  the 
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subnetworks  are  obtained  by  dropping  the  slowest  channel  recursively),  and  thus  the  above 
choice  of  M1  shows  that  this  critical  point  yields  higher  power  than  the  optimal  boundary  point 
Therefore,  the  solution  corresponding  to  vy>  must  be  globally  optimal.  From  (i)  and  (ii),  the 
root  vu>  is  real  and  yields  a  feasible  solution  point  which  is  an  interior  critical  point  of  P  —  PM' 
Since  this  point  is  interior  to  the  feasible  region,  it  yields  a  fair  solution,  i.e.,  each  user  has 
non-zero  throughput.  This  proves  Theorem  3.9. 

Before  proving  (i),  (ii)  and  (iii),  we  establish  some  results  which  will  assist  us  in  these 

proofs.  We  first  set  L  £  M  -  1,  so  that  the  network  has  1  fast  channel  of  capacity  aC  and  L 

v  / 

slow  channels  each  of  capacity  C.  We  observe  that  J]5,  =1  +  —  and 

i-t  P 

roots  n  =uu  =ui+,  and  v  =■  vu  ***vL+l  are  given  in  terms  of  the  discriminant 

/>(/,)  =9(S5,)2- 8(1 +Z,)^5, 2  (3.41) 

I "4  i  "4 

Using  the  values  for  5,,  we  have 

D(L)  -9(1  +  j)-  8(1+L)(1  +  A) 

or 

Multiplying  and  collecting  terms  in  powers  of  L ,  we  obtain 

D«.)-l-(8- -£  +  £)/, +£ 

which  finally  yields 

D(L)  180  +  8  )L+02] 

We  may  rewrite  this  expression  in  the  form 

D(L)—L\L*-f(0)L+0*\  (3.42) 

where  we  have  defined 

/(0)  i  802-  180  +  8  (3.43) 

By  differentiating  with  respect  to  0,  we  observe  that  /( 0)  is  strictly  convex  with  a  global 
minimum  at  0  »» 9/8.  Thus  / ( 0)  is  strictly  convex  increasing  for  0  >  2.  Also  note  that 
/(0)  >  /( 2)  —4  >  0  for  0  >  2,  and  so  /(0)  is  positive  for  the  given  (fixed)  value  of  0  of 
Theorem  3.9. 


£s.2=i+4  ^ 

1-4  P 


Writing  equations  (3.27)  and  (3.28)  in  terms  of  the  parameters  of  the  example 
network(s)  we  are  studying,  we  have 


3(1  + j)  +  ^TT 

4(TTT) 


(3.44) 


and 


3(1 +i)-  VdITT 

- - 5(1+1) -  <3"s> 

We  know  that  the  solution  point  corresponding  to  v  gives  higher  power,  and  thus  we  wish  to 
evaluate  P(  v)  as  given  by  equation  (3.33).  We  first  calculate 


2u  -  o  -  M±L  ttSSDL 

ilHl+L) 


Using  equation  (3.33),  we  have 


Since  Cx  —  03C,  we  obtain 


P(v)  ~(/iCt)2 y*LL±JL±WD{L)L 

P 


P(v)  -(nCfp'v'lP  +  L+pjDtTft 


(3.46) 


We  now  prove  (i).  From  equation  (3.29),  we  see  that  the  roots  u  and  v  are  real  if  and 
only  if  D(L)  >0.  From  equation  (3.42),  we  observe  that  D(L)  is  positive  for  large  L,  and 
thus  (i)  holds. 


We  next  prove  (ii).  We  wish  to  show  that,  for  large  L,  the  root  u  **vu  =vt+,  yields  a 
feasible  solution  which  is  also  an  interior  point  of  the  feasible  region.  That  is,  we  claim  that 
v  <  Su  for  large  L .  This  is  true  if  and  only  if 


v  <  J  (3.47) 

for  large  L,  which  we  now  proceed  to  prove.  Recall,  from  the  proof  of  (i),  that  the  r  ots  u 
and  v  are  real  for  large  L .  Using  equation  (3.45),  we  see  that  equation  (3.47)  is  equivalent  to 

3(1  + j)-  •/DTTJ  _  1 

<(!  +  £)  <  J 

or 

3 {P  +  L)~  <  4(1+1) 
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This  last  inequality  yields 

3 0  K.  L  +  4  +  0 \JD(L ) 

which  is  clearly  true  for  large  L ,  since  D(L)  is  positive  for  large  L  and  0  is  fixed.  This  proves 
equation  (3.47)  and  therefore  (ii).  Thus,  for  large  L,  we  have  shown  that  the  root  v  is  real 
and  yields  a  feasible  solution  point  which  is  an  interior  point  of  the  feasible  region.  Therefore, 
it  yields  a  fair  solution. 


We  now  prove  (iii).  We  first  find  a  lower  bound  on  v  “  Vfj  which  is  useful  in 

bounding  the  corresponding  value  of  power  P(  v).  We  claim  that 

2j  <  "  (3.48) 

for  large  L .  Recall  that,  for  large  L ,  v  is  real  and  yields  a  feasible  solution  which  is  fair.  Using 
equation  (3.45),  we  see  that  equation  (3.48)  is  true  if  and  only  if 

,  __  3{l  +  y)-v^J 

20  <  <(l+l) 

or 

2(1  +L)  <  3(0  +  L)~  P\/U{LJ 

This  is  equivalent  to 

0Vb(L)  <  L  +3/?-  2  (3.49) 

Note  that,  since  f)  >  2,  we  have  30-  2  >  0.  Thus  for  equation  (3.49)  to  hold,  we  need  only 
show  that 


0VUIT]  <  L  (3.50) 

for  large  L.  Since  D(L)  is  positive  for  large  L,  we  may  square  equation  (3.50)  and  preserve 
the  inequalit)  to  obtain 

02D(L)  <  L2 

Using  equation  (3.42),  we  have 

L2-  f(0)L  +02  <  L2 


Rearranging  terms,  we  need  only  prove 

P2<f(0)L 

for  large  L.  Since  f(0)  is  positive  for  0  >  2,  this  inequality  clearly  holds  for  large  L  (recall 
that  0  is  fixed).  This  proves  equation  (3.48). 
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From  the  above  results,  for  large  L  (i.e.,  for  large  M),  the  root  v  =1^  is  real, 

yields  a  feasible  solution  point  which  is  fair,  and  also  satisfies  equation  (3.48).  In  particular,  we 
have  shown  for  large  L  that 

■k  <  '  <  7  I3-51' 

We  now  bound  the  value  P(v)  for  large  L.  Recall  that  equation  (3.46)  gives  P(t>)  as 
P(r)  -(nCffv'tf  +  L  +  0>/EJT]\ 

We  use  the  bound  given  in  equation  (3.48)  to  obtain 

PM  >  (hcW—tIP+l 

(2  P) 

or 

P(v)  >  {nC)3  ittLlMESL  (3.52) 

O 

for  large  L.  Since  D(L)  is  positive  for  large  L,  the  right-hand  side  of  the  above  inequality 
increases  without  bound  as  L  -*oo  (i.e.,  as  M  -*  oo) .  Therefore,  we  have 

lim  Pu(vy)  oo  (3.53) 

U  —  00 

where  Pu  is  the  power  function  of  an  M  channel  parallel  network.  This  proves  (iii),  and  thus 
Theorem  3.9. 

3.9  Non-  Concavity  at  Pwwr 

Our  final  example  network  demonstrates  that  power  need  not  be  concave  with  respect 
to  the  individual  throughputs.  The  example  yields  a  network  with  an  “undesirable”  power 
function  in  the  following  sense.  As  mentioned  above,  an  algorithm  using  only  local  informa¬ 
tion  will  not  usually  yield  the  globally  optimal  power  point  An  algorithm  which  makes  use  of 
global  information  to  optimise  power  and  which  expects  the  function  to  have  “nice”  properties 
(for  example,  concavity  or  its  relatives)  may  also  fail  if  the  power  function  is  not  well-behaved. 
In  a  recent  paper  (Bhar8l|,  Jaffe  and  Bharath-Kumar  give  an  example  of  a  computer  network 
which  has  a  power  function  that  is  net  concave.  The  parallel  network  to  be  introduced  next 
furnishes  another  (simpler)  example  which  has  a  non-concave  power  function.  Thus  the  prob¬ 
lem  of  optimizing  power  for  an  M/M/l  parallel  network  is,  in  general,  not  an  instance  of  the 
well-known  convex  programming  problem.  Any  optimization  algorithm  which  makes  use  of  the 
concavity  of  the  objective  function  will  not  necessarily  converge  to  a  global  (or  even  local) 
maximum  if  indeed  the  objective  function  is  not  concave. 


Before  introducing  tins  example,  we  first  calculate  the  Hessian  matrix  of  second  partials 
for  the  power  function  of  an  arbitrary  M  channel  M/M/1  parallel  network.  We  differentiate 
the  expression  for  the  jth  partial  derivative  of  P  given  in  equation  (3.2)  in  order  to  determine 
the  second  partials  of  the  power  function.  A  laborious  but  straightforward  computation  yields 

F  u  u  dT,  P  «  m2  d2T,  dT, 
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for  1  <  j  <  M .  Similarly,  the  cross  partials  are  found  to  be 
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for  1  <  y  h  <  M . 

Let  us  evaluate  these  second  partials  at  critical  points  of  the  power  function  P.  At  such 
points  equation  (3.3)  holds,  and  so  equation  (3.54)  simplifies  to 
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We  recall,  for  M/M/l, 
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Therefore,  we  find  that 


Using  this  in  oar  expression  for  the  second  partial  plus  equation  (3.3)  once  again  yields 
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Simplifying  this  result  and  a tilizing  equation  (3.25),  we  finally  have 
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In  a  similar  manner,  if  we  evaluate  the  cross  partials  at  critical  points  of  P,  equation  (3.55) 
becomes 
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Thus,  the  Hessian  matrix  H  ev;\  dated  at  points  where  yP  *0  is  given  by 
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We  now  introduce  our  final  example.  This  M/M/1  parallel  network  has  one  fast  chan¬ 
nel  of  capacity  AC  and  three  slow  channels,  each  of  capacity  C,  so  that  M  *4.  We  observe 

u  c  u  7 

that  5,  *1  and  S2  ™S8  —1/2.  Hence,  ^5,  «»— and  J]5,8  ™ — .  We  therefore  have 
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The  root  u  «  vu  is 
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The  solution  corresponding  to  u  is  p,  =»9/16  and  p2  **pg  ™p4  *1/8.  It  can  be  shown  that  this 
is  the  global  maximizer  of  P  (all  subnetworks  yield  the  same  root  of  1/2).  We  see  that  this 
point  is  an  interior  point  so  that  every  user  has  non-zero  throughput  (i.e.,  the  global  optimum 
is  fair)  even  though  the  ratio  of  the  capacity  of  the  fastest  channel  to  that  of  the  slowest  is 
equal  to  four.  This  is  unlike  the  situation  for  two  channels  and  shows  that  the  “width  of  four” 
property  does  not  characterize  unfair  solutions,  even  in  the  case  of  M  channels. 

Another  interesting  property  of  this  net  is  that  its  power  function  is  not  concave.  First 
recall  the  well-known  result  (Marl78|  that  a  function  f:S-*R,  where  5  is  an  open  set  and 
5  C  R*,  is  concave  if  and  only  if  its  Hessian  matrix  of  second  partials  is  negative  semidefinite 
at  all  points  of  the  domain  of  /.  Thus,  to  show  that  P  is  not  concave,  we  need  only  exhibit  a 
point  such  that  the  Hessian  is  not  negative  semidefinite  there.  Next  recall  that  a  necessary  (but 
not  sufficient)  condition  for  a  matrix  to  be  negative  semidefinite  is  that  the  determinants  of  the 
leading  principal  submatrices,  proceeding  in  order  down  the  main  diagonal,  are  alternately  <0 
and  >0,  with  the  first  being  nonpositive.  Thus,  a  counterexample  to  the  concavity  of  P  m ay 
be  found  by  exhibiting  a  point  at  which  the  Hessian  of  P  does  not  satisfy  the  above  condition. 
This  we  now  proceed  to  do. 


Consider  the  point  corresponding  to  the  root  u.  This  point  has  coordinates  p,  =1/2 
and  p2  —  p*  “P«  “0  and  is  a  critical  point  of  P.  Thus  we  may  evaluate  the  Hessian  H  at  this 
point  using  equation  (3.58).  We  have 
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The  four  leading  principal  submatrices  are 


1-2), 


h  2  2 

2  -  6 


1 


I-  2 

2 


1 


1  1-3 


2 

-  6 


1 


1  1 


1  -  3 


-  6 


,  and  H 


with  corresponding  determinants  -  2,8,0,  and  -  512.  These  determinants  do  not  satisfy  the 
previously  mentioned  condition,  and  so  H  is  not  negative  semidefinite  at  the  point  (1/2, 0,0, 0). 


(Although  this  point  is  on  the  boundary  of  the  feasible  region,  we  note  that,  by  the  continuity 
of  the  entries  of  the  Hessian,  there  are  interior  points  at  which  the  Hessian  is  also  not  negative 
semideflnite.)  Therefore,  we  have  the  promised  example  of  a  parallel  network  such  that  its 
power  function  is  not  concave.  Thus  any  algorithm  which  uses  concavity  to  find  a  global  max¬ 
imum  of  a  function  would,  in  general,  fail  for  this  power  function  P. 

This  concludes  our  analysis  of  power  for  the  M/M/l  parallel  network.  We  have  found 
a  solution  procedure  for  the  general  case  of  M  'hansels,  and  we  have  derived  the  exact  analyti¬ 
cal  solution  for  the  two  channel  net.  The  solution  of  this  optimization  problem  was  not  an  easy 
task,  however.  Examples  of  parallel  nets  with  unfair  optimal  opei&dng  points,  with  the  local 
power  point  differing  from  the  global  power  point,  and  also  with  a  nonconcave  power  function 
were  presented.  The  difficulty  of  the  method  of  solution  and  the  various  “bad"  examples 
which  resulted  suggest  that  the  power  problem  for  general  computer  network  configurations 
may  perhaps  be  hard  to  solve  and  yield  undesirable  operating  points.  In  the  next  chapter  we 
extend  the  analysis  in  two  different  ways,  which  also  allow  us  to  avoid  these  undesirable  operat¬ 
ing  points  in  many  cases.  In  the  first  part  of  chapter  4,  we  restrict  our  attention  to  generalized 
network  problem  statements.  We  find  that  we  are  able  to  solve  some  of  these  problems  and 
that  they  yield  intuitively  pleasing  results.  In  the  second  part  of  chapter  4,  we  shall  slightly 
alter  the  definition  of  power  (still  preserving  the  idea  of  a  tradeoff  function)  and  obtain  several 
power  functions,  one  of  which  (first  introduced  by  Kleinrock)  has  very  pleasing  qualities.  We 
also  compare  the  various  closely  related  notions  of  power  which  have  appeared  in  the  literature. 
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CHAPTER  4 

Extensions  of  the  Power  Problem 

In  the  previous  two  chapters,  the  problem  of  optimizing  power  was  studied  for  net¬ 
works  with  simple  topologies.  For  example,  series  networks  were  examined  in  chapter  2  while 
parallel  networks  were  studied  in  both  chapters  2  and  3.  In  the  first  part  of  this  chapter,  we 
extend  our  analysis  of  power  to  general  network  topologies.  We  introduce  several  optimization 
problem  formulations  and  indicate  both  the  appropriate  physical  situations  they  are  meant  to 
model  and  the  level  of  difficulty  of  solution  for  each  representation.  Thus  we  alter  the  con¬ 
straints  of  the  optimization  problem  and/or  the  decision  variables  over  which  we  optimize.  In 
so  doing,  we  avoid  many  of  the  undesirable  properties  found  in  chapter  3.  In  the  second  part 
of  this  chapter  we  extend  our  analysis  by  considering  other  objective  functions  in  our  optimiza¬ 
tion  problem;  that  is,  we  study  other  definitions  of  power.  We  find  that  one  such  definition, 
first  introduced  by  Kleinrock,  yields  optimal  solution  points  which  no  longer  possess  many  of 
the  negative  characteristics  which  appeared  as  part  of  our  parallel  network  analysis  in  chapter  3. 

4.1  Hie  Power  Problem  for  General  Network  Tbpologlea 

We  consider  a  network  of  N  nodes  (switching  computers)  and  M  channels  of  arbitrary 
topology.  Our  notation  expands  upon  that  of  chapter  1  and  again  follows  volume  II  of  Klein¬ 
rock  (Klei76|.  We  assume  that  each  source-destination  pair  (j,k)  of  nodes  of  the  network 
represents  a  potential  user  (or  users)  who  wishes  to  send  messages  from  (a  HOST  connected 
to)  node  j  to  (a  HOST  connected  to)  node  k.  We  assume  that  the  traffic  originating  from  this 
user  is  Poisson  with  a  rate  of  7jt  messages  per  second.  The  total  throughput  of  the  system  is 
then 

(4-1) 

Ac  before  we  let  C,  be  the  capacity  of  channel  i  and  let  X,  be  the  rate  of  traffic  on  the  ith  chan¬ 
nel  in  messages  per  second.  Note  that  X,  is  the  sum  (over  all  (j,  k)  pairs)  of  the  portion  of  7^ 
traffic  which  uses  channel  i.  That  is,  if  we  define  pl>k  as  the  fraction  of  7;t  which  traverses 
channel  t  (pt]i  =0  when  no  (j,  k)  traffic  uses  channel  i),  then 

N  N 

H-2) 

The  pl]t  are  determined  from  the  routing  scheme;  fixed  routing  (where  unique  paths  for  each 
7;t  are  chosen)  is  not  necessary  for  this  analysis,  but  it  may  hold  in  a  particular  network  under 
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study  (for  example,  in  the  case  of  virtual  circuits).  Using  Little’s  result,  the  average  delay  T  of 
a  message  in  its  journey  through  the  network  may  be  determined  in  terms  of  the  mean  channel 
delays  7*,.  As  shown  in  |K)ei76),  since 


by  Little’s  result  we  have 
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Recall  that  T,~x,/(l-p,)  for  M/M/1,  where  p,  **Xlx11  x,  ■« b/C ,  and  the  mean  packet 
length  is  T  •“!/#».  Thus  T,  »■  l  ftp  <7,  -  X,),  and  we  have 
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Ther  fore,  the  power  function  P  is  simply 
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Finally,  using  equation  (4.2),  we  may  write  P  in  terms  of  the  traffic  matrix  {y)k}  and  the  rout¬ 
ing  fractions  {p,)t }  as 
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Before  introducing  an  appropriate  maximization  problem  involving  power,  we  consider 
the  parallel  net  studied  in  both  chapters  2  and  3.  The  previous  analyses  of  parallel  nets  yielded 
two  different  optimization  problems  depending  upon  whether  the  routing  of  messages  in  the  net 
was  a  known  quantity  or  an  unknown  variable.  In  chapter  2  the  routing  was  assumed  to  be 
known  (i.e.  the  fraction  of  traffic  p,  on  the  ith  channel  was  given).  The  resulting  optimization 
problem  was  mathematically  simple  and  was  easily  solved.  In  this  problem  the  only  variable  to 
be  optimized  was  the  total  throughput  of  the  system  since  the  routing  percentages  were 


predetermined.  Here  our  interest  wan  solely  in  flow  control,  or  how  to  regulate  traffic  rates  at 
network  entry  points  |Gerl80|.  In  chapter  3  we  also  had  to  optimize  the  routing,  or  how  to  best 
direct  traffic  from  sources  to  destinations  (Schw80).  In  this  case,  the  maximization  of  power 
was  a  mathematically  difficult  problem.  Using  the  parallel  network  results  as  a  guide,  we  will 
introduce  several  power  problem  formulations  for  arbitrary  M/M/1  networks.  The  most  gen* 
eral  such  optimization  problem  is  not  easily  solvable,  but  other  formulations  (which  model 
more  accurately  the  physical  situation  of  interest  to  us)  can  and  will  be  solved  to  yield  insights 
into  the  behavior  of  networks  at  the  optimal  power  point. 

4.1.1  Power  Problem  Formulations 

We  first  consider  the  three  optimization  problems  (CA,  FA  and  CFA)  introduced  in 
section  1.1.2,  but  with  the  objective  of  minimizing  delay  replaced  by  that  of  maximizing  power. 
In  all  three  power  is  maximized  for  a  given  network  topology  and  a  given  traffic  matrix  {- }. 
Thus  in  each  case  the  throughput  7  is  known  and,  since  P  (*7 /T)  is  a  constant  divided  by  T, 
maximizing  power  is  identical  to  minimizing  total  network  delay.  Therefore  the  resulting 
optimization  problems  are  equivalent  to  the  problems  (CA,  FA  and  CFA)  described  above  in 
chapter  1.  We  will  use  this  equivalence  lattr  in  analyzing  other  power  problems. 

We  now  introduce  several  new  optimization  problems.  In  each  case  the  objective  is  to 
maximize  the  power  of  the  network,  but  the  problems  differ  as  to  the  variables  over  which  we 
optimize.  Constraints  present  in  every  case  include  bounds  (based  on  capacity)  on  flow  for 
each  channel  and  conservation  of  flow  for  all  nodes.  In  all  the  formulations  given  below,  we 
always  assume  that  the  network  topology  is  given  (but  arbitrary)  and  it  the  channel  capacities 
C,  are  known. 

The  first  new  formulation  we  introduce  (power  formulation  1  or  PF1  for  short)  is  the 
most  general  of  the  formulations.  Here  both  the  external  traffic  rates  and  their  subsequent 
routing  paths  through  the  network  are  unknown.  Thus  we  wish  to  find  the  traffic  matrix  {7;t} 
and  the  routing  fractions  {pl;t}  which  optimize  power. 

PF1  Given:  Capacities  {C,}and  network  topology 

Maximize:  P 

With  respect  to:  traffic  matrix  (7;t}and  routing  {p,;t} 

If  we  assume  the  routing  is  known  (i.e.  the  p,;*  are  given),  we  may  optimize  over  only 
7;t  and  then  use  equation  (4.2)  to  And  the  channel  flows.  This  yields  our  second  formulation 
(called  PF2)  which  requires  more  restrictive  assumptions  than  the  more  general  problem  PF1. 


91 


PFl  Given:  Capacities  {C,},  routing  [p,,* },  and  network  topology 

Maximize:  P 

With  respect  to:  traffic  matrix  h  it } 

We  note  that  if  the  network  topology  precludes  the  possibility  of  alternate  routing  (for  example, 
a  tree  network),  then  PFl  reduces  to  PF2  and  the  two  problems  are  equivalent  In  this  case, 
p,jt  is  1  or  0  depending  on  whether  or  not  channel  i  is  in  the  unique  path  connecting  nodes  j 
and  k.  We  also  note  that  the  power  problem  for  a  virtual  circuit  network  where  each  user's 
path  is  known  is  an  instance  of  PF2. 

Let  us  consider  these  formulations  as  applied  to  a  parallel  network  topology  with  Af 
channels.  We  first  regard  the  net  as  representing  a  single  user  with  multiple  paths  from  source 
to  destination  (see  Figure  4.1). 


Figure  4.1  A  Single  User  with  Multiple  Paths 

That  is,  the  network  has  two  nodes,  and  the  M  channels  all  connect  source  node  1  with  desti¬ 
nation  node  2.  Thus  ptl3  £  p,  is  the  fraction  of  (total)  traffic  using  channel  i.  In  this  case  PFl 
reduces  to  the  problem  studied  in  chapter  3,  and  PF2  reduces  to  the  M/M/1  parallel  net 
analyzed  in  chapter  2. 

Now  let  us  regard  our  parallel  net  as  modeling  a  set  of  multiple  users  each  with  his  own 
path  (see  Figure  4.2). 


Figure  4.2  Multiple  Users  with  Single  Paths 


That  is,  we  have  M  users  and  user  t  sends  messages  over  channel  i.  So  there  is  one  source 
node  and  M  destination  nodes,  and  channel  t  connects  source  node  1  with  destination  node 
i  +  1.  In  this  case,  the  network  topology  is  a  tree,  and  p,jt  =*  1  or  0  for  all  pairs  (;',  k)  (i.e.  we 
have  fixed  routing).  Thus  PF1  is  equivalent  to  PF2  which  is  equivalent  to  the  problem  studied 
in  chapter  3. 

The  above  discussion  of  the  parallel  network  and  the  results  of  chapter  3  show  that 
both  PF1  and  PF2  may  yield  unfair  optimal  power  points.  These  formulations  may  also  lead  to 
maximization  problems  which  have  an  objective  function  which  is  not  concave.  In  fact,  all  the 
negative  aspects  of  the  problem  solved  in  chapter  3  are  present  in  both  PF1  and  PF2.  These 
formulations  have  led  authors  such  as  Jaffe  [Jaff81j  to  conclude  that  power  (as  introduced  by 
Giessler)  (Gies78|  is  not  the  type  of  objective  one  wants  to  employ  in  the  design  and  analysis 
of  computer  networks.  In  the  spirit  of  these  arguments,  we  also  examine  extensions  of  power 
in  the  next  section  which  have  more  desirable  mathematical  properties.  In  the  remainder  of 
this  section  we  take  the  position  that  it  is  not  the  objective  function  (power)  that  should  be 
changed,  but  rather  it  is  the  formulation  of  the  problem  itself  that  should  be  altered.  Below  we 
reformulate  the  optimization  problem  under  consideration  and  find  that,  not  only  is  this  new 
problem  mathematically  manageable,  but  the  new  formulations  more  adequately  represent  the 
type  of  real  world  situation  we  are  likely  to  encounter  and  wish  to  model. 

Consider  then  the  problems  PFl  and  PF2.  In  both  cases  the  traffic  matrix  {7;t}  is  an 
unknown  quantity,  and  the  7;t  are  variables  of  optimization.  The  resulting  solution  (for  exam¬ 
ple  in  chapter  3)  may  be  unfair  in  the  sense  that  some  users  are  assigned  zero  throughput  (their 
7 ji  =0).  Note  that  these  formulations  model  the  situation  where  nothing  is  known  about  the 
external  input  traffic  to  the  net.  But  this  may  not  be  the  case  in  a  real  situation.  Various 
characteristics  of  input  traffic  may  in  fact  be  known.  For  example,  many  routing  and  flow  con¬ 
trol  protocols  take  advantage  of  past  history  of  the  network.  Of  course  this  may  involve  the 
added  overhead  of  different  types  of  control  messages. 

Let  us  suppose  that  we  do  have  some  indication  of  the  user  traffic  and  reformulate  our 
power  problem  to  take  advantage  of  this  extra  information.  (In  a  decentralized  environment 
such  as  the  one  discussed  in  [  Jaff 8 1  j ,  this  type  of  global  information  may  not  be  available.)  We 
assume  that  we  know  each  user’s  external  traffic  as  a  fraction  of  the  total  input,  even  though 
the  actual  traffic  matrix  {7,*}  is  not  given.  That  is,  a  relative  traffic  matrix  (r;t }  is  known,  where 

r<>  “-7-  «-u 

Given  (r;l),  we  may  scale  this  (relative)  traffic  up  and  down.  That  is,  for  any  a  >  0,  scaling  by 
a  gives  a  traffic  matrix  (ar;t)  which  we  may  consider  at.  the  external  traffic  to  the  network.  The 
scaling  factor  a  is  also  known  as  the  traffic  level  [Gerl77|.  Note  that  the  relationship  given  in 
equation  (4.7)  imposes  constraints  on  the  possible  traffic  matrices  we  may  consider  in  optimiz¬ 
ing  power,  since  the  ratios  of  the  individual  traffic  to  the  total  throughput  are  given  quantities. 


We  seek  a  number  a  such  that  the  assignment  of  traffic  {a  r,*}  will  optimize  power  over  ail 
possible  choices  of  a.  (Note  that  we  will  not  be  considering  all  positive  a,  because  the  channel 
capacities  and  network  topology  restrict  the  values  of  the  scaling  factor  which  yield  feasible 
traffic  matrices.)  We  observe  that,  for  different  values  of  a,  different  routing  assignments  for 
the  corresponding  arjt  may  be  used.  Thus  we  scale  (r;i }  to  find  the  optimal  power  point.  Once 
again  we  formulate  two  optimization  problems  depending  on  whether  the  routing  is  given  or  is 
an  unknown  variable.  Our  next  problem  (call  it  PF3)  assumes  that  the  routing  procedure  is  not 
known. 

PF3  G  iven:  Capacities  (C, },  network  topology, 

and  relative  traffic  matrix  (r;l) 

Maximize:  P 

With  respect  to:  traffic  level  a  and  routing  {p,;t} 

If  we  assume  the  routing  is  known  (the  p,^  are  given),  we  obtain  the  following  formu¬ 
lation  (call  it  PF4). 


Given: 


Maximize: 


Capacities  {C,},  routing  {pl;i},  network  topology, 
and  relative  traffic  matrix  {r;t} 

P 


With  respect  to:  traffic  level  a 

As  was  true  for  our  earlier  formulations,  we  note  that  PF3  and  PF4  are  equivalent  problems  if 
no  alternate  routing  is  possible  (for  exampi*,  a  tree  network).  If  we  assume  the  net  h»  a  sin¬ 
gle  user,  we  may  obtain  other  simplification*.  In  this  case,  the  traffic  matrix  consists  of  one 
entry,  and  scaling  a  relative  traffic  matrix  to  maximize  power  is  identical  to  optimizing  over  the 
external  traffic  matrix.  Thus  we  see  that  in  the  case  of  a  single  user,  PF1  and  PF3  are 
equivalent,  while  PF2  and  PF4  are  also  equivalent  We  also  note  an  important  property  of  the 
optimal  solution  for  both  PF3  and  PF4,  namely  that  it  is  fair.  Every  user  (source-destination 
pair  (;',  k ))  is  assigned  a  throughput  7*t  »o’rjt  at  the  optimal  solution.  Since  r}t  is  positive  for 
any  such  user  (otherwise,  by  convention,  he  is  not  included  in  the  model  being  studied),  the 
throughput  is  not  zero.  Thus  the  optimal  solution  is  fair  to  all  users.  We  note  that  in  the 
optimal  solution  to  PF3,  some  channels  may  have  zero  flow  depending  on  the  optimal  routing. 
But  still  each  user  will  have  positive  throughput  proportional  to  his  “needs”. 

We  apply  these  formulations  to  the  parallel  network.  If  we  regard  the  net  as  modeling 
a  single  user  with  multiple  paths  (as  in  Figure  4.1),  PF3  is  equivalent  to  PFl  which  is  the  prob¬ 
lem  analyzed  in  chapter  3.  Also  PF4  is  equivalent  to  PF2  which  is  the  M/M/1  parallel  net  stu¬ 
died  in  chapter  2  (p,  corresponds  to  p,12).  If  we  regard  the  parallel  net  as  representing  multiple 
users  each  with  a  fixed  path  (as  in  Figure  4.2),  then  PF3  is  equivalent  to  PF4  which  is 
equivalent  to  the  problem  studied  in  chapter  2.  In  this  latter  case,  p,  of  chapter  2  corresponds 
to  ri,i-K  for  the  model  of  Figure  4.2. 
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4.1.3  Analysis  of  PF4 


We  now  concentrate  on  the  optimization  problem  we  have  designated  as  PF4,  which  is 
the  easiest  of  the  four  to  solve.  We  assume  that  a  relative  traffic  matrix  {r,t}  and  routing  {p,,t} 
are  given,  and  we  wish  to  optimize  power  with  respect  to  the  traffic  level  a.  Consider  an  a  >  0 
which  yields  a  feasible  traffic  pattern  under  the  above  assumptions.  Then  the  external  traffic 
satisfies  7;t  =arjt  for  all  source*destination  pairs  ( j ,  Jk).  The  system  throughput  is  thus 

7  =7(or)  =«££'> 


or,  since  the  rjt  sum  to  1,  we  have 


7  =7(0)  ==a 


(4.8) 


Thus  choosing  a  scaling  factor  which  yields  the  maximum  power  point  is  equivalent  to  finding 
the  total  system  throughput  7  which  maximizes  power. 


Next  we  consider  the  channel  flows.  Let  us  define  X,(a)  to  be  the  flow  of  messages  on 
channel  i  for  the  traffic  level  a.  Then  equation  (4.2)  yields 

X^a)  =«EE^rjt  (4.9) 


Thus  we  see  that  the  channel  flows  are  also  scaled  by  a.  Note  that  the  double  sum  in  equation 
(4.9)  represents  the  flow  on  channel  t  for  the  case  7  =  a  =1.  If  this  double  sum  is  zero,  then 
no  traffic  is  routed  over  channel  t  (for  any  a  >  0),  and  we  may  as  well  disregard  this  channel 
in  our  optimization.  Therefore  we  assume  that  the  routing  and  the  relative  traffic  matrix  are 
such  that  at  least  some  traffic  is  routed  over  each  of  the  >  channels  (if  not,  just  disregard  chan- 
nels  with  zero  flow  and  renumber  the  remaining  ones).  This  assumption  does  not  alter  our 
problem  and  simplifies  subsequent  notation  (we  no  longer  need  to  remember  explicitly  which 
channels  have  zero  traffic  and  which  do  not).  Now  equations  (4.8)  and  (4.9)  yield 


Ma) 

7(a) 


N  N 


which  does  not  depend  on  a  (and  thus  may  be  denoted  simply  as  and  is  positive  by 

assumption.  Let  us  define  (for  all  1  <  »'  <  M)  the  ratios 


R,  J 


x, 

7 


(4.10) 


so  that  R,  is  the  fraction  of  the  total  throughput  that  uses  channel  i.  For  problem  PF4,  we 
have  shown  that  R,  is  constant  (and  positive)  for  all  values  of  the  traffic  level  a. 


Let  us  optimize  P  with  respect  to  a,  which  is  identical  to  optimizing  th  respect  to  7 
by  equation  (4.8).  Rewriting  equation  (4.4)  in  terms  of  R,,  we  have 


r-jkhnd 


Since  R,  >  0  for  all  1  <  i  <  M  by  our  convention,  this  equation  may  also  be  written  as 

"  1 

T  —  y - - - 

Zv(CJR,)-  7 


(4  11) 


(4.12) 


From  equation  (4.12),  we  see  that  the  values  of  7  ( =  a)  wnich  yield  feasible  traffic  matrices  are 
0<7<  min  fi(C,/R,).  Figure  4.3  shows  a  typical  (7,  T)  curve  from  equation  (4.12). 


Figure  4.3  Throughput-Delay  Profile  for  PF4 

Note  that  P  —  0  at  the  two  endpoints  of  the  feasible  interval,  since  the  throughput  is  zero  in 
one  case  and  the  mean  delay  is  infinite  in  the  other  case.  Therefore,  P  is  maximized  at  an  inte¬ 
rior  point  of  this  interval.  By  arguments  from  chapter  2,  the  derivative  of  P  with  respect  to  7 
is  zero  at  such  a  point 


We  now  show  that  power  P  for  formulation  PF4  is  a  strictly  concave  function  of  the 
traffic  level  7,  and  therefore  it  has  a  unique  maximum  in  the  feasible  region.  Since  P  *-7 /T, 
the  first  two  derivatives  of  P  with  respect  to  7  are 


r-r£ 

*»7 


(4.13) 


jin 


From  equation  (4.12)  we  have 


Now  note  that 


"i-sf _ i _ T 

i!l»  2f\[ _ i _ T 

„2  f"  1  1  ff  r  i  fl .  n 

^7™  ,ti  M(  -  7  j  pl/iiC./fl,)- 7  J  J 


so  that  from  equation  (4.14)  we  have 


We  now  show  that 


0  f  dT*  —  d2T 

*e  __  ^(-37)  -  ^77 

1 1!  7* 


Jll77)J-lT0so 


The  above  inequality  is  equivalent  to 


21  5  U <?./«.)-  1  ]  27  [5  c(  C./B.)  -  1  ]  [5  L C./B.)  -  -T  1  ]  - 

We  observe  that  this  holds  by  using  the  Cauchy-Schwarz  inequality 

(£*,»,)*  <(E  *.2)(Ev.2) 

I  I  I 

with 

and 

“Ltc./i,)- tt  r 

Thus  we  have  shown 


and  so  P  is  a  etrictly  concave  function  of  7.  Therefore  P  has  a  unique  maximum  in  the  range 

0  <  7  <  min  n(C,/R,). 

1<i  <u 


97 


Since  we  are  dealing  with  a  single  variable  optimization  problem  (involving  7)  which  is 
similar  in  form  to  the  problems  of  chapter  2,  we  may  follow  the  approach  developed  there.  The 
value  7*  which  maximizes  P  satisfies  the  equation  of  KJeinrock 


di  It— nr* 


which  is  equivalent  to 


*•-7  T*HtV 


dl  li-»* 


(4.15) 


(4.16) 


In  order  to  find  such  a  point,  we  first  differentiate  equation  (4.11)  with  respect  to  7  and  find 

'r_M  *■ 

d'l  7)2 


This  we  recognize  as 


dT  1 

d  1  ,ti  '  nC,-\, 


dT  yin  2>p2 


(4.17) 


Multiplying  equation  (4.17)  by  7*  and  using  equation  (4.16),  we  find  that  the  average  number 
of  messages  in  the  network  at  the  optimal  power  point  satisfies 

^-S(*,V(r,y 


Using  Little’s  result,  we  find  (for  PF4) 


n"=E  Ar;=2(s;)! 


(■•18) 


For  M/M/1  we  have  (since  R,  >  0) 


JJ  -  l7  -  7 

fiC,- Rtl  fi(C,/R,)-  7 

Therefore,  equation  (4.18)  may  be  rewritten  in  terms  of  the  unknown  variable  7  (which,  recall, 
is  identical  to  the  scaling  factor  a)  as 


u  at  •  V 

y - 1 - -  v - 2 - 

Zv(C,/R,)-  7*  ^[n(C,/R,)-1\ 


(4.19) 


Thus  the  optimal  scaling  factor  is  simply  the  root  of  a  polynomial  in  7  (equivalent  to  equation 

(4.19)  above)  which  lies  within  the  open  interval  (0,  min  pi  C,/R,\).  The  root  is  unique  by 

i<«<  v 

the  strict  concavity  of  P  and  may  be  determined  by  any  standard  root  finding  procedure. 


* 

>*• 

» 

-•»  - 


Note  that  equation  (4.18)  has  appeared  before;  it  is  identical  to  equations  from  chapter 
2  for  the  M/M/1  series  network  and  for  the  M/M/l  parallel  network  (with  known  routing) 
This  is  not  surprising  since  both  of  the  above  models  are  particular  instances  of  the  network 
problem  given  by  PF4  But  equation  (4.18)  also  appears  in  chapter  3  as  characterizing  the 
optimal  power  point  for  the  M/M/l  parallel  network  with  unknown  routing  (which  is  not  an 
instance  of  PF4).  Using  this  as  motivation,  let  us  try  to  extend  equation  (4.17)  to  our  other 
problem  formulations  (PFl,  PF2,  and  PF3).  We  consider  the  optimization  problem  PFl  (the 
most  genera]  of  the  four  formulations).  Since  the  power  function  (of  that  problem)  is  continu¬ 
ous  and  the  feasible  region  is  compact  (closed  and  bounded),  a  maximal  power  point  does  exist. 
Thus  there  is  a  traffic  matrix  [ y*k }  and  routing  {p,*t}(and  therefore  flows  {X,*})  which  maximize 
power.  This  gives  a  relative  traffic  matrix  }  if  we  define  r;*  >“7;*/7 *  for  (;,  k)  pairs  We 
let  M *  be  the  number  of  channels  at  maximum  power  with  non-zero  flow  (as  in  chapter  3).  By 
renumbering  if  necessary,  we  may  assume  that  they  are  channels  1  <  i  <  M*.  Let  us  consider 
an  instance  of  PF4  with  the  above  routing  and  relative  traffic  matrix  as  given  quantities.  The 
optimal  traffic  level  must  then  be  a*  =7*  and  so 

(4.20) 

l<*  1-4 

Since  X,*  =0  for  «'  >  M*,  we  see  that  equation  (4.18)  must  also  hold  for  PFl.  A  similar  argu- 
mentshows  that  equation  (4.20)  (and  thus  equation  (4.18))  holds  for  the  other  formulations  as 
well.  We  thus  have  the  following 

Theorem  4.1 

For  the  four  power  problem  formulations  given  above  (PFl,  PFS,  PFS,  and  PF4),  the  aver¬ 
age  number  in  the  M/M/l  network  at  maximum  power  satisfies  the  relationship 

(4.21) 

n  1^ 


By  using  an  argument  identical  to  one  from  chapter  2,  we  now  observe  that  equation 

(4.21)  may  be  w.itten  in  an  interesting  dual  form.  As  in  chapter  2,  we  first  rewrite  equation 
(4  21)  as 


Defining  Q,  A  1-  N,*,  we  have 


5X(i-  *’)  =0 


£(1-  <?,)<?,  =0 


(4.22) 
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This  proves  the  following 


Theorem  4.3 

For  the  four  power  problem  formulation*  given  above  (PFl,  PFS,  PFS,  and  PFf),  the  aver¬ 
age  number  in  the  MfMfl  network  at  maximum  power  tatitfiet  the  relationthip 


Hi-*,') 


This  gives  the  dual  equation  which  was  mentioned  above. 


(4.23) 


Using  equation  (4.21)  in  a  manner  identical  to  that  of  chapter  2,  we  may  also  obtain  an 
upper  bound  on  the  average  number  in  system  at  the  optimal  power  point  for  any  of  the  above 
four  formulations.  We  repeat  this  earlier  argument  here  for  clarity.  From  equation  (4.21)  we 
have 


u  v 


I«4  I  a*  I >4 

Adding  and  subtracting  the  number  M  from  the  right-hand  side  of  this  equation  and  collecting 
terms  in  i  yields 


at  •+(;?.•)’] 


Af  « A/  -  £(1-  N*)2 


Thus  we  have  the  following 


Theorem  4.3 

For  the  four  power  problem  formulation t  given  above  (PFl,  PFS,  PFS,  and  PFf),  the  aver¬ 
age  number  in  an  MfM/1  network  (with  M  channel t)  at  maximum  power  tatitfiet 


1?  <  M 


(4.24) 
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We  now  observe  that  the  above  argument  may  be  applied  to  equation  (4.20)  instead  of 
equation  (4.21).  Since  M*  <  M,  this  gives  the  tighter  bound 

W<M*  (4,25) 

Note  that  A/*=M  for  formulation  PF4  by  convention  (all  channels  were  assumed  to  have 
non-zero  flow).  However,  since  the  other  three  problems  (PF1,  PF2,  and  PF3)  involve  deter¬ 
mining  the  routing  procedure  and/or  the  traffic  matrix,  in  these  cases  the  value  of  A/*  depends 
on  the  given  system  parameters  (such  as  topology  and  channel  capacities).  For  such  problems, 
the  bound  based  on  M  in  equation  (4.24)  may  not  be  very  good  (see  the  example  in  section 
3.7.1  of  chapter  3).  However,  the  number  of  channels  M  is  a  known  quantity,  while  M *  may 
only  be  determined  after  the  particular  network  under  study  has  been  optimized. 

Theorem  4.1  (in  the  equivalent  form  of  equation  (4.22))  also  enables  us  to  determine 
bounds  on  the  individual  N*.  Since  N*  >  0  for  at  least  one  index  »  (all  i  for  PF4),  we  see  that 
if 

N*  <  1  1  <  I  <  M 

then  the  sum  in  equation  (4.22)  would  be  positive.  Similarly  the  condition 

N*  >  1  1  <  i  <  M 

cannot  occur  either,  for  then  the  sum  would  be  negative.  Thus  we  have  shown  that 

max  N*  >  1  >  min  N*  (4.26) 

Since  N,  »p,/(  1-  p,)  for  M/M/l,  we  see  that  equation  (4.26)  gives 

max  min  p *  (4.27) 

i<i<«  —  2  !<■<« 


In  an  identical  manner  equation  (4.20)  yields 

max  N*  >  l  >  min  N ,*  ( 4.28) 

!<.<«•  !<.<«* 

and  thus  also 

max  p*>  —  >  min  p*  (4.29) 

!<.<«*  2  !<,<«* 

Note  that  the  upper  bounds  in  equations  (4.28)  and  (4.29)  are  the  same  as  those  in  equations 
(4.26)  and  (4.27),  but  the  lower  bounds  are  tighter  in  general.  In  fact,  if  M*  ^  M  (i.e.,  there 
are  some  channels  with  zero  flow  in  the  optimal  solution),  then  the  lower  bounds  m  equations 
(4.26)  and  (4.27)  are  zero  (certainly  not  very  useful  bounds). 


We  retjrn  to  the  study  of  formulation  PF4.  Let  us  find  a  lower  bound  on  the  average 
number  of  messages  in  the  network  at  the  optimal  power  point  in  a  fashion  similar  to  that  for 
the  M/M/1  series  network  of  chapter  2.  Since  N,  =  pj(l-  p,)  for  M/M/1,  we  have 


M  —  P.  +  J7-—  —P.  +(M)2(l-  P<) 


Therefore,  summing  over  i  yields 


V  MM 


EM  — Ep-+E(M)2(i-  p.) 


u  u  u 


EM=Ep.  +  E(M)2-  Ep.(M)2 


The  above  equation  holds  for  all  values  of  7.  If  we  evaluate  it  at  7*  (the  optimal  power  point) 
and  then  apply  equation  (4.21),  we  And  that 


Ep;-ep.*(MT 


This  interesting  equation  relates  the  individual  channel  efficiencies  and  average  number  of  mes¬ 
sages  at  maximal  power.  As  in  chapter  2,  we  divide  both  sides  of  the  above  equation  by  p^  to 
yield 


U  n  u  a 

S-t — e-4h*T 

i-4  P on  i-i  P  max 


Since  p,*/p^i»  <  1  for  1  <  i  <  M ,  we  have 


E-t-  -(MT 

1—4  Imax 


We  use  equation  (4.21)  to  recognize  the  term  on  the  right-hand  side  of  the  above  inequality  as 
the  average  number  of  messages  in  the  network  at  maximum  power.  Thus  we  have  the  lower 
bound 


<  jr 

i«4  P  max 


(4.30) 


This  is  identical  to  equation  (2.12)  for  the  M/M/1  series  network  and  equation  (2.43)  for  the 
M/M/1  parallel  network.  We  now  write  this  lower  bound  in  terms  of  known  system  parame¬ 
ters  Note  that 


.  1*R, 

’’  "  PC, 


(431) 


for  all  1  <  i  <  M ,  and  so 


>■  *.  A  V  V  M.V.  ■.  v\  V  V  1  *.  .  •• 


v-v. 


•  S’  V* 


•-  «'■  ,v  . 

1  >  • 


V  p,*  _V  RJC,  _"i?£uC>'R> 

h  C>/R> 

where  we  have  used  the  fact  that  R,  >  0  for  1  <  i  <  M  for  PF4  in  order  to  obtain  the  last  ine¬ 
quality.  Thus  we  have  the  following 

Theorem  4.4 

For  the  power  problem  formulation  PFf,  the  average  number  of  messages  in  the  system  at 
maximal  power  satisfies 


v  Uc,/R, 


H32| 


Theorems  4.3  and  4.4  give  upper  and  lower  bounds  on  N*  for  the  formulation  PF4  in  terms  of 
the  given  quantities  of  the  particular  network  being  considered.  Note  that  Theorem  4.3  also 
holds  for  PFl,  PF2  and  PF3,  while  Theorem  4.4  holds  for  these  three  formulations  if  we 
replace  M  by  M  and  R,  by  R,  .  However,  this  gives  the  lower  bound  in  terms  of  unknown 
quantities  which  must  be  solved  for  (and  then  you  would  have  the  optimal  answer  anyway), 
and  so  it  is  not  a  useful  bound.  Also  note  that  the  lower  bound  in  the  form  of  equation  (4.30) 
does  hold  for  PFl,  PF2  and  PF3,  but  again  it  is  given  in  terms  of  the  unknowns  p*. 

We  now  And  bounds  on  the  system  throughput  at  optimal  power  for  the  problem  PF4. 
Although  the  value  of  7*  which  yields  the  optimal  power  point  may  be  determined  by  a  root 
finding  procedure,  we  are  able  to  find  bounds  on  this  quantity  (which  is  equal  to  the  optimal 
scaling  factor)  in  terms  of  the  given  channel  capacities.  (Of  course,  we  see  from  equation 
(4.12)  that  7*  <  ^min ji(C,fRt),  because  7*  yields  a  feasible  traffic  pattern.)  We  use  equation 

(4.31)  to  rewrite  equation  (4.27)  as 

1,R>  ^  1  .  .  1,R, 
max  — —  >  —  >  min  — — - 
\<t<u  nC,  2  i<i<v  nC, 


This  simplifies  to 


2  1 
—  max  „  lrx 
ft  i<i<v  C,/R, 


.1.2  1 

>  —  >  —  min 

7  p  !<■<«  (7,/fl, 


_ 2/2 _ >  1  >  _2Ze__ 

min  CJR,  7  ~  max  C./R, 

l<i<U  !<•<« 

Inverting  this  equation  reverses  the  signs  of  the  inequalities,  and  we  have  the  following 
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Theorem  4.5 


For  the  power  problem  formulation  PF4,  the  eystem  throughput  at  maximal  power  (the 
optimal  traffic  level)  tatitfiei 


£ 

2 


.  /i  C, 
min  -z—  <  7  <  max  - 
1<i <v  ~  ~  2  !<i<V  «, 


(4.33) 


This  result  m^y  also  be  shown  by  the  following  argument  If  we  divide  both  sides  of 
equation  (4.19)  by  7*,  we  obtain 


u  ,  v  • 

1  =■  V _ 2 _ 

fZn(CjRt)-  7*  M  <?,/«.) -7V 


v  niCM-S  v 

!■<  |i*( C,/R,)-  7*)2  ",ti|/i(C,/f?l)-7l2 

Collecting  terms  yields 

ft  Mfi/*.)-  27* 
mi  [i*(  C,/R,)~  7^2  “ 


(4.34) 


We  now  use  equation  (4.34)  to  prove  Theorem  4.5.  First  assume  that 


7*  < 


HC, 
2  R, 


1  <i<M 


In  this  case  the  sum  on  the  left-hand  side  of  equation  (4.34)  is  positive,  a  contradiction. 
Therefore 


|-|D.i.v,C,/R,)  < 

which  is  the  left-hand  inequality  of  Theorem  4.5.  Similarly,  if  we  assume  that 

•  /i  C, 

■» >W 

then  the  sum  in  equation  (4.34)  would  be  negative,  another  contradiction.  Thus  we  also  have 

1* 5  f C'/R'> 

which  is  the  right-hand  inequality  of  Theorem  4.5,  completing  this  alternative  proof. 
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Theorem  4.5  gives  upper  and  lower  bounds  on  7  in  terms  of  the  given  channel  capaci¬ 
ties  and  ratios  R,.  Note  that  if  C,/R,  are  identical  for  all  1  < »  <  M,  then  7*  is  equal  to  the 
common  value  (nC,)/(2R,).  In  this  case,  equation  (4.31)  shows  that  />*  =  1/2  for  all 
l<i<A/,  and  thus  N*  —  1.  Recalling  the  discussion  after  Theorem  4.4,  we  observe  that 
Theorem  4.5  may  be  applied  to  formulations  PF1,  PF2,  and  PF3;  but  the  bounds  will  be  in 
terms  of  M *  and  the  optimal  ratios  R which  are  not  known  until  the  particular  problem  is 
solved. 

4.1.3  Example  Networks 


We  now  consider  several  examples.  We  may  apply  the  above  theorems  to  the  M/M/1 
series  network  and  to  the  M/M/1  parallel  network  with  known  routing  which  were  analyzed  in 
chapter  2,  because  both  are  instances  of  PF4.  For  the  M/M/1  series  network,  we  have  R,  =1 
for  all  1  <  »  <  M  (the  total  network  traffic  passes  through  each  channel).  In  this  case,  the 


bounds  given  by  Theorems  4.3  and  4.4  become  (define  =  min  C, ) 

1<i<«  ' 


<TT<M 

Z  C.  ~  ~ 


while  Theorem  4.5  reduces  to  (define  CB 


max  C.) 

l<i<U 


yCmu  <  7*  <  YC° 


These  agree  with  the  bounds  given  in  chapter  2  for  the  M/M/l  series  network. 


For  the  M/M/l  parallel  network  with  known  routing  (where  the  routing  fractions 
correspond  to  p,  of  chapter  2),  we  have  R,  =*X,/7  =*p,.  Theorems  4.3  and  4.4  yield 


C,/p, 


while  Theorem  4.5  gives 


H  C,  ,  p  C, 

—  mm  —  <  7  <  -  max  — 

2  !<■<«  p,  ~  2  i<i<w  p, 


The  bounds  on  N*  were  also  obtained  in  chapter  2  by  using  results  proved  for  the  M/G/l  paral¬ 
lel  network.  Here  they  were  obtained  by  using  results  for  the  M/M/l  problem  formulation 


4.1.4  AnalyvU  ot  PF3 


We  now  use  our  results  for  the  problem  PF4  to  study  the  formulation  PF3.  In  this  for¬ 
mulation,  both  the  traffic  level  (for  a  given  relative  traffic  matrix)  and  the  routing  are  variables 
of  optimization.  Our  strategy  is  to  use  a  common  technique  of  problem  manipulation  from 
mathematical  programming  which,  in  the  terminology  of  |Geof70),  is  called  projection.  Simply 
stated,  projection  involves  partitioning  the  original  set  of  design  variables  (say  into  the  sets  X 
and  Y),  fixing  y  in  Y  and  optimizing  the  resulting  problem  for  x  in  X  (which  yields  a  function 
of  y  which  we  call  v(y)),  and  then  optimizing  v(y)  over  the  set  Y.  In  the  problem  PF3,  the 
variables  of  optimization  may  be  naturally  partitioned  into  the  routing  variables  (p,;t)  and  the 
traffic  level  a.  Our  solution  strategy  is  to  alternately  solve  for  {p,)k }  with  a  fixed,  and  then 
solve  for  o  with  {pl;i}  fixed.  This  procedure  illustrates  possible  interaction  between  routing  and 
flow  control,  as  we  are  simply  alternating  between  finding  the  optimal  routing  (in  terms  of 
power)  for  a  given  flow  and  finding  (he  optimal  flow  for  a  given  routing.  Such  interplay 
between  routing  and  flow  control  has  been  examined  before,  for  example  in  |Gerl80aJ  in  the 
context  of  a  closed  network  model  of  a  virtual  circuit  network. 

Let  us  consider  these  two  steps  in  our  proposed  solution  procedure  in  more  detail.  The 
routing  step  involves  finding  the  routing  which  maximizes  power  for  a  given  traffic  level  a.  In 
this  case,  the  traffic  matrix  {7;t}  is  constant,  and  the  throughput  of  the  network  7  is  also 
constant  Since  P  ~i/T  and  7  is  constant,  maximizing  power  is  equivalent  to  minimizing  total 
average  system  delay  T.  Thus  the  routing  step  involves  finding  the  routing  which  minimizes 
delay  for  a  given  traffic  matrix.  This  problem  is  simply  the  flow  assignment  problem  (FA) 
which  has  been  discussed  at  length  in  (Fral73j.  Any  {pI;t}  which  minimizes  T  yields 
corresponding  flows  (X,}from  equation  (4.2).  These  flows  minimize  T  subject  to  the  constraint 
that  the  X,  represent  a  multicommodity  flow.  Thus  we  can  recover  optimal  {X,}  from  the 
optimal  {p1;i}.  However,  we  cannot  necessarily  argue  in  the  other  direction;  for  if  (X.)  minim¬ 
izes  T  (subject  to  the  constraint  of  representing  a  multicommodity  flow),  there  may  be  several 
routings  which  yields  such  flow  values.  But  using  a  solution  procedure  called  the  flow  deviation 
algorithm  described  in  [Frat73|,  such  a  routing  can  be  obtained  (in  the  form  of  a  routing  table) 
as  a  byproduct  of  the  determination  of  the  optimal  flows.  We  wish  to  optimize  with  respect  to 
the  channel  flows  X,,  because  we  obtain  a  convex  cost  multicommodity  flow  problem.  As  men¬ 
tioned  in  chapter  1,  this  type  of  problem  has  been  studied  extensively,  and  several  solution 
techniques  are  known.  We  use  the  flow  deviation  algorithm,  since  it  may  be  easily  modified  to 
also  yield  routing  tables  (i.e.,  the  {p,;t}). 

The  flow  control  step  is  simply  an  instance  of  PF4,  the  solution  of  which  we  have  dis¬ 
cussed  above.  This  problem  is  a  single  variable  optimization  problem,  and  it  involves  finding 
the  root  of  equation  (4.19)  within  the  appropriate  feasible  interval.  Thus  it  may  be  solved 
easily  by  any  root  finding  procedure. 


Let  us  then  describe  a  strategy  for  attempting  to  solve  problem  PF3. 

Initial  Step 

We  first  find  a  scaling  factor  a(0)  which  yields  an  initial  feasible  solution.  Unlike  the  case  of 
some  optimization  problems  (for  example,  the  flow  assignment  problem),  such  an  initial  feasi¬ 
ble  solution  always  exists.  We  simply  scale  the  given  relative  traffic  matrix  downward  until  a 
feasible  traffic  pattern  is  obtained.  For  example,  set  a  =  1  and  arbitrarily  assign  all  r,t  traffic  to 
a  fixed  path  from  node  j  to  node  k.  After  this  is  done  for  all  source-destination  pairs  ( j,  k), 
we  scale  the  traffic  down  until  all  channel  capacity  constraints  are  met.  (We  have  not  con¬ 
sidered  the  problem  of  the  best  way  of  choosing  an  initial  feasible  solution.  An  analysis  of  this 
type  is  valuable  in  terms  of  the  convergence  properties  of  an  algorithm;  we  mention  that  such  a 
study  wan  conducted  in  (Cour80)  for  the  flow  assignment  problem.)  After  a(0)  has  been  deter¬ 
mined,  calculate  the  power  F*°\  Iterations  are  now  performed  which  consist  of  both  a  routing 
step  and  a  flow  control  step.  We  proceed  to  the  routing  step  of  the  first  iteration. 

Routing  Step 

The  optimization  problem  to  be  solved  is  a  convex  cost  multicommodity  flow  problem.  For 
iteration  t  + 1,  perform  the  flow  deviation  algorithm  to  find  the  optimal  routing  for  the  given 
traffic  matrix  {a(,)r,t}.  Call  the  resulting  routing  fractions  {p,<*+,)}.  Calculate  the  ratios 
r('+i)  —  ££pl}t+1)rJ*,  which  are  constant  for  this  routing.  Go  to  the  flow  control  step  for 

j  * 

iteration  I  + 1. 
flow  Control  Step 

The  optimization  problem  to  be  solved  at  this  step  is  an  instance  of  PF4.  For  iteration  1  +  1, 
solve  the  single  variable  problem  which  involves  finding  the  root  of  the  polynomial  given  in 
equation  (4.19).  Call  the  resulting  traffic  level  7(,+,).  Note  that  there  is  a  unique  root  in  the 
feasible  interval  0<7  <  ^  min^/i( C,/f?,^,+1*),  because  P  is  a  strictly  concave  function  for  prob¬ 
lem  PF4.  Also  note  that  are  known  quantities  obtained  from  the  previous  routing  step, 

and  represent  the  fraction  of  external  traffic  routed  over  each  channel  ».  We  now  check  to  see 
if  the  algorithm  terminates. 

Stopping  Rule 

Calculate  the  value  of  power  for  iteration  1  +  1,  which  we  call  F*t+l\  If  p<()  |  <  £( 

where  e  is  a  tolerance  parameter,  then  stop.  Otherwise,  go  to  the  routing  step  of  the  next  itera¬ 
tion  1  +  2. 


Each  iteration  involves  two  steps.  The  routing  step  decreases  total  mean  system  delay 
under  constant  throughput  and  thus  increases  power.  The  flow  coni.ro!  step  either  increases 
both  throughput  and  delay  or  decreases  both  throughput  and  delay  while  increasing  power  (it 
searches  for  the  knee  of  the  (7,  T)  curve  defined  in  PF4).  Thus  after  each  iteration  the  value 
of  power  has  increased.  Figure  4.4  shows  a  family  of  throughput  delay  curves  and  a  possible 
pattern  of  values  for  7  and  T  obtained  from  this  algorithm. 


Figure  4.4  Convergence  Path  for  PF3  Algorithm 

The  value  of  power  at  a  point  (7,  T)  is  the  reciprocal  of  the  slope  of  a  line  through  the  origin 
which  passes  through  that  point.  Thus  such  lines  are  curves  of  constant  power.  Since  the 
smaller  the  slope  the  higher  the  power,  we  wish  to  find  points  as  near  to  the  7  axis  and  as  far 
from  the  T  axis  as  possible  which  are  on  the  knee  of  some  throughput  delay  curve.  Note  from 
Figure  4.4  that  for  the  routing  step,  we  And  the  smallest  T  curve  for  that  fixed  throughput. 
Then  for  the  flow  control  step,  we  simply  find  the  knee  of  the  T  curve  determined  in  the  rout¬ 
ing  step.  Thus  we  "go  down”  to  the  appropriate  T  curve  and  then  slide  along  it  (in  one  of  the 
two  directions)  until  we  find  its  knee.  We  see  that  the  resulting  slopes  of  the  lines  through  the 
origin  to  the  knee  of  the  curves  decrease,  and  so  the  power  Increases.  We  now  recall  that  the 
parallel  net  which  modeled  a  single  user  with  multiple  paths  is  an  instance  of  PF3,  and  so  the 
results  of  chapter  3  apply.  Thus  the  power  function  under  consideration  (for  a  particular 
instance  of  PF3)  may  not  be  concave  or  may  have  more  than  one  critical  point.  Since  the 
above  algorithm  searches  for  critical  points,  it  may  be  necessary  to  perform  it  with  several 
different  feasible  initial  points. 


108 


Formulations  PF1  and  PF2  are  much  harder  to  solve.  One  approach  is  to  reduce  the 
problem  to  PF3  in  the  case  of  PF1  or  to  PF4  in  the  case  of  PF2.  Various  relative  traffic 
matrices  could  be  tried,  and  the  corresponding  values  of  power  for  each  of  them  could  be  com¬ 
pared.  Perhaps  results  for  previous  {r;i}  could  be  used  to  help  guide  the  choice  of  the  next 
relative  traffic  matrix.  In  the  case  of  formulation  PF2,  each  relative  traffic  matrix  yields  an 
instance  of  PF4,  which  simply  involves  a  single  variable  root  finding  problem.  The  polynomial 
given  in  equation  (4.10)  will  always  be  used,  but  the  fractions  /?,  will  change  with  the  choice  of 
the  relative  traffic  matrix.  For  PFl,  each  relative  traffic  matrix  yields  an  instance  of  PF3.  The 
algorithm  described  above  involving  both  routing  and  flow  control  steps  could  thus  be  used  in 
attempting  to  solve  PFl.  More  needs  to  be  done  in  analyzing  these  two  more  complicated 
optimization  problems. 

4.2  Other  Definitions  at  Power 

In  the  first  part  of  this  chapter,  the  problem  of  optimizing  power  was  studied  for  net¬ 
works  with  a  general  topology.  Several  optimization  problems  (denoted  PFl,  PF2,  PF3,  and 
PF4)  were  formulated  with  global  network  power  P  —  7/r  as  the  objective  function  in  each 
case.  We  attacked  the  difficulty  of  the  power  problem  for  general  network  topologies  by  chang¬ 
ing  the  problem  formulation  (constraints  and/or  decision  variables)  while  keeping  the  same 
performance  measure.  In  the  remainder  of  this  chapter  we  focus  our  attention  on  the  objective 
function  power  itself.  We  review  several  different  definitions  of  power  which  have  appeared  in 
the  literature  in  addition  to  that  of  Giessler  and  extend  them  to  general  network  settings.  One 
particular  performance  measure,  first  introduced  by  Kleinrock,  still  has  physical  meaning  as  a 
throughput  delay  tradeoff  function  and  still  retains  the  desirable  properties  of  power  for  the 
simple  systems  of  chapter  2,  but  it  yields  a  more  satisfying  solution  for  more  general  network 
problems. 

4.2.1  A  Continuum  at  Power  Functions 

In  the  previous  sections  of  this  chapter  several  optimization  problems  were  studied  for 
which  power  P  “7/T1  was  the  objective  function.  Although  formulations  involving  a  relative 
traffic  matrix  were  dealt  with  successfully,  the  most  general  problems  (PFl  and  PF2)  remained 
difficult  to  solve.  We  now  consider  other  power  functions,  all  of  which  give  the  same  results 
for  the  problem  PF4  as  those  of  P  above,  but  which  will  hopefully  allow  us  to  attack  the  more 
difficult  problems  PFl  and  PF2.  Of  course  we  also  must  preserve  the  desirable  physical  charac¬ 
teristics  of  P  as  a  throughput-delay  tradeoff  function  which,  when  maximized,  directs  us  to 
operate  at  the  knee  of  the  (7,  T)  curve. 

We  begin  by  reviewing  several  definitions  of  power  which  have  previously  appeared. 
The  objective  function  which  has  been  studied  in  chapters  2,  3,  and  4  of  this  work  for  various 
network  topologies  and  under  different  problem  formulations  was  introduced  by  Giessler  and 
his  colleagues  [Gies78] .  It  is  simply  defined  as 
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where  7  is  the  system  throughput  and  T  is  the  mean  system  delay.  Since  throughput  is  a  desir¬ 
able  quantity  while  delay  is  not,  an  appropriate  performance  measure  for  a  computer  network 
would  be  one  which  maximizes  throughput  and  minimizes  delay.  We  see  that  Giessler’s 
definition  of  power  incorporates  both  features  into  a  single  function. 

Independently  (and  in  fact  prior  to  the  work  of  Giessler)  Nakamura  and  his  colleagues 
introduced  a  power  function  in  the  paper  (Yosh77|  (published  in  Japanese)  and  analyzed  it  for 
several  queueing  systems.  Their  definition  was  motivated  by  a  correspondence  they  developed 
between  computer  networks  and  electrical  networks.  The  function  which  they  introduced 
corresponded  to  power  in  an  electrical  network,  and  thus  the  new  objective  function  was  also 
called  power.  Nakamura  and  his  colleagues  have  recently  written  a  paper  in  English  |Yosh8l] 
which  summarizes  their  results  on  power.  We  now  motivate  their  power  definition  by  consider¬ 
ing  a  single  server  queueing  system.  The  average  delay  T  of  a  customer  is  the  sum  of  W,  the 
mean  time  spent  waiting  in  queue  (wasted  time),  plus  z,  the  average  time  spent  actually  being 
served  (time  spent  in  meaningful  work).  Thus  a  favorable  objective  is  to  maximize  the  fraction 
of  useful  time  spent  in  the  system  z/7\  which  is  the  same  as  minimizing  the  reciprocal  T/x. 
They  therefore  define  power  as 

(4 

so  that  (for  a  single  server  queueing  system) 

PN  —  Pc* 


We  note  that  neither  of  the  above  two  power  functions  is  normalized.  A  third 
definition  of  power  which  normalizes  the  parameters  7  and  T  in  a  suitable  fashion  was  intro¬ 
duced  by  Kleinrock  in  [Klei79]  for  a  single  server  queueing  system.  In  the  context  of  a  pure 
delay  system,  Kleinrock  substituted  the  system  efficiency  p  for  the  throughput  7  and  normal¬ 
ized  the  delay  as  T/x.  His  definition  is  then 


Pk 


_ 

T/x  T 


(4.37) 


so  that  (for  a  single  server  queueing  system) 


PK  -P*z  -Pc(*)2 


Of  course,  for  single  server  (pure  delay)  queueing  systems,  z  is  constant,  and  so  points  where 
the  derivative  with  respect  to  7  is  zero  are  the  same  for  all  three  functions.  Thus  these  three 
functions  are  maximized  for  the  same  value  of  7  at  the  knee  of  the  (7,  T)  curve.  All  the 
interesting  relationships  for  c'le  server  systems  derived  above  for  PG  (such  as  Kleinrock’s 
result  that  N*  for  M/G/l)  also  hold  for  Ps  and  P*. 


Let  as  try  to  extend  these  three  definitions  of  power  to  arbitrary  networks.  We  first 
note  that  Giessler’s  definition  applies  equally  well  to  a  general  network.  In  fact  Kleinrock 
[Klei78aj  and  Bharath-Kumar  [Bhar80j  studied  Pq  for  tandems  while  Jaffe  and  Bharath-Kumar 
|  Jaff81,  Bhar8l]  analyied  ii  for  more  general  networks.  However,  the  other  two  power  func¬ 
tions  were  defined  only  for  a  single  node  network  (single  server  system).  In  order  to  extend 
P s  m<i  Pk  to  111  arbitrary  network,  we  must  determine  the  system  parameter  which  naturally 
corresponds  to  the  mean  service  time  x.  We  observe  that,  as  a  message  travels  through  a  com¬ 
puter  network,  the  average  time  it  spends  in  the  network  is  the  sum  of  the  time  it  spends  wait¬ 
ing  in  the  various  nodes  for  a  free  channel  plus  the  time  it  spends  actually  being  transmitted 
over  the  channels  of  the  net  We  may  write  T  **•  W  +  x  where  W  is  the  mean  waiting  time  of 
a  message  and  x  is  its  mean  service  time.  Thus  x  may  be  defined  as  the  mean  time  it  takes  for 
a  message  to  travel  through  the  network  if  no  other  messages  were  present  (i.e.,  if  the  network 
were  empty).  From  this  definition  we  have 


x 


(4.38) 


where  I,  is  the  mean  time  required  to  traverse  the  ith  channel  (so  that  J,  =  b/C,  =l//iC,  for 
exponential  message  lengths  of  average  b  »1/m  bits).  Of  course  we  also  have 

(4.39) 

1^  I 


where  W,  is  the  mean  waiting  time  at  channel  ».  Adding  equations  (4.38)  and  (4.39)  together, 
we  obtain 


r  =  w  +  i=£— (w.+r.) 

T 

which  yields  the  familiar  result  [Klei64] 

**  X, 

r  =  E— r,  (4.40) 

I  Mi  » 

where  T,  is  the  mean  delay  for  channel  i. 


Using  this  definition  of  x  we  can  extend  PN  and  PK  in  the  following  way.  We  set 

PN  **PGx  =*■ 


which  is,  using  equations  (4.38)  and  (4.40), 


7 £ 
T 


By  Little’s  result  and  the  definition  of  p,  we  have 


Similarly  we  write 


Pn 


Pk  -Pc(r)!-Pwr 


Therefore,  using  equation  (4.41),  we  have 


and  so,  by  equation  (4.38)  and  the  definition  of  p,, 


u  2 

(5>.) 


Thus,  as  in  the  single  server  case,  we  have 

Pk  -<P„J-Pg(z)5 


(4.42) 


(4.43) 


Therefore,  any  power  problem  solved  previously  with  PG  as  the  objective  function  for  which  x 
(as  defined  in  equation  (4.38))  is  constant  also  yields  the  same  optimal  power  point  for  PN  and 
PK  (although  the  optimal  function  value  will,  in  general,  be  different).  In  fact  this  argument 
also  holds  for  the  continuum  of  functions  of  the  form 


(4.44) 


where  *  is  a  real  number  (note  that  P{ o)  m‘PG>  P{ i)  =*Pn  and  P(2)  "•Pk).  Since  x  is  constant 
for  a  single  node  net  (single  server  queueing  system),  ail  results  derived  above  for  PG  hold 
equally  well  for  Pn  and  Pk  (and  any  /*(,)).  For  example,  all  of  these  functions  are  maximized 
at  the  knee  of  the  throughput-delay  curve  for  single  server  systems,  and  Kleinrock's  “keep  the 
pipe  full”  result  for  the  M/G/l  queueing  system  (see  equation  (2.4)  of  chapter  2)  also  holds 
when  any  of  these  other  power  functions  are  maximized. 


We  next  observe  that  for  a  series  network  all  messages  traverse  every  channel  in  the 
tandem,  and  therefore  I  is  constant  for  such  a  network  topology  as  well  (J  is  simply  the  sum 
of  all  the  channel  transmission  times).  Thus  all  our  earlier  results  for  series  networks  (both 
M/M/1  and  M/D/1)  also  hold  for  Pn  and  Pk  (and  all  P/,)).  Since  x  is  constant  for  the 


M/G/l  parallel  network  studied  in  chapter  2  (J  =  £]/>,*,),  the  results  for  this  configuration 

also  hold  for  these  definitions  of  power.  We  now  show  that  all  results  determined  for 
Giessler’s  power  function  Pa  for  the  formulation  PF4  defined  earlier  in  this  chapter  also  hold 
for  PN  and  PK.  We  need  only  show  that  z,  as  defined  in  equation  (4.38),  is  constant  for  prob¬ 
lem  PF4.  Using  the  definition  R,  =*X,/7  from  equation  (4.10)  in  equation  (4,38)  yields 

u 

I  **'£lRlx,  (4.45) 

Recalling  that  R,  is  constant  for  PF4  we  see  that  x  is  also  constant  for  formulation  PF4.  Thus 
all  results  for  PF4  (and  those  for  PFl,  PF2,  and  PF3  that  had  a  proof  depending  on  PF4)  hold 
equally  well  with  Ps  or  P*  (or  P(,j  for  any  real  number  «)  as  the  objective  function  of  the  for¬ 
mulation.  Therefore,  we  observe  that  Theorems  4.1,  4.2,  4.3,  4.4,  and  4.5  are  also  true  for 
these  other  performance  measures. 

We  have  seen  that  any  of  the  above  functions  will  be  maximized  at  the  knee  of  a 
(7,  T)  curve.  In  the  case  of  PF4,  there  is  only  one  curve  to  consider,  so  that  the  maximum  is 
identical  when  any  of  these  objective  functions  is  used.  However,  this  is  no  longer  the  case  for 
the  other  formulations  PFl,  PF2,  and  PF3.  Although  the  global  maximum  will  be  at  the  knee 
of  some  throughput  delay  curve,  the  exponent  on  1  in  equation  (4.44)  will  determine  the  glo¬ 
bally  optimal  traffic  and  routing  (i.e.,  which  throughput  delay  curve  is  selected).  Different 
choices  of  the  objective  function  will  give  different  curves;  but  always  a  knee  of  a  (7,  T)  curve 
will  be  chosen.  Of  course  for  topologies  for  which  each  user  has  only  one  possible  routing 
(such  as  trees),  problem  PF3  reduces  to  PF4  and  all  performance  measures  will  be  maximized 
at  the  same  point.  We  also  note  that  by  Theorems  4.1  and  4.3,  for  any  formulation,  PN  and  PK 
(and  any  P(,))  are  maximized  at  a  point  (which  will  be  different  for  the  different  functions) 
where 

S  K  -  IF.? 

i«4 

and  so 

N*  <  M 

for  any  of  these  power  functions.  But  we  observe  that  M *,  the  number  of  channels  with  non¬ 
zero  flow  at  the  optimal  solution,  may  be  different  for  different  definitions  of  power. 

Along  with  the  above  properties  that  are  preserved  for  all  the  various  power  functions, 
there  are  some  properties  which  do  not  carry  over.  We  first  recall  that  the  value  of  (Giessler’s) 
power  at  a  point  (7,  T)  on  the  throughput-delay  curve  is  the  reciprocal  of  the  slope  of  a  line 
through  the  origin  to  that  point  We  observe  that  this  property  is  not  retained  by  Ps  or  Ps 
We  see  that  the  slope  m  of  aline  through  the  origin  to  a  point  on  the  (7,  T)  curve  satisfies 
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1  Pn  Pk 

Although  the  value  of  PK  is  do  longer  the  reciprocal  of  the  slope,  we  note  that  it  still  is  maxim¬ 
ized  when  the  slope  is  minimized  (i.e.,  at  the  knee  of  the  curve).  This  is  because  x  is  constant 
and 


The  same  argument  holds  for  PN  (or  any  P(,)  with  t  ^  0). 

We  next  observe  that  the  solution  procedure  for  PP3  given  earlier  in  this  chapter  can¬ 
not  be  applied  to  the  functions  PN  or  PK.  This  is  because  the  analysis  of  the  routing  step 
which  facilitated  the  use  of  the  flow  deviation  algorithm  is  no  longer  applicable.  That  is,  we  no 
longer  obtain  a  flow  assignment  problem  as  part  of  the  routing  step  when  these  other  definitions 
of  power  are  used.  For,  consider  the  optimization  problem  of  finding  the  routing  {pi;t}  which 
maximizes  (some  notion  of)  power  for  a  fixed  traffic  matrix  {7;*}-  For  Giessler’s  definition  it 
was  observed  that  maximizing  PG  in  this  case  is  equivalent  to  minimizing  delay  T,  and  so  this 
problem  reduces  to  the  classical  flow  assignment  problem  with  the  fiow  deviation  algorithm  as  a 
solution  procedure.  For  problem  PF3,  the  average  service  time  x  is  no  longer  constant,  and  so 
the  maximization  of  PK  (or  PN)  under  the  assumption  of  a  fixed  traffic  matrix  is  not  equivalent 
to  the  minimization  of  T.  Thus  the  problem  (encountered  in  the  routing  step)  of  finding  the 
optimal  routing  for  a  given  traffic  matrix  is  not  equivalent  to  the  fiow  assignment  problem,  and 
so  the  approach  outlined  above  in  this  chapter  for  the  solution  of  PF3  is  no  longer  valid. 

Let  us  illustrate  this  point  with  an  example.  Consider  an  M/M/l  parallel  network  with 
two  channels,  which  represents  a  single  user  with  two  different  paths  for  his  messages.  Let  us 
study  the  problem  of  maximizing  power  for  this  simple  network  under  the  following  assump¬ 
tions.  We  assume  that  channel  1  has  capacity  4(7  while  channel  2  has  capacity  C.  We  also 
assume  that  the  traffic  matrix  (which  is  equivalent  to  the  throughput  since  there  is  only  one 
user)  is  a  given  quantity  and  is  equal  to  7J2  =*7  =  (5pC)/2.  As  discussed  in  section  4.1.1,  if 
we  use  PG  as  our  performance  measure,  then  the  problem  is  simply  an  instance  of  the  flow 
assignment  problem.  However,  we  now  let  PK  be  our  objective  function,  and  consider  two 
different  routings  of  the  traffic.  If  all  of  the  traffic  is  put  on  the  fast  channel  (X,  =  (5pC)/2 
and  X2=0),  then  T  =  2/(3/i(7)  and  x  =  l/(4pC).  Therefore  we  find  PK  =16/64  for  this 
routing.  If  we  route  the  traffic  so  that  the  efficiency  of  both  channels  is  1/2  (X,  =2 pC  and 
X2=(pC)/2),  then  T  ^A/(SpC)  and  x  =  2/(5/i C).  In  this  case  we  find  PK  =1/2;  although 
the  average  delay  T  is  higher  for  the  second  routing,  the  value  of  PK  is  also  higher,  unlike  the 
behavior  of  PG.  We  remark  that,  by  results  derived  below,  the  latter  routing  where  p,  =1/2 
for  both  channels  is  in  fact  globally  optimal  for  PK. 
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Despite  some  of  the  negative  aspects  given  above  when  choosing  a  power  function 
different  from  PG,  one  particular  choice  yields  desirable  results  for  several  formulations  from 
the  first  part  of  this  chapter.  We  choose  PK  which  generalizes  Kleinrock’s  power  function  to  an 
arbitrary  network.  We  first  rewrite  equation  (4.42)  solely  in  terms  of  p,.  Since 
N,  =*p,/(l-  p i)  for  M/M/l,  this  equation  becomes 


Pk 


U  2 


(£*) 


£ 


p, 

i-  p  i 


(4.46) 


Considered  in  terms  of  the  channel  utilizations  p,,  the  objective  function  PK  is  identical  for  all 
formulations  and  all  network  topologies,  unlike  the  power  function  PG  studied  in  chapters  pre¬ 
viously.  This  is  because  the  throughput  7  has  "dropped  out”  of  PK  in  equation  (4.46),  while  it 
is  present  in  the  expression  for  PG.  Thus  the  interdependencies  of  the  p,  for  a  particular  prob¬ 
lem  and  network  (due  to  flow  conservation  at  the  nodes,  whether  the  relative  traffic  matrix 
and/or  routing  is  given,  etc.)  appear  in  the  function  PG  but  not  in  PK.  This  is  why  the  func¬ 
tion  PG  (considered  as  a  function  of  p,)  will,  in  general,  be  different  for  different  networks  and 
formulations.  If  we  use  PK  as  the  power  function,  all  networks  and  formulations  give  optimiza¬ 
tion  problems  with  the  same  objective  function;  only  the  constraints  of  the  optimization  prob¬ 
lem  differ.  We  can  thus  compare  various  network  topologies  to  each  other  when  using  PK, 
whereas  with  PG  our  interest  is  in  comparing  different  possible  operating  points  with  respect  to 
power  for  the  same  network. 


The  function  PK  also  occurs  naturally  from  another  point  of  view.  Let  us  consider  per¬ 
formance  measures  of  the  form 

P.  .Zlilii 

'  T/I 

where  /  is  a  function  of  the  traffic  matrix.  Note  that  if 

N  N 

=*££7;t  “7 

then  we  obtain  Nakamura’s  power  function  Ps  Let  us  try  to  choose  an  /  from  fairness  con¬ 
siderations.  We  know  that  users  whose  messages  traverse  slow  channels  experience  larger 
mean  delay,  and  therefore  may  be  assigned  zero  throughput  in  an  optimal  (unfair)  solution. 
Toward  obtaining  a  fair  solution,  let  us  weight  the  individual  throughputs  7 ]k  by  the  time  spent 
in  transmission.  We  define  xjk  to  be  the  average  time  that  the  (;,  k)  traffic  spends  actually 
being  transmitted  over  the  various  channels  in  its  journey  through  the  net.  Thus 

u 

x]i  =  S  Pijt  xi 

1-4 


where,  as  above,  p,jk  is  the  fraction  of  7;t  traffic  which  uses  channel  i.  Now  define  /  by 


Then  we  have 
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which,  using  equations  (4.2)  and  (4.38),  becomes 
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Using  this  definition  of  /  we  have 
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Thus  fairness  considerations  have  yielded  Kleinrock’s  power  function,  and  it  seems  a  natural 
performance  measure  to  examine. 


4.3.3  Power  a t  the  M/M/1  Parallel  Network  (for  PK) 


We  now  solve  the  parallel  network  problem  of  chapter  3  using  the  objective  function 
PK-  We  recall  that  this  problem  can  be  viewed  as  an  instance  of  the  most  general  formulation 
PFl  from  the  first  part  of  this  chapter.  We  also  recall  that  the  optima]  solution  of  this  network 
for  PG  was  unfair,  was  quite  complicated  to  derive,  and  had  the  property  that  local  power  was 
not  equal  to  global  power.  The  model  we  consider  is  that  of  an  M/M/l  parallel  network  with 
M  channels  and  no  restriction  on  the  routing  of  messages  through  the  net  We  wish  to  find 
channel  flows  X,  for  1  <  »  <  A/  which  maximize  P^.  This  yields  a  multi-varia bit  optimization 
problem  with  M  unknowns.  We  will  find  all  critical  points  of  PK  (points  with  yPK  =0)  and 
compare  them  with  the  maximal  boundary  point  as  in  chapter  3.  To  this  end,  we  first  find  the 
M  partial  derivatives  of  PK  with  respect  to  the  channel  flows.  We  may  write  equation  (4.42)  in 
terms  of  X,  as 

V  2 

(Ex-*.) 
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E  x.t; 

i>4 

Taking  the  partial  derivative  of  PK  with  respect  to  X;  gives 

U  U  U  2  JT 
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If  we  assume  that  v”/c  “0.  then  dPK/d\j**0  for  all  l<j<M.  Thus  we  have  (using 
i;=l//i<7;) 


„  2£x,r, 

,"^(x,-jr-  +  r,)--£ - (eC,)(x,— i-  +  r,)  Vj.t 

£x,i;  ‘*x* 


(«■«) 


Since  we  assume  that  each  channel  acts  as  an  M/M/1  queueing  system,  we  may  use  equation 
(3.5)  of  chapter  3  which  states  that 

X  dT]  |  T  -  1  1 

>d\,  1  tiC,  (1-P;)‘ 

Substituting  this  expression  into  equation  (4.47)  yields 


d-P,)*  gX(J!  d-Pt)5 


(4.48) 


Therefore,  for  vPK  =0,  we  must  have 


P;  =Pt  Vj,  k 


and  thus 


V;',  k 

Using  equations  (4.49)  and  (4.50),  we  Bnd  that  equation  (4.48)  simplifies  to 

2MNX  _  ! 

"Pi  ““(l-P.)2 

Since  N  =p/(l-  p)  for  M/M/1,  we  find 


(4.49) 


(4  50) 


1  “  Pi  ( 1  -  Pi)a 
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and  so 

Ni- 1 

Thus  p ,  = ) /2  and  /V,  =  1  for  all  1  <  i  <  M  at  this  (unique)  interior  critical  point  of  the  func¬ 
tion  Pfc ,  and  the  corresponding  function  value  is 

p-<«/2|*  -M 
K  M  i 

As  in  chapter  3,  we  must  also  find  the  optimal  boundary  point;  this  occurs  when  one  of  the  X,  is 
zero.  Therefore  we  consider  a  parallel  network  with  M  -  1  channels,  and  by  the  above  analysis, 
the  optimal  boundary  point  will  be  such  that  p,  =1/2  for  all  these  M  -  1  channels.  Thus  the 
optimal  boundary  point  will  yield  a  function  value  of  PK  =(A/  -  l)/4,  and  so  the  critical  point 
of  PK  is  globally  optimal. 

We  have  shown  the  following 

Theorem  4.6 

For  the  M/M/1  parallel  network  (with  unknown  routing),  the  channel  utilization t  which  max¬ 
imize  the  power  function  PK  are 

Vl<i<A/  (4.51) 

We  also  have  the  following 
Theorem  4.7 

For  tl.,  M/M/1  parallel  network  (with  unknown  routing),  the  average  number  of  messages  at 
each  channel  when  PK  is  maximized  is 

1  V 1  <  »'  <  A/  (4.52) 

This  theorem  extends  Kleinrock's  ‘‘keep  the  pipe  full”  result  to  the  M/M/1  parallel  system 
with  unknown  routing.  We  note  that  the  undesirable  properties  of  the  optimal  solution  for  this 
network  when  PG  was  maximized  have  here  vanished.  The  optimal  solution  for  PK  is  fair  (it  is 
as  fair  as  possible),  while  global  power  and  local  power  are  now  the  same.  For  PK,  the  utiliza¬ 
tions  of  the  individual  channels  have  taken  on  greater  weight  in  the  objective  function.  This  is 
reflected  in  the  optimal  solution,  because  every  channel  is  utilized  at  the  same  level  regardless 
of  the  speed  of  the  channel. 

Let  us  now  consider  formulations  PFl,  PF2,  and  PF3  with  objective  function  PK  for  a 
general  network  topology.  The  optimization  problem  for  the  parallel  network  considered  above 
is  an  instance  of  PFl,  and  the  only  constraints  of  this  problem  are  that  each  p,  be  between  zero 
and  one.  We  note  that  the  feasible  region  for  that  particular  problem  consists  of  the  set  of  all 
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Af -dimensional  vectors  p  —  (p j,  .  .  .  ,pu)  such  that  0<  p,  <  1  for  all  1  <  i  <  A/,  while  the 
objective  function  is  given  solely  in  terms  of  the  p ,  in  equation  (4.46).  Formulations  PFl, 
PF2,  and  PF3  for  general  network  topologies  will  have  the  same  objective  function  as  given  iu 
equation  (4.46),  but  the  feasible  region  will  be  a  subset  of  the  feasible  region  for  the  parallel 
network.  The  constraints  imposed  by  the  particular  topology  of  the  network  and/or  by  the  for¬ 
mulation  being  considered  (given  routing  or  relative  traffic  matrix)  will  reduce  the  set  of  px 
which  are  feasible.  If  we  consider  an  arbitrary  network  and  disregard  these  extra  constraints, 
we  obtain  the  parallel  network  optimization  problem.  If  the  optimal  solution  to  the  parallel  net¬ 
work  is  feasible  for  the  particular  network  we  are  examining,  then  it  must  be  optimal  for  this 
other  network  also.  That  is,  if  the  vector  given  by  p,  =1/2  for  all  i  is  feasible  for  a  particular 
network  problem,  then  it  is  optimal.  This  says  that,  if  it  is  at  all  possible  to  "keep  the  pipe  full" 
based  upon  the  constraints  imposed  by  the  topology  and/or  formulation,  then  the  optimal  pol¬ 
icy  is  to  do  just  that.  Also  note  that  for  such  a  network  problem,  P%  —  A//4.  Therefore,  for 
any  network  with  M  channels  and  any  formulation,  we  must  have  that  P£  <  A//4. 

4.2.3  Examples 

We  now  give  several  examples  of  network  problems  such  that  N,  —  1  for  all  i  is 
optimal  ("keep  the  pipe  full").  We  have  shown  that  the  parallel  network  with  arbitrary  chan¬ 
nel  capacities  is  such  an  example,  while  the  series  network  with  equal  channel  capacities  is 
another  obvious  example.  A  third  interesting  example  is  a  unidirectional  ring  with  M  nodes 
and  M  channels,  all  channels  having  the  same  capacity  C.  We  assume  channel  i  connects 
nodes  i  and  i  +  1  for  1  <  •  <  M  -  1,  and  that  channel  M  connects  node  M  and  node  1  (the 
case  of  six  nodes  is  illustrated  in  Figure  4.5). 


Figure  4.5  A  Unidirectional  Ring  Network 

Here  we  consider  an  instance  of  PFl;  we  wish  to  find  the  traffic  matrix  {7^}  which  optimizes 
Pk •  Every  source-destination  pair  (j,  k)  with  jL  k  corresponds  to  a  user,  so  that  there  are 
M(M  -  1)  total  users  of  the  ring.  Each  user  has  a  unique  path  that  his  messages  take  through 
the  net  Thus  no  alternate  routing  is  possible,  and  as  discussed  in  chapter  4,  PFl  reduces  to 
FF2.  We  now  ask  if  there  is  a  traffic  matrix  which  yields  p ,  —1/2  for  all  channels  i.  If  such  a 
traffic  matrix  exists,  it  must  be  optimal  by  the  above  arguments. 
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Let  us  first  consider  a  uniform  traffic  matrix  (all  7^  identical).  We  have  that  channel  t 
connects  node  i  to  node  i  +  1,  and  we  now  calculate  the  number  of  paths  which  use  channel  i. 
Since  there  is  no  traffic  from  a  node  to  itself,  there  are  A/-  1  paths  using  channel  i  for  traffic 
originating  at  node  i  (one  for  every  node  other  than  node  i).  Similarly,  there  are  M  -  2  paths 
which  use  channel  i  for  traffic  originating  at  node  i-  1.  Continuing  in  this  manner  we  see  that 
there  is  one  path  for  traffic  from  node  i  +  2  (namely  t  +  2  to  i  +  1),  and  there  is  no  path  over 
channel  i  for  traffic  originating  at  node  t  +  1.  Thus  the  total  number  of  paths  using  channel  t  is 

1  + - h(A/ -  1)  *=»(A/ -  1JA//2.  We  want />,  =1/2,  or  equivalently  X,  =(/iC)/2.  Since  X,  is 

the  sum  of  all  traffic  using  channel  i  and  {7;t }  is  uniform,  we  must  have 

[M  -  1)A/ 


where  1  <  ,7  y*  t  <M.  Equating  the  right-hand  expression  with  the  desired  quantity  (/iC)/2 


(A/-  1)  A/ 


Thus  the  external  input  to  any  node  j  is 


The  total  throughput  is 


1  1  M ; 


Of  course,  by  construction,  we  have 


Vi 


'•-i  Vi 

Thus  we  have  found  a  (uniform)  traffic  matrix  (7 ;t}  which  yields  a  “keep  the  pipe  full”  solu¬ 
tion,  and  so  by  the  above  discussion  it  must  globally  maximize  PK  for  the  formulation  PF1. 
Note  that  it  is  also  tne  global  optimum  for  problem  PF3  (which  is  equivalent  to  PF4  since  there 
is  no  alternate  routing)  when  the  given  relative  traffic  matrix  for  the  ring  is  uniform.  Note  also 
that  the  optimal  solution  is  fair,  since  all  users  receive  (the  same)  non-zero  throughput  The 
optimal  traffic  pattern  is  shown  in  Figure  4.6. 
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Figure  4.6  A  Fair  Optimal  Traffic  Pattern 


Although  the  above  (uniform)  traffic  matrix  optimizes  P *  for  PFl,  it  is  not  the  only 
optimal  solution.  A  second  optimal  point  is  given  by  the  non-uniform  traffic  matrix 


k  *«;(mod  M)  +  1 


otherwise 


In  this  case,  we  clearly  have 


Vi 


Thus  this  traffic  matrix  is  also  optimal  for  PFI  with  Pk  as  the  objective  function.  Note  that 
only  those  M  users  who  are  sending  messages  to  adjacent  nodes  have  non-zero  throughput. 
Therefore,  although  this  optimal  solution  does  "keep  the  pipe  full",  it  is  also  unfair.  The 
optimal  traffic  pattern  for  this  "selfish"  solution  is  shown  in  Figure  4.7. 
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Figure  4.7  An  Unfair  Optimal  Traffic  Pattern 
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We  have  given  several  examples  of  networks  which  have  p,  =1/2  for  all  i  as  the 
optimal  solution  using  objective  function  PK.  No  doubt  the  reader  can  think  of  other  such  net¬ 
works  for  which  “keep  the  pipe  full"  is  optimal.  If  we  assume  that  we  have  AS  channels,  each 
channel  having  the  same  capacity  C,  then  the  channels  may  be  arranged  in  a  parallel  system,  a 
tandem,  or  a  ring  and  the  resulting  networks  r/iil  have  the  same  optimal  solution  when  PK  is 
maximixed.  In  the  following  table  we  compare  the  values  of  several  system  parameters  at  this 
optimal  point  for  the  three  different  networks. 


parallel 

series 

ring 

(uniform) 

warn 

H 

Hi 

f(pc) 

H 

2 

2 

B 

pC 

WSam 

X 

1 

1 

nC 

pc 

B 

-L. 4uC)2 
4ATP  1 

>c>! 

PN 

f-(cC) 

b“c) 

fipC) 

m 

M 

M 

M 

M 

m 

4 

4 

4 

4 

Table  4.1 

This  table  shows  the  effect  of  the  term  x  in  the  objective  function.  Note  that  all  three  systems 
have  the  same  fraction  (1/2)  of  useful  work  to  total  delay  x/T.  This  is  no  surprise  since 

u 

5>. 

£  7£  ■-  M/2  £ 


In  this  section  we  have  examined  several  definitions  of  power.  We  have  seen  that 
choosing  a  measure  first  introduced  by  Kieinrock  yields  the  rule  of  thumb  that  (to  maximize 
PK)  one  should  always  operate  a  network  in  order  to  “keep  the  pipe  full”  as  long  »  the  con¬ 
straints  of  the  network  topology  and  problem  formulation  allow  this  to  be  achieved.  However, 
a  solution  which  maximizes  PK  and  does  “keep  the  pipe  full"  may  still  be  unfair. 
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CHAPTER  5 

Generalized  Power  for  Simple  Networks 


In  the  previous  three  chapters  of  this  dissertation  we  have  studied  several  types  of 
power  functions  for  various  network  topologies  and  several  optimization  problem  formulations. 
Each  of  these  power  performance  measures  incorporated  a  throughput-delay  tradeoff  in  the 
form  7 /T.  In  this  chapter  we  examine  an  extension  of  the  power  definition  which  was  first 
introduced  by  Kleinrock.  This  new  tradeoff  function  (actually  a  family  of  functions)  allows  the 
analyst  to  favor  throughput  over  delay  or  vice  versa.  We  study  this  family  in  terms  of  formula¬ 
tions  which  yield  simple  optim  ration  problems.  In  the  next  chapter  we  extend  our  analysis  to 
multi-variable  optimization  problems  of  the  type  studied  in  chapter  3. 

5.1  Generali  >ed  Power 


In  chapters  2,  3,  and  4  of  this  work  we  have  examined  the  throughput-delay  tradeoff 
functions  P G,  Ps  and  PK.  Each  of  these  three  power  functions  is  an  increasing  function  of 
throughput  and  a  decreasing  function  of  delay.  However,  the  relative  importance  of  throughput 
7  and  mean  delay  T  is  given  by  the  ratio  7 /T  in  all  three  cases.  Noting  this  restriction  on  the 
re'  ..onship  of  throughput  to  delay  imposed  in  these  definitions  of  power,  Kleinrock  |Klei79) 
introduced  a  family  of  functions  indexed  by  the  continuous  parameter  r  which  enables  the 
analyst  to  vary  the  importance  of  throughput  relative  to  delay  depending  on  the  particular  appli¬ 
cation.  This  new  tradeoff  function,  called  generalized  power,  was  defined  simply  as 


rK,r 


(5.1) 


where  r  is  a  positive  real  number.  The  restriction  that  r  be  positive  insures  that  this  new  per¬ 
formance  measure  is  an  increasing  function  of  throughput  For,  suppose  that  r  <  0,  and 
define  r'  £  -  r  so  that  r‘  >  0.  Then  Pk,t  =1  l'ir>T,  and  maximizing  PK  r  would  be  equivalent 
to  minimizing  ' j’>T ;  the  generalized  power  function  would  then  no  longer  be  an  increasing  func¬ 
tion  of  the  throughput  7,  and  the  optimal  solution  would  be  to  let  7  =0,  clearly  an  unaccept¬ 
able  situation.  Thus  we  will  always  restrict  r  to  be  positive. 


Although  the  definition  of  P^>r  is  an  extension  of  the  power  function  Pr,  we  may  also 
define  a  generalized  power  family  based  on  PG  as 

Pa,,  =  Xjr  (5.2) 

Note  that  large  values  of  r  indicate  that  throughput  is  preferred,  while  smaller  values  of  r  arc 


used  when  the  minimization  of  delay  is  of  prime  importance.  Also  note  that 
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K,r 


LUL 

T/I 


-PgA*) 


r+I 


so  that  both  extensions  yield  the  same  optimal  solutions  of  problem  formulations  for  which  I  is 
constant  In  this  chapter,  we  concentrate  on  such  optimization  problems,  and  thus  it  is  imma¬ 
terial  which  generalized  power  definition  we  use.  We  choose  to  examine  the  family  PCi,  and, 
for  notations!  convenience,  abbreviate  it  as  P,  in  the  remainder  of  this  chapter,  in  chapter  6 
we  will  distinguish  the  particular  generalized  power  definition  used  for  a  particular  problem. 
We  first  review  several  results  on  generalized  power  which  have  appeared  in  the  literature.  We 
then  analyze  various  networks  in  terms  of  the  optimization  problems  of  chapter  4  with  this  new 
objective  function.  Many  of  the  known  results  about  generalized  power  are  obtained  as  special 
cases  of  the  theorems  which  we  prove  below. 


5.3  Previous  Work  an  Generalised  Power 


We  begin  with  a  short  summary  of  some  selected  results  about  generalized  power.  This 
family  of  functions  was  analyzed  by  Kleinrock  for  several  queueing  systems,  and  his  analysis 
was  extended  to  more  general  computer  network  models  by  Jafife  and  Bharath-Kumar.  Let  us 
briefly  state  some  of  the  interesting  results  for  generalized  power  from  these  papers  and  indi¬ 
cate  the  source  of  each  result.  All  of  the  results  which  we  now  review  are  applicable  to  either 
of  the  above  generalized  power  functions,  since  the  network  problems  studied  have  constant  I. 


Kleinrock  [KIei79|  showed  that 

N*  — r 


and 


(5.3) 


P 


r 

7+1 


(5.4) 


when  generalized  power  P,  is  maximized  for  the  queueing  system  M/M/l.  Note  that  equation 
(5.3)  extends  Kleinrock’s  M/M/l  result  that  jV*  =  1  for  ordinary  power  ( r  =1).  However,  the 
corresponding  analogue  of  the  “keep  the  pipe  full”  result  for  M/G/l  does  not  hold  for  arbi¬ 
trary  r;  Kleinrock  |Klei79|  gave  the  complicated  formula  for  N*  for  M/G/l.  He  also  showed 


r  ■*  oo  T 


i±id 

2 


(5.5) 


for  M/G/l,  where  v  is  the  coefficient  of  variation  of  the  service  time  distribution  (standard 
deviation  divided  by  the  mean).  Kleinrock  also  found  that,  for  large  r, 

/-l-  y  (5.6) 


for  the  M/G/l  queueing  system. 
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5.3.1  The  M/M/1  Series  Network 

Bha<*th-Kumar  [Bhar80j  extended  these  resalts  on  generalized  power  to  the  M/M/1 
series  network.  He  showed  that,  for  arbitrary  channel  capacities,  the  equation 

rE^*“E(^.T  (5-7) 

i-4  1-4 

holds  at  the  optimal  generalized  power  point  From  this  equation  he  obtained  the  upper  bound 

N*  <  Mr  (5.8) 

for  the  average  number  in  the  series  system  when  P ,  is  maximized. 


For  an  M/M/1  series  net  with  equal  capacities,  Bharath-Kumar  was  able  to  show  that 


K  -  r  \<i<M 

(5.9) 

and  that 

p*  -  — —  1  <  «  <  M 

r  +  1  “  “ 

(5.10) 

Of  course  this  yields 

tf—Mr 

(5.11) 

for  the  case  of  equal  channel  capacities. 

5.3  Optimality  Conditions 

We  will  extend  these  results  for  generalized  power  by  Kleinrock  and  Bharath-Kumar  to 
more  complicated  network  topologies  and  problem  formulations.  Before  we  do  this,  it 
behooves  us  to  obtain  conditions  which  insure  that  a  point  is  optimal  with  respect  to  general¬ 
ized  power  for  a  “simple”  network  problem  formulation.  These  conditions  were  first  given  by 
Kleinrock,  and  may  be  derived  in  a  manner  similar  to  that  of  chapter  2  for  ordinary  power. 

Consider  a  single  server  queueing  system  (a  single  node  net).  As  in  previous  chapters, 
we  consider  the  feasible  region  of  possible  values  of  throughput  7  (which  is  identical  to  the 
input  rate  for  this  system)  for  our  objective  function  P,  to  be  0<7<l/J  (i.e.,  0<p<l). 
Since  P,  is  positive  on  the  interior  of  the  feasible  region  and  is  zero  at  the  two  endpoints,  we 
see  that  its  maximum  must  be  attained  at  an  interior  point  Assuming  Pr  is  differentiable,  by 
familiar  arguments  the  derivative  iP,li 7  must  be  zero  at  the  optimal  point  By  differentiating 
equation  (5.2)  we  see  that  the  optimal  value  of  throughput  7*  satisfies  Kleinrock's  equation 
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Note  that  the  optimal  point  no  longer  occurs  at  the  knee  of  the  throughput  delay  curve  (unless 
r  *1),  and  that  the  reciprocal  of  the  slope  of  a  line  through  the  origin  to  a  point  on  the 
throughput  del^y  curve  does  not  give  the  value  of  generalized  power  at  the  point  (again  unless 
r  =  1).  By  Little's  result,  equation  (5.12)  is  equivalent  to 


(5.13) 


We  observe  that  equations  (5.12)  and  (5.13)  hold  whether  or  not  P,  has  "nice”  properties 
(such  ar  concavity).  Although  we  show  below  that  generalized  power  is  generally  not  concave, 
this  fact  does  not  matter  in  the  above  characterization  of  the  optimal  generalized  power  point. 
We  note  that  equations  (5.12)  and  (5.13)  characterize  the  optimal  generalized  power  point,  not 
only  for  a  single  server  queueing  system,  but  also  for  any  of  the  simple  single  variable  optimi¬ 
zation  problems  studied  previously  (such  as  PF4  of  chapter  4). 

5.4  Nan- Concavity  off  Generalised  Power 

It  was  erroneously  stated  in  {Bhar8l|  that  generalized  power  is  concave  for  the  M/M/l 
series  network.  We  now  show  that  generalized  power  is  not  concave  (for  r  >  1)  even  for  the 
M/M/l  queueing  system  (a  series  net  with  one  channel).  Since  r=l/(/iC-7)  for  M/M/l 
(where  the  mean  service  time  is  J  —1  /fiC),  we  have 

P,  —  —r  =7r(/iC-  7) 


P,  =7 r/i  C -  7r+1 

Differentiating  *he  above  equation  with  respect  to  7  yields 


>ri'~lpC-  (r  +  l)7r 


Note  thrl  by  setting  dP,/d 7  *=0,  we  obtain 


’•-7 TT^' 


This  yields  equation  (5.4)  and  thus  also  equation  (5.3).  Differentiating  again  with  respect  to  7 


■r(r-  1)7 (r  +  l)r7f_l 


77  =rl’~2\(r-  (r  +  lb| 


(5.14) 


For  r  <  1,  we  observe  that  d*Pf/d7*  <  0  for  0  <  7  <  n  C,  and  so  P,  is  (strictly)  concave  for  all 
feasible  7  (p  <  1).  For  r  =  1,  the  second  derivative  is  identically  equal  to  -  2,  and  thus  again 
Pt  is  (strictly)  concave  for  all  7.  For  r  >  1,  the  behavior  of  Pr  is  more  complicated.  From 
equation  (5.14),  we  see  that  i2P,ji'{1  >  0  for  7  <  ( ( r  —  l)/x<7]/(r  +  l).  Thus  P,  is  (stnctly) 
convex  for  7  in  this  region,  which  shows  that  generalized  power  is  uot  a  concave  function  for 
M/M/1  if  r  >  1.  We  also  note  that  P,  is  (strictly)  concave  for  |( r-  l)/i  C]/( r  +  1)  <  7. 

Graphs  of  P,  versus  7  for  r  =1/4,  r  =1,  and  r  =4  for  the  system  M/M/1  are  shown 
below  in  Figure  5.1,  where  we  have  chosen  C  =  1  for  convenience. 


Figure  5.1  Generalized  Power  for  M/M/1 


We  see  that  P\n  is  strictly  concave  with  7*  =  1/5,  while  Pi  is  also  strictly  concave  with 
7*  =1/2.  However,  PA  is  strictly  convex  for  0  <  7  <  3/5  and  strictly  concave  for  3/5  <  7  <  1, 
with  7*  =4/5  (where  its  derivative  with  respect  to  7  is  zero).  We  do  note  that  PA  is  unimodal. 
These  graphs  illustrate  that,  although  generalized  power  is  not  necessarily  concave,  equation 
(5.12)  (or  equation  (5.13))  characterizes  the  optimal  solution  for  simple  single  variable  optimi* 
zation  problems  with  the  maximization  of  P,  as  the  objective.  This  is  true  even  if  P,  is  not 
unimodal;  although  there  may  be  several  points  which  satisfy  equation  (5.12),  the  global 
optimum  must  be  one  of  them.  We  now  apply  these  equations  to  the  solution  of  various  such 
problems. 


5.5  Tha  M/D/1  Series  Network 


We  first  consider  a  series  net  of  M  channels  with  arbitrary  channel  capacities  and  con¬ 
stant  message  length  which  was  analyzed  in  chapter  2  for  ordinary  power.  Recall  that  this 
model  m%y  be  used  to  represent  a  path  that  a  message  takes  through  a  computer  network,  since 
the  length  of  th  message  does  not  change  as  it  travels  through  the  net  We  will  use  equation 
(5.13)  to  determine  the  throughput  (equivalent  to  the  input  rate)  y*  that  maximizes  the  objec¬ 
tive  function  P,.  We  proceed  in  a  manner  analogous  to  the  derivation  of  equation  (2.23).  As 
noted  in  chapter  2,  from  a  result  of  Rubin  [Rubi74|,  the  average  delay  in  the  M/D/l  tandem  is 
given  by 
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7(?mJ2 

2(1-  7*n»x) 


u 

+  £*. 


where  2m„  ~F/Cm i.  is  the  maximum  of  the  M  mean  channel  transmission  times  (see  equa¬ 
tion  (2.19)).  Here  Cmlm  is  the  capacity  of  the  slowest  channel  of  the  tandem.  Therefore,  we 
have 
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as  in  equation  (2.20). 


Substituting  this  into  equation  (5.13)  yields 
r  •  12 


rtf  — 


Pm  ± 

1-Pwl  2 


(5.15) 


where  1/Cmw  is  the  maximum  of  the  M  channel  utilizations.  From  the 

expression  for  the  mean  waiting  time  W  for  this  system,  equation  (5.15)  is  also  equivalent  to 


rtf 


y*W* 

1  ~  Pna 


or 


rtf  ■ 


1”  P  mu 


(5.16) 


Equation  (5.16)  yields 


rtf  -  rtf p^  =»iV*~  Pm 


P, 

“l 

Pmu 

•/  • 


Since  p ,  =  y  6/C,  for  all  1  <  i  <  M ,  and  therefore  pjpma  —  Cmi./C.  we  have 

(r-  1)A* -(nV*-  £-^~ )p^„ 


For  the  case  of  ordinary  power  ( r  =■  1),  we  obtain  Theorem  2.4  of  chapter  2. 


We  now  assume  that  r  5^  1.  Therefore 


(r-  l)iV* 


M  1 

1-4  Ul 


where  we  have  written  Ct  »atCmu  as  in  chapter  2  (so  that  a,  >  1).  We  also  have 


fr-  sf 

t  ^  Ul 

1-  Pmu  a/  , 

rl?- 

Since  0  <  <  1,  equations  (5.17)  and  (5.18)  yield 

N*>  V—  for  r  >  1 
>*<*> 


(5.18] 


(5.19) 


N*  <  § —  for  r  <  1 

1-4  ai 


(5.20) 


lim  riV*  =oo 


(5.21) 


lim  rFT  =0 

f  — ►  o 


(5.22) 


We  obtain  an  exact  expression  for  N*  (depending  on  r)  as  follows.  Using  equations 
(5.17)  and  (5.18),  we  find  that  equation  (5.15)  becomes 

ST  [  (r-  DAT  T  1 


2 

i—4  u’ 


which  yields 


r  ^ 


(5.23) 


This  quadratic  equation  may  be  solved  to  give  an  exact  expression  for  FT  in  terms  of  r  and  the 
known  system  parameters  a,.  We  write  equation  (5.23)  in  the  form 


Theorem  5.1 


For  the  MfD/l  tenet  network,  the  average  number  of  mcetaget  in  system  when  generalized 
power  P,  it  maximized  satisfies 


r  —  au  r 


x'*.29) 


If  there  is  only  one  channel  ( M  =1),  we  have  an  M/D/l  queueing  system.  In  this  case, 
Theorem  5.1  agrees  with  Kleinrock’s  result  for  M/G/l  given  by  equation  (5.5),  since  the 
coefficient  of  variation  satisfies  u  =0  for  constant  service  time. 

However,  equation  (5.29)  holds  for  any  (fixed)  number  of  channels  M.  Since  the 
mean  delay  T  is  invariant  with  respect  to  the  order  of  the  channels  in  the  tandem,  let  us 
assume  that  the  first  channel  is  the  slowest.  For  this  channel  configuration,  queueing  occurs  at 
the  first  channel  only.  As  r  increases,  throughput  becomes  favored  over  delay  in  Pr.  Thus  N * 
grows  large  as  more  and  more  messages  are  sent  through  the  tandem  in  order  to  increase  the 
throughput.  Since  all  waiting  takes  place  at  the  first  channel,  we  have  N,'  =  p*  for  2  <  i  <  M , 
and  so  these  quantities  are  bounded  by  1  no  matter  how  large  r  becomes.  Thus  almost  all  of 
the  contribution  to  N*  comes  from  the  first  channel,  and  the  series  network  looks  like  a  single 
M/D/l  system  (in  terms  of  N*)  as  r-*oo.  This  explains  the  agreement  of  Theorem  5.1  with 
Kleinrock’s  M/G/l  limiting  result  even  for  M  >  1. 


We  next  determine  the  limiting  behavior  of  N*  as  r-»0.  We  first  rewrite  equation 
(5.23)  as 


(5.30) 


By  equation  (5.22),  the  left-hand  side  of  equation  (5.30)  approaches  zero  as  r-*0,  and  thus  the 
right-hand  side  does  also.  This  shows  that 

lim  N*  =0  (5.31) 

r-0  '  ’ 


We  can  describe  this  behavior  in  greater  detail  as  follows.  We  first  write  equation  (5.23)  as 


N* 


Using  equation  (5.31),  we  have  the  following 
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Theorem  5.2 


m 


m 


m 


For  the  M/D/l  tenet  network,  the  average  number  of  mettaget  in  tyrtem  when  generalized 
power  Pr  it  maximized  tatiefiet 


r-*0  T 


(5.32) 


If  there  is  only  one  channel  (M  “l),  we  have  an  M/D/l  queueing  system,  and  Theorem  5.2 
becomes 


f -»o  r 


(5.33) 


A  second  variable  of  particular  interest  is  p^.  Once  tf  is  determined  from  equation 
(5.23),  the  value  of  p ^  is  given  by  equation  (5.17).  Another  expression  for  p^  may  be 
found  by  using  equation  (5.15).  Thus  we  have 

2rtf(  1  -  p^)2  =«(/W)2 


and  so,  by  taking  square  roots, 

P  mu  =  / — == 

1+V2rtf 


(5.34) 


or 


To  find  the  limiting  behavior  of  p ^  as  r-»oo,  we  note  that,  by  equation  (5.18), 

_  u  , 
rir-  rS-L 


r(  1  ~  P mn) 


1-4  “l 


rtf-  S  — 


Using  equations  (5.21)  and  (5.28),  we  obtain  the  limiting  result 

lim  r(  1  -  p^)  **  1  (5  35) 


Therefore,  for  large  values  of  r,  we  have 

pLx  =1-  y  (536) 

This  agrees  with  Kleinrock’s  equation  (5.6)  for  M/G/l  in  the  case  of  one  channel  (M  —1). 
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To  And  the  limiting  behavior  of  p^,  as  r-*C,  we  note  that,  by  equation  (5  17), 

i 

Pi 


on  r  -  1  f  N*  * 


Using  equations  (5.22)  and  (5.32),  we  obtain  the  limiting  result 


lim  *22.  =  2£  — 


f-o  r 


(5.37) 


Therefore,  for  small  values  of  r,  we  have 


Af  i 
<W=2r£  — 
S  Oi 


(5.38) 


In  the  case  of  one  channel  (A/  =1),  we  have  an  M/D/1  queueing  system,  and  equation  (5.38) 
reduces  to 


•  cv  a 

p  —2r 


(5.39) 


The  values  of  other  system  parameters  at  optimal  generalized  power  may  also  be  found 
once  N*  and  p ^  have  been  evaluated.  Recall  that  p*  =*('tT)/C,  and  so  p^  — ( 7*M/Cmi». 
Therefore,  using  equation  (5.34), 
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for  1  <  «  <  A/.  The  optimal  value  of  throughput  is 
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and  the  optimal  value  of  mean  system  delay  is 
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Pox  ,  2r 


The  optimal  generalized  power  itself  is 


p:~pa  7*) 


'JTrff 


1  +  \/2  riV- 


r+l 


1 


We  leave  it  to  the  reader  to  determine  the  value  of  other  variables  of  interest  at  optimal  gen¬ 
eralized  power  (such  as  IV*,  IV,*,  T*,  and  iV,*). 
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We  remark  that  the  pleasing  result  N*  =M  when  ordinary  power  is  maximized  for  the 
equal  channel  capacity  case  of  the  M/D/l  series  network  does  not  extend  to  generalized  power. 
Note  that  such  an  extension  in  the  form  N*  =  Mr  was  shown  to  hold  for  the  M/M/l  series  net¬ 
work  by  Bharath-Kumar,  and  it  is  listed  above  as  equation  (5.11).  We  also  note  that  the  limit- 
ing  results  for  N*/r  and  p ^  for  the  M/D/l  series  network  are  invariant  under  scaling  of  chan¬ 
nel  capacities  and  the  ordering  of  the  channels.  However,  although  the  limiting  results  for 
r-*oo  in  equations  (5.28)  and  (5.34)  are  the  same  regardless  of  the  number  of  channels  M, 
the  limiting  results  for  r-»0  in  equations  (5.31)  and  (5.36)  do  depend  on  how  many  channels 
there  are. 

5.6  The  M/G/l  Parallel  Network  (Known  Routing) 

We  next  turn  our  attention  to  the  M/G/l  parallel  network  with  known  routing  studied 
in  chapter  2  for  ordinary  power.  We  recall  that  quantities  p,  are  given  which  represent  the  frac¬ 
tion  of  traffic  which  is  transmitted  on  the  ith  channel  and  which  satisfy  0<p,<l  and 
u 

»1,  We  may  also  regard  p,  as  the  probability  that  a  random  message  entering  the  parallel 

net  will  use  channel  :.  The  flow  of  messages  on  the  ith  channel  is  Poisson  and  has  rate 
X,  —p, 7  where  7  is  the  total  system  throughput 


The  analysis  of  generalized  power  for  this  system  proceeds  in  a  manner  similar  to  that 
for  the  M/D/l  series  network.  In  chapter  2  it  was  shown  that  the  average  delay  of  a  message 
for  this  parallel  net  is  given  by 


u  u  u 

IN  IN  i"t 


p.7(*,)8  ,  1  +  V,2  . 
1-P.7X,1  2  ' 


where  v,  is  the  coefficient  of  variation  of  the  service  time  distribution  for  the  tth  channel. 
Therefore,  we  have 


dT_  £  ?■(?■)*  z1**',8! 

*7  £P)(i-*7*;r  2  J 

Using  p,  “■X,*,  =»p, 7J;  and  equation  (5.13),  we  have 


We  now  recall  (see  equation  (2.34)  of  chapter  2)  that 


n. 


“Pi  + 


(p.)* 

1-  P,  1  2  j 


for  M/G/l.  Substituting  this  expression  into  equation  (5.40)  yields 
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“  (»,V  ,1  +  f. 


or 

w .  w  r  p,*  ?  l+t'.5 

'S''  SftH  i-y-iii-o-oi  (Mu 

Using  p*  =“X*J,  =  7*p,*,  for  1  <  »  <  M,  we  see  that  equation  (5.41)  is  equivalent  to  a  polyno¬ 
mial  equation  involving  the  known  quantities  p,,  x,  and  v,  (and  r)  and  the  single  unknown  7* 
Thus  7*  may  be  found  by  any  polynomial  root  finding  procedure  as  was  the  case  for  ordinary 
power  (see  chapter  2). 


Equation  (5.40)  is  also  equivalent  to 


wv*.v_ i— v 

£1-  p 


or 


£  rf-  p! 
h  1-  p* 


(5.42) 


We  will  use  equations  (5.40)  and  (5.42)  to  obtain  results  concerning  the  optimal  solution  of  P, 
under  various  assumptions  about  the  parallel  system  we  are  studying. 


5.0.1  Hie  M/M/1  Parallel  Network  (Known  Routing) 


We  first  assume  that  the  distribution  of  message  length  is  exponential  with  mean 
F  «-l  jfi.  Thus  each  channel  acts  as  an  M/M/l  queueing  system,  and  so  we  have  an  M/M/1 
parallel  network  for  which  the  routing  (p,)  is  given.  Since  N,  =p,/(  1-  p,)  and  u,  *»1  for  all 
1  <  1  <  A/,  equation  (5.40)  becomes 

rE^*=“S(^T  (543) 

which  is  the  same  as  equation  (5.7)  of  Bharath-Kumar  for  the  M/M/l  series  network!  We  will 
see  later  in  Theorem  5.5  that  equations  (5.7)  and  (5.43)  are  instances  of  a  more  general  result. 


We  now  use  this  equation  to  obtain  an  upper  bound  on  the  average  number  of  mes¬ 
sages  in  the  network  at  optimal  generalized  power.  Bharath-Kumar  employed  such  an  argu¬ 
ment,  but  we  give  a  simplified  proof  similar  to  that  of  equation  (4.24).  From  equation  (5.43) 
we  have 

rW-,£jv,'=2r£;v;- £(«,•)* 

1^  iM 
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Adding  and  subtracting  Mr 2  from  the  right-hand  side  yields 


rF  -Mr3-  £  [r2-  2rAf,*+ (Af*)2] 


WV*=»A/r2-  £(r-  N,*)s 


(5  44) 


This  gives  us  the  bound 


N*  <  Mr 


(5  45) 


for  the  M/M/1  parallel  network  (with  known  routing).  This  is  identical  to  equation  (5.8)  of 
Bharath-Kumar  for  the  M/M/1  series  network.  We  will  see  later  in  Theorem  5.7  that  equations 
(5.8)  and  (5.45)  are  immediate  consequences  of  that  more  general  result. 

We  may  also  rewrite  equation  (5.44)  in  the  form 

r(Mr-  IT)  -£(r- 


so  that 


(5«) 


This  yields  a  “dual”  to  equation  (5.43),  which  is  also  a  particular  case  of  Theorem  5.6  below. 

For  an  M/M/l  series  network  with  equal  channel  capacities,  Bharath-Kumar  was  able  to 
show  that  equations  (5.0),  (5.10),  and  (5.11)  hold.  The  analogous  situation  for  the  M/M/l 
parallel  network  is  the  case  of  equal  loads  on  all  M  channels.  This  will  depend  not  only  on  the 
channel  capacities,  but  also  on  the  fraction  of  traffic  which  uses  the  itb  channel.  Since 

.  -  M 

(>>  — X,*,  — — 77- 


the  case  of  equal  loads  occurs  when  the  (given)  ratios  pJC,  are  equal  for  1  <  »  <M .  If  the 
channels  have  equal  utilizations,  the  average  number  of  messages  N,  at  the  individual  channels 
will  be  the  same  for  all  t  for  the  case  of  M/M/l.  Equation  (5.43)  thus  becomes 

r  MN*  *=M{N,y 

for  any  1<»<A/.  Therefore,  if  p,/C,  are  equal  for  all  i  for  the  M/M/l  parallel  network 
(which  is  the  equa*  load  case),  then 


N,  =r  1  <i<M 


(5.47) 


*  *  -  •  •  '  *  '  -  ■ 


A 


.•*  v-v-v-  .v.N'.vy-v-v-v. 


Of  course  this  yields 


P —  1<»<A/ 

r +  1 


N*-Mr 


(5.48) 


(5.49) 


5.0.2  Equal  Loath  (Arbitrary  Servica  Time  Distributions) 

TTie  above  tquatione  (5.47),  (5.48),  and  (5.49)  characterize  the  optimal  solution  when 
P,  is  maximized  for  tie  M/M/1  parallel  network  with  equal  loads.  We  now  study  the  M/G/l 
parallel  network  under  the  same  assumption  of  equal  channel  utilizations.  We  set  p,  A  p  for 
1  <  i  <  A/.  In  this  case,  equation  (5.42)  may  be  rewritten  as 

rN*(  1  -  /)  =  jv*-  A/p* 


(r-  1  )N***(rN*~  A/)p* 

For  the  case  of  ordinary  power  ( r  —  1)  we  obtain  Theorem  2.8  of  chapter  2. 


We  now  assume  that  r  1.  Therefore 

.  (r-l)tf* 


and  so 


rN  -  M 


•  N*-  M 


rN  -  M 


Since  0  <  p*<  1,  equations  (5.50)  and  (5.51)  yield 


N*  >  A/  for  r  >  1 


(5.50) 


(5.51) 


(5.52) 


N*  <  M  for  r  <  1 


(5.53) 


lim  rN*  =oo 


(5.54) 


lim  rN*  =0 


15  551 


We  obtain  an  exact  expression  for  FT  (depending  on  r)  as  follows.  Since  we  are  con¬ 
sidering  the  case  of  equal  loads,  equation  (5.40)  is 


1^7]  M  2 


(5.56) 


Using  equations  (5.50)  and  (5.51),  we  find  that  equation  (5.54)  becomes 

IT-  M  2  1 


which  yields 


r  1-4  i 


(5.57) 


This  quadratic  equation  may  be  solved  to  give  an  exact  expression  for  N*  in  terms  of  the 
number  of  channels  M ,  the  coefficients  of  variation  i/,  for  the  service  time  distribution  at  the 
individual  channels,  and  the  parameter  r.  Note  that  equation  (5.57)  is  similar  to  equation 
(5.23)  for  the  M/D/l  series  network,  and  we  may  proceed  as  in  the  derivation  of  equations 
(5.25)  and  (5.26).  We  write  equation  (5.57)  in  the  form 

(AT)’-  + 

which  yields  the  two  roots 


Therefore,  we  have 


FT-  m 


Now  note  that,  for  r  >  0  (r  y*  1),  the  right-hand  side  of  equation  (5.58)  is  strictly  positive  if 
the  positive  square  root  is  chosen,  and  it  is  strictly  negative  if  the  negative  square  root  is 
chosen.  Also  note  that,  from  equatious  (5.52)  and  (5.53),  the  left-hand  side  of  cMuation  (5.58) 
is  strictly  positive  for  r  >  1  and  is  strictly  negative  for  r  <  1.  From  these  two  observations  we 
conclude  that  the  positive  square  root  must  be  chosen  when  r  >  1,  and  the  negative  square 
root  must  be  chosen  when  r  <  1.  Thus,  for  r  >  1, 

while  for  r  <  1 


IM 


(560, 


We  now  determine  the  limiting  behavior  ofN*asr-»ooina  manner  similar  to  that  for 
the  M/D/1  series  network.  We  first  rewrite  equation  (5.57)  as 


(5.61) 


Using  equation  (5.54),  we  note  that 


lim  iV*  “oo 

r  -♦  oo 


(5.62) 


Dividing  both  sides  of  equation  (5.61)  by  rN*  yields 


K  2"+"!_n  1  |,vr1+1',! i 

~  —+W  (,’7*  5 — ) 


Using  equation  (5.54),  we  have  the  following 


Theorem  5.3 


For  the  M/G/l  parallel  network  with  equal  loads,  the  average  number  oj  messages  in  the  sys¬ 
tem  when  generalized  power  P,  is  maximized  satisfies 


K7*  U  l+j/,2 

lim  — -Ylf — i. ) 

r-oo  r  2  J 


(5.63) 


The  case  M  *■!  (one  channel)  is  Kleinrock’s  equation  (5.5)  for  the  queueing  system  M/G/l. 


We  next  determine  the  limiting  behavior  of  N*  as  r-»0.  We  first  rewrite  equation 


(5.57)  » 


—  JO*  H  1+1/ 2 


(5.64) 


By  equation  (5.55),  the  right-hand  side  of  equation  (5.64)  must  approach  sero  as  r-*0,  and  so 

limiv"«0  (5.65) 

We  write  equation  (5.57)  as 


"  1  +^,2 


(r~  1)2E(-T^) 

(■«  £ 


Using  equation  (5.65),  we  have  the  following 


139 


Theorem  5.4 


For  the  M/G/l  parallel  network  with  equal  toads,  the  average  number  of  messages  m  the  sys 
tem  when  generalized  power  P,  is  maximized  satisfies 


tf  M3 

urn — - s — 

r-0  r  u  l+v, 

E(-V-) 


(5.66) 


If  there  ia  only  one  channel  ( M  =1),  we  have  an  M/G/l  queueing  system,  and  Theorem  5.4 
becomes 


..  tf  2 

lim  —  - - — 

r-»o  r  1  +ir 


(5.67) 


We  now  examine  the  behavior  of  the  common  optimal  channel  utilization  p*  for  this 
equal  load  situation.  Equation  (5.56)  may  be  rewritten  as 


Taking  square  roots  yields 


l«4  i 


\fr W 


(5.68) 


To  find  the  limiting  behavior  of  p*  as  r-*oo,  we  note  that,  by  equation  (5.51), 


r(l-  p*) 


rtf  -  rM 
rtf-M 


r(l-  p*)  -■ 


Using  equations  (5.54)  and  (5.62),  we  obtain  the  limiting  result 

lim  r(  1  -  p*)  =*  1 


(5.69) 


which  is  similar  to  that  for  the  M/D/l  series  network.  Thus  for  large  values  of  r,  we  have 


A*  ^  1  ^ 

P  =>1 - 

r 


(5.70) 


The  case  M  =1  (one  channel)  is  Kleinrock’s  equation  (5.6)  for  the  queueing  system  M/G/l. 


To  find  the  limiting  behavior  of  p*  as  r  -»0,  we  note  that,  by  equation  (5  50), 


/  r-  1  ,  tf  . 

r  rtf-  A/  r  > 


Using  equations  (5.55)  and  (5.66),  we  obtain  the  limiting  result 


Um  — 


M 


r— o  r  «  l  -j-  i/,2 

ERrH 


(5.71) 


Therefore,  for  small  values  of  r,  we  have 


Mr 


«  l  +  i>,2 

E( — 7T~) 


(5.75) 


i-iy  o 

1-4  i 


In  the  case  of  one  channel  ( M  “1),  we  have  an  M/G/l  queueing  system,  and  equation  (5.72) 
reduces  to 


P 


2  r 

1  +  t/2 


(5.73) 


The  values  of  other  system  parameters  at  optimal  generalized  power  (such  as  throughput,  delay, 
and  generalized  power  itself)  may  be  found  once  the  values  p*  and  N*  are  de^ei-mined  by 
proceeding  as  in  the  analysis  of  the  M/D/1  series  network. 


Let  us  examine  the  case  of  identical  coefficients  of  variation  for  service  time  at  all  M 
channels.  We  set  u,  £  v  for  1  <  i  <  M .  Then  the  limiting  result  of  Theorem  5.3  becomes 


lira  —  =A/(l±id) 
r-oo  r  1  2  } 


while  the  limiting  result  of  Theorem  5.4  becomes 


f-0  r 


2  M 
l  +  i/2 


(5.74) 


(5.75) 


Since  we  have  equal  loads  and  equal  coefficients  of  variation,  the  average  number  of  messages 
N,  at  the  ith  channel  will  be  the  same  for  all  M  channels  for  the  case  of  M/G/l.  We  thus 
have  N*  =N*/M  for  1  <  i<  A/,  and  so  equation  (5.74)  yields 


r  -•  oo  r 


!±id 

2 


(5.76) 


while  equation  (5.75)  yields 


r-0  r 


2 

1  +  ^ 


(5.77) 


These  results  agree  with  equations  (5.5)  and  (5.67),  as  they  must. 


5.7  Arbitrary  M/M/1  Network 


In  this  section  we  first  extend  oar  analysis  of  generalized  power  to  the  single  variable 
optimization  problem  formulation  PF4  which  was  introduced  in  chapter  4.  We  study  an  M/M/l 
network  with  arbitrary  topology,  bat  we  assume  that  the  external  traffic  supplied  by  each  user  is 
known  as  a  fraction  of  the  total  input,  and  that  the  paths  that  a  user’s  messages  take  as  well  as 
the  fraction  of  his  traffic  on  each  path  are  also  known.  In  the  notation  of  the  previous  chapter, 
the  relative  traffic  matnx  (r;t)  and  the  routing  are  given.  For  this  situation,  the  ratios 
R,  —X,/7  were  shown  to  be  constant  We  will  use  equation  (5  '3)  to  determine  the  optimal 
traffic  level  7*  which  maximizes  generalized  power  Pt. 


As  shown  in  equation  (4.17),  the  derivative  of  the  average  system  delay  T  with  respect 
to  7  satisfies 


iT_ 

in 


V 


for  an  M/M/l  network  cinder  formulation  PF4.  Multiplying  this  equation  by  72,  and  then 
using  equation  (5.13)  and  Little's  result,  we  have 


-,y,K 

■■4  iM 


(5.78) 


Arguing  as  in  chapter  4,  we  use  (for  M/M/l) 


N, 


Hi  7 

nC,-  R,1 


7 

H(C,/R,)~  7 


to  rewrite  equation  (5.78)  in  terms  of  the  unknown  variable  7  as 


rV _ -1 _ 

Z^CJR,)-^ 


7 

H(C,/R,)- 


(5.79) 


Thus  the  optimal  value  of  throughput  is  sr'ri  ply  the  root  of  a  polynomial  in  7  (equivalent  to 
equation  (5.79)  above)  which  lies  within  the  open  interval  (0,  ^min^/ilC, //?,)).  The  root  m^y 

be  determined  by  any  standard  root  finding  procedure. 


Equation  (5.78)  holds  for  any  instance  of  PF4;  thus  equation  (5.7)  for  the  M/M/l 
series  network  and  equation  (5.43)  for  the  M/M/l  parallel  network  are  both  special  cases.  We 
may  extend  this  result  to  the  M/M/l  problem  formulations  PFl,  PF2  and  PF3  of  chapter  4  by 
arguing  as  in  the  proof  of  Theorem  4.1.  We  thus  have  the  following 


Theorem  6.7 


For  the  font  generalized  power  problem  formulation!  (PFl,  PFt,  PFS,  and  PF4),  the  average 
number  n  an  MfM/l  network  (with  M  channel t)  at  maximum  generalized  power  talitfiet 

N*  <  Mr  (5.83) 

This  generalizes  the  upper  bound  given  in  Theorem  4.3  for  ordinary  power  (r  =  1 ).  However, 
the  lower  bound  obtained  in  Theorem  4.4  for  P  has  thus  far  resisted  a  similar  generalization  for 
Pr- 


Following  the  approach  of  chapter  4  for  ordinary  power,  equation  ( 5.81)  may  be  used  to 
obtain  bounds  on  the  individual  N Since  at  least  one  N*  must  be  positive,  if  N*  <  r  for  all 
t,  then  the  sum  in  equation  (5.81)  would  be  positive.  Similarly,  if  N*  >  r  for  all  i,  then  the 
sum  in  equation  (5.81)  would  be  negative.  Thus  we  have  shown  that 


max  N,*  >  r  >  min  A/.* 

i<i<ir  —  —  i<t<i/ 

Since  N,  — p,/(  1-  p,)  for  M/M/1,  we  see  that  equation  (5.84)  gives 


(5.84) 


max  p,  > 

1<><U 


>  min  p* 


r  +  1  ~  i<i<ir 


(5.85) 


Recall  that  these  bounds  can  be  strengthened  for  PFl,  PF2,  and  PF3  by  substituting  A/*,  the 
number  of  channel  with  nonzero  flow  at  optimal  generalized  power,  for  M .  For  formulation 
PF4  it  is  assumed  that  M *  *■  M . 


Bounds  on  the  system  throughput  at  optimal  generalized  power  for  the  formulation  PF4 
may  be  obtained  by  an  argument  similar  to  that  of  chapter  4  for  ordinary  power.  Since 
p *  ~(l*R,)/(pC,)  for  1  <  i<  M ,  we  may  rewrite  equation  (5.85)  in  the  form 


max 

1<i  <u 


> 


—  > 
r  +  1  ~ 


min  ' 
i<i<zr 


1% 

pC, 


This  yields 

r+1  1  .  1  .  r+1  1 

-  max  —  —  >  — i-  >  -  min  -  — 

rp  i<i <u  C,/R,  7  rp  i<i <uC,/R, 


or 


1 

min  CJR,  ~ 
1<i  <u 


lyi'  +  Mrp) 

7  ~  min  CJR, 

I<i  <u 


Inverting  this  equation  yields  the  following 


Theorem  5.8 


For  the  generalized  power  problem  formulation  PFf,  the  syttem  throughput  at  maximal  gen¬ 
eralized  power  (the  optimal  traffic  level)  eatitfiei 


rn 

r  +  1 


•  C'  s 
min  — -  < 

i<i<w  R,  ~ 


T*< 


rii 

r  +  1 


C, 

max  — — 

i<t<u  R, 


(5.86) 


Setting  r  »1  ia  equations  (5.84),  (5.85),  and  (5.86)  yield  the  bounds  obtained  in  chapter  4  for 
the  case  of  ordinary  power. 


If  CjR,  are  identical  for  all  1  <  *  <  A/ ,  Theorem  5.8  shows  that  the  optimal 
throughput  7*  is  the  common  value 


rfiC, 

(r  +  1)/?, 


In  this  case,  equations  (5.85)  and  (5.84)  give 


•  r 


and 

K-r 

for  all  I  <  i<Af.  Note  that  Bharath-Kumar's  results  for  the  M/M/l  series  network  and  the 
results  of  section  5.6.1  above  for  the  M/M/l  parallel  network  are  special  instances  of  the 
theorems  derived  for  PF4.  We  have  R,  —1  for  1  <  i  <  M  for  the  M/M/l  series  network, 
while  R,  =“ p,  tor  1  <  i  <  M  for  the  M/M/l  parallel  network  (with  known  routing)  in  the 
above  theorems. 

5.8  The  Queueing  System  G/M/l 

In  this  section  we  briefly  indicate  how  the  analysis  of  generalized  power  P,  may  be 
extended  to  the  queueing  system  G/M/l.  The  analysis  will  follow  closely  that  of  chapter  2  for 
ordinary  power,  so  we  will  simply  sketch  proofs  of  the  results.  As  in  chapter  2,  we  consider  a 
G/M/l  system  with  mean  interarrival  time  T  and  mean  (exponential)  service  time  *  — l//i. 
The  average  arrival  rate  to  the  system  is  X  1  ft  and  the  throughput  7  is  equal  to  X.  The 
equilibrium  pro  t>  abilities  are  given  in  terms  of  a,  the  root  between  0  and  1  which  satisfies 

a  —  A(ii  -  n<r) 

where  A  is  the  Laplace  transform  for  the  interarrival  time  density.  Recall  that  N  =p/(l-  a) 
for  G/M/l,  and  so  T  “J/(  1-  <r).  In  order  to  maximize  generalized  power  Pt,  we  use  equa¬ 
tion  (5.12).  Differentiating  T  with  respect  to  7  (as  in  equation  (2.55)),  we  have 
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d'l !  1  -  a  «7 


and  so,  by  equation  (5.12), 


1-<T*  771 7-T* 


Using  Little’s  result  we  have 


d'l  It-s 


(5.87) 


This  equation  relates  various  parameters  at  the  maximum  generalized  power  point  for  the 
queue  G/M/l  and  reduces  to  the  ordinary  power  equation  (2.56)  when  r  »*1.  Using  equation 
(5.87),  various  interarrival  time  processes  may  be  analyzed. 


We  first  consider  the  queue  Et/M/l.  Recall  from  equation  (2.57)  that<r  satisfies 


ll-  <7  ] 


and  so,  from  equation  (2.58), 


da  _  kxa(  1-  a) 
d'j  p(  1  —  a  +  kp-  ka) 


Substituting  this  expression  into  equation  (5.87),  we  have 


P*  kxa  *(  1 —  a*. 


1-  a  p  (1-  a  +kp  -  ka 


This  yields 


r( I  —  <7 *+ip*-  ka*)  =ka* 


r(l-<r*  +  tp*)  *»(r  +  l)*<r* 


Thus  we  have 


rli  +  kp 


(.’  +  l)i  +r 


(5.88) 


and  also 


'  r  +  l)i<r  -  r(  1  -  a 


(5.89) 


Note  that  equations  (5.88)  and  (5.89)  reduce  to  equations  (2.59)  and  (2.60)  for  the  case  of 
ordinary  power  (r  =1).  Substituting  equation  (5.89)  into  equation  (2.57),  we  find  that  a 
roust  satisfy 

t 


(r  +  l)fcg*~  r(  1  -  o *) 


(r  +  l)i<7 


which  is  equivalent  to 


1-  r(l~  g*)/( r  +  l)g * 


(5.90) 


Ibis  equation  can  be  solved  numerically  to  find  the  generalized  power  point  for  Et/M/1. 


If  we  let  k  -* oo,  we  obtain  results  for  the  system  D/M/1.  In  this  case,  equation  (5.89) 


becomes 


•  r  -f  1  • 

p  — - a 


(5.91) 


and  equation  (5.90)  becomes 


M'-O/t'+OO 


(5.92) 


Using  equation  (5.87),  we  may  extend  our  generalized  power  analysis  to  other  G/M/l 
systems  in  the  same  manner  as  was  done  for  ordinary  power  in  chapter  2.  For  example,  certain 
Ha/M/1  systems  may  be  studied.  We  choose  not  to  explore  this  area  further,  but  instead  leave 
such  details  to  the  interested  reader. 

With  the  G/M/l  analysis,  we  conclude  our  examination  of  generalized  power  for  sim¬ 
ple  network  optimization  problems.  Although  our  analysis  involved  the  generalized  power 
function  P,  ~Pg,,  mm't,/T,  these  results  apply  equally  well  if  we  use  the  generalized  power 
version  of  Kleinrock’s  power  function,  namely  Pk,,  =“pf /(T/x).  As  noted  above,  this  is 
because  I  is  constant  for  all  problems  studied  in  this  chapter.  In  the  next  chapter,  we  consider 
more  general  formulations  (including  the  optimization  problem  of  chapter  3)  and  find  that  the 
optimal  solution  does  depend  upon  the  particular  generalized  power  function  which  is  used.  As 
in  the  case  of  ordinary  power,  we  find  that  Kleinrock’s  generalized  power  extension  yields 
optimal  points  with  more  pleasing  properties  than  the  generalized  power  function  based  on 
Giessler’s  definition. 


CHAPTER  6 

Generalized  Power  of  the  M/M/1  Parallel  Network 


In  the  previous  chapter  we  studied  a  family  of  functions,  indexed  by  a  scalar  parameter 
r,  called  generalized  power  which  enabled  the  anrJyst  to  vary  the  importance  of  throughput 
relative  to  delay.  The  maximization  of  these  functions  was  examined  for  various  network  topo¬ 
logies  and  optimization  problem  formulations.  In  each  case,  the  problem  involved  optimizing 
over  a  single  variable  only,  and  thus  (for  any  particular  choice  of  r)  the  equation 


tT 


=  7 


dT 

o' 7 


could  be  used  to  obtain  the  optimal  solution  which  maximized  generalized  power  P,.  It  was 
also  the  case  that,  for  each  of  the  formulations,  the  mean  service  time  x  was  constant,  and  so 
the  generalized  power  families  which  extended  the  three  regular  power  functions  (those  of 
Giessler,  Nakamura,  and  Kleinrock)  all  yielded  the  same  optimal  solution.  Thus  the  function 
P,  of  chapter  5  could  refer  to  any  of  the  generalized  power  definitions.  However,  if  we  study 
multiple  variable  optimization  problems  (such  as  the  M/M/1  parallel  network  with  unknown 
routing  of  chapter  3)  in  terms  of  generalized  power,  the  optimal  solution  will  depend  on  which 
power  function  we  wish  to  extend.  In  section  6.1  of  this  chapter,  we  first  examine  the  M/M/1 
parallel  network  for  the  generalized  power  function  based  upon  Giessler's  power.  The  analysis 
is  similar  to  that  of  chapter  3,  and  one  result  is  that  there  are  several  negative  aspects  of  this 
generalized  power  family.  In  section  6.2  we  then  examine  this  network  for  the  generalized 
power  extension  due  to  Kleinrock  (analogous  to  section  4.2.2),  and  we  find  that  some  of  these 
undesirable  properties  disappear.  Both  sections  follow  the  corresponding  developments  (of 
chapter  3  and  section  4.2.2)  very  closely  and  in  numerous  cases  are  almost  word  for  word;  the 
new  portions  are  those  which  come  about  due  to  the  introduction  of  the  parameter  r.  The 
quantity  "2"  which  appears  in  several  theorems  of  chapter  3  and  section  4.2.2  is  replaced  in 
many  of  the  corresponding  theorems  of  this  chapter  by  the  quantity  “r  +  1”.  Thus  the  reader 
who  has  studied  the  previous  chapters  of  this  dissertation  may  skip  the  proofs  here  and  still 
obtain  a  sense  of  the  results  of  this  chapter. 


6.1  Generalised  Power  (Extension  at  PG) 


Consider  an  M/M/l  parallel  net  with  M  channels  which  has  no  restriction  on  the  routr 
ing,  and  optimize  it  with  respect  to  the  generalized  power  function 
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Note  that  we  have  used  the  extension  of  Giessler’s  power  function  (which  we  obtain  when 
r  =1).  The  analysis  will  parallel  that  of  chapter  3;  however  many  of  the  proofs  for  arbitrary  r 
are  more  difficult  than  for  the  case  r  =*1  studied  above.  Therefore,  we  will  include  as  much 
detail  as  possible  to  enable  the  reader  to  follow  the  presentation  without  leafing  back  and  forth 
between  this  section  and  chapter  3.  Recall  that  this  parallel  network  may  be  used  to  represent 
either  a  single  user  with  multiple  paths  for  his  packets  or  multiple  users,  each  with  a  single 
path. 

0.1.1  Description  at  the  Optimisation  Problem 


We  consider  the  following  multiple  variable  optimization  problem.  We  are  given  M 
parallel  channels  with  capacities  Cx,  .  .  .  ,CU,  and  we  wish  to  find  inputs  X,,  .  .  .  ,\u  which 
maximize  the  generalized  power  of  the  system.  The  M  variables  of  optimization  are 
Xj,  .  .  .  ,XW,  and  (as  in  chapter  3)  the  feasible  region  is  the  (compact)  set  of  all  vectors 
(Xj,  .  .  .  ,\u)  such  that 


G  <  X ;  <  /i  C;  l<j<M 


The  objective  function  P ,  of  our  optimization  problem  is  given  in  equation  (6.1).  As  in  chapter 
5,  we  assume  that  r  is  a  positive  real  number,  so  that  P,  is  an  increasing  function  of  the 
throughput  7.  Expressing  P,  in  terms  of  the  variables  of  optimization  X,,  we  obtain 


P  =*  — 

r  T 


_  7 


'+i 


u  \  u 

X^t.  5>.r, 

i >4  7  iM 


or,  since  7  =*X,  + - \-\u  (as  in  chapter  3), 


u  '+1 

(!>•) 


P, 


u 


(6.2) 


We  wish  to  find  a  point  which  maximizes  generalized  power  over  the  feasible  region.  Since 
Pj  “Xj/ziC,  (for  all  1  <  y  <  A/ ) ,  this  optimization  problem  is  equivalent  to  one  involving  the 
A/  unknowns  Pi,...,Pu-  We  will  frequently  skip  back  and  forth  between  these  two 
equivalent  formulations  of  this  maximization  problem.  As  in  chapter  3,  to  find  the  global  max¬ 
imizer  of  the  generalized  power  function  P,  over  the  feasible  region,  we  must  find  all  critical 
points  of  Pr  (points  with  *jP,  =0)  interior  to  the  feasible  region  and  compare  them  to  the 
maximal  boundary  point 


8.1.3  Character! utica  of  the  Optimal  Solution 


Let  us  now  examine  the  characteristics  of  the  optimal  boundary  point  of  our  optimiza¬ 
tion  problem.  We  first  renumber  the  channels  of  our  parallel  configuration  so  that 
C\  >  •  >  Cu.  As  was  the  case  with  regular  power,  we  note  that  the  optimal  boundary 

point  occurs  when  =*0  (the  slowest  channel  has  no  throughput).  This  is  a  consequence  of 
the  following 


Lemma*  Consider  two  parallel  M/M/1  systems,  each  with  A/  channels,  such  that  C,t  >  C2l  for 
1  <  i  <  A/  (that  is,  each  channel  of  the  first  system  has  higher  capacity  than  the  corresponding 
channel  of  the  second  system).  Then  the  optimal  value  of  generalized  power  for  the  first  sys¬ 
tem  is  at  least  as  large  as  the  optimal  value  of  generalized  power  for  the  second  rystem,  i.e., 

P'l>P,',2- 


The  proof  of  this  lemma  follows  the  corresponding  proof  for  ordinary  power  in  chapter  3.  We 
first  note  that  any  point  (Xj,  .  .  .  ,  Xjy)  which  is  feasible  for  the  second  system  is  also  feasible 
for  the  first  system.  Also,  for  any  such  point  feasible  for  the  second  system,  we  have 


Pm(X  i, 

because  (for  M/M/l) 


Tlt 


U  r+l 

(Ex,) 

V  f+l 

(Ex,) 

. 

,«* 

M  — 

EX-T*,, 

u 

Ex,  ^2, 

1  <r 

1 

’■PrA^lt  •  •  •  >  Xjir) 


tiCu  -  A,  (i  Cj,  -  A , 


'2, 


for  1  <  »  <  A/ .  Therefore,  if  we  let  (X2j,  .  .  .  ^  A^jw)  be  optimal  for  the  second  system,  it  is 
feasible  for  the  first  system,  and  we  have 

Pf,2  —Pr,l{  A2i,  .  .  .  ,  Xy/)  <  Pr>1(A21,  .  .  .  ,\zu)  <  Pf(  1 

which  gives  the  result  Applying  the  lemma  to  (pairs  of)  the  A/  boundary  faces  X,  =0  justifies 
the  above  characterization  of  the  optimal  boundary  point 


Thus  (as  in  chapter  3)  the  optimal  boundary  point  is  obtained  by  considering  a  parallel 
system  of  A/ -  1  channels  with  capacities  C,>  •  •  •  >  Cu.  i  (the  channel  with  the  lowest  capa¬ 
city  being  dropped)  and  optimizing  this  system  with  respect  to  its  corresponding  generaliz'd 
power  function.  Of  course,  the  M  -  1  channel  system  may  have  its  optimal  solution  at  a  boun¬ 
dary  point  of  its  feasible  region.  To  find  such  a  point,  channel  M  -  1  must  be  dropped,  and  a 
parallel  system  of  M  -  2  channels  with  capacities  C,  >  •  •  •  >  Cw_2  must  be  optimized.  This 
process  continues  until  the  optimal  solution  for  the  A/  channel  system  is  found.  Note  that  a 
different  generalized  power  function  must  be  examined  in  each  case,  but  the  same  value  of  the 
parameter  r  is,  of  course,  always  used. 
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■f  .*  ^  *  -4  *  4  ."T-  <4  **  4 


Thus  we  see  that  the  optimal  solution  of  the  M  channel  parallel  system,  which  we 
denote  by  (X*,  .  .  .  ,\u),  satisfies 

X,*>0 

X*  =0  M*  <  i 

where  the  index  Af*  satisfies  1  <  A/*<  M  (if  M *  =  M  then  all  components  of  the  optimizer  are 
positive  and  the  solution  is  in  the  interior).  The  X  *  for  1  <  t  <  A/*  are  found  by  considering  a 
parallel  system  with  Af*  channels  and  capacities  C(  >  •  •  •  >  Cv.  and  determining  the  (inte¬ 
rior)  critical  points  for  the  generalized  power  function  of  this  system.  Therefore,  solving  the 
optimization  problem  for  the  M/M/1  parallel  network  is  reduced  to  finding  critical  points  of 
generalized  power  functions  (with  the  same  r)  of  the  original  network  and  certain  subnetworks. 

0.1.3  Deteradnatloa  of  Critical  Points 

We  now  find  points  of  an  M/M/1  parallel  system  with  Af  channels  such  that  yPr  =0. 
Taking  the  partial  derivative  of  P,  in  equation  (6.2)  with  respect  to  X;  (where  1<;<A/) 
yields 

u  u  '  u  '+ 1  dT 

aD  (r  +  i)(£x,r, )(£>,)  -  (£x.)  (x;--L+r;) 


(r  +  iJEx.r, 


If  we  assume  that  'jP,  =0,  then  dP,/d\}  =0  for  1  <  j  <  Af,  and  thus  we  have 

(r  +  iJEx.r, 


Although  this  equation  holds  for  a  G/G/l  parallel  net,  expressions  for  T;  and  thus  dTj/d\,  are 
not  known  for  the  general  case.  Therefore,  in  the  following  we  will  specialize  to  the  case 
M/M/1. 


We  now  wish  to  rewrite  equations  (6.5)  in  terms  of  pJt  the  equivalent  variables  of 
optimization.  Since  we  assume  each  channel  acts  as  an  M/M/l  queueing  system,  we  may 
proceed  as  in  chapter  3  (see  equation  (3.5))  and  write 


1  MC-  (1  -p,Y 


\ - / 


Equations  (6.5)  and  (6.6)  thus  yield  the  following  result  which  is  identical  to  that  derived  for 
ordinary  power,  namely,  that  yP,  =0  implies 


1  1 


or 


PCi  U-Pj)2  »Ct  (1-Pi) 

(i~  pj)2Cj  “(i-  pt)2Ck  Vi,* 


Taking  square  roots  yields 


(1- p,)y/cjc;  =  l-  pk  V k 


jT  Vj,* 

(6.7) 

Vi,* 

(6.8) 

Vi,* 

(6.9) 

This  gives  us  M  -  1  independent  linear  equations  in  the  A/  unknowns  Pi,  .  .  .  ,Pu,  which  are 
the  same  as  those  for  the  case  r  »1  in  chapter  3.  However,  the  A/th  independent  equation 
will  depend  on  the  particular  value  of  r. 


To  determine  this  A/th  equation,  we  proceed  as  in  chapter  3.  Equation  (6.5)  yields 


v 


dT, 


(r  +  iJEx.r, 


x' 7x  +Tj 


u 


1  <  j  <  M 


and  so,  using  equation  (6.6)  and  Little’s  result,  we  have 


1  1 


(r  +  l)£/V, 


HC,  (i-Py 


u 

£x, 


1  <  ;  <  M 


Multiplying  the  jth  equation  by  X;  and  recalling  that  P]  =  \j/PCj  yields 


u 


Pj 


(r  +  l)E^. 


(1-Pi) 

Summing  these  M  equations  gives 


2  "I  U 

Ex, 


1  <  ;  <  A/ 


u 


u 


sir  +  i)E^- 


,ti(i-p,)2 

Since  we  are  considering  the  ith  channel  as  an  M/M/l  system,  then  N,  —PJ(\-  Pl)  and  so 


(6.10) 


We  therefore  have 


£ 


Px 

(1-p,)2 


Px 

1  -p. 


Therefore,  to  find  points  (px,  .  .  .  ,pu)  such  that  tjP,  =0,  we  must  solve  A/  equations 
in  M  unknowns.  We  note  that  M  -  1  of  the  equations  are  linear  (equation  (6.9)),  while  the 
A/th  equation  is  quadratic  (equation  (6.11)).  We  also  note  that  the  M  -  1  linear  equations  are 
identical  for  all  r,  while  the  A/th  quadratic  equation  depends  on  r.  Our  solution  strategy  is  to 
use  the  M  -  1  linear  equations  to  eliminate  p 2,  ■  ■  ■  ,P u  (*•«•»  express  each  in  terms  of  px)  and 
then  use  the  A/th  quadratic  equation  to  solve  for  px.  Thus  we  could  have  0,  1,  or  2  points 
which  are  critical  points  of  P,,  depending  on  the  given  parameters  (the  channel  capacities  C,). 

0.1.4  Characteristics  of  OltleaJ  Pdnta 

Let  us  examine  these  A/  equations  in  greater  detail  to  obtain  some  interesting  charac¬ 
teristics  of  critical  points  of  P,  (and  thus  of  the  optimal  generalized  power  point,  since  it  is  a 
critical  point  of  the  generalized  power  function  of  a  parallel  subsystem  with  A/*  channels). 
Proceeding  as  in  chapter  3,  equation  (6.9)  yields 


Pi  >  Pi  >  ■  ■  >  Pu 


(6.13) 


for  any  point  of  the  M  channel  parallel  system  where  the  gradient  of  the  generalized  power 
function  P,  is  zero.  Recalling  the  nature  of  the  optimal  generalized  power  point  (p*,  .  .  .  ,pu), 
we  have 

Pi  >  Pi  >  >Pu  (6  14) 

and  also 

p*>  0  l<i<A/‘ 

p,*- 0  M*  <  i 

where  the  p*  are  determined  by  deleting  all  channels  with  index  i  >  M*  and  solving  for 
yPr  =0  of  this  reduced  network. 

We  may  also  obtain  a  bound  on  the  value  of  the  utilization  of  the  fastest  channel  at 
maximum  generalized  power  by  first  examining  the  value  of  px  for  a  critical  point  of  the  gen¬ 
eralized  power  function  P..  We  note  that,  if  px  <  r/(r  +  l),  then  by  equation  (6.13), 
p,  <  r/(  r  + 1)  for  all  1  <  i  <  M .  This  is  impossible  by  equation  (6.12),  and  we  thus  conclude 
that 


Pi  >  (6.15) 

for  a  critical  point  of  Pr.  Therefore,  by  the  characterization  of  the  optimal  generalized  power 
point,  we  have 


«  >  r 
Pi  > 


r  +  1 


Rewriting  equation  (6.16)  as 

Pi  >  r(  1  -  Pi*) 

and  using  the  fact  that  N  *»p/(  1  -  p)  for  M/M/l  yields 

n;  >  r 


(6.16) 


(6.17) 


Other  characteristics  of  the  optimal  generalized  power  point  are  consequences  of  results 
given  in  chapter  5  above.  However,  they  also  may  be  derived  in  a  direct  manner  which  paral¬ 
lels  the  development  in  chapter  3,  and  it  is  this  latter  approach  that  we  choose  to  follow. 
Proceeding  as  in  chapter  3,  we  see  that  equation  (6.10)  and  the  fact  that  p,/(  1  -  p ,)  —N,  for  an 
M/M/l  system  yields 

UN,  u 

E  TT^r-tr+uE*. 


This  becomes 


or 


£*|r+,,-Trrr° 
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Again,  we  recall  thatp,/(l-  p,)  =  jVI(  and  so 


5>,fr-  N,)  — 0 


or 

r E»,  -£<W 

i-4  1-4 

The  above  equation  holds  for  critical  points  of  the  generalized  power  function  of  an  M  channel 
M/M/1  parallel  network  (with  unknown  routing).  We  m^y  once  again  exploit  the  nature  of  the 
global  optimizer  of  the  generalized  power  function  (it  is  a  critical  point  for  an  M*  channel  net) 
to  write 

rEff.*«E(N,*)2  (6.18) 

1-4  i-4 

In  fact,  since  p*  =0  (and  thus  N*  =*0)  for  » >  Af*,  we  may  actually  regard  the  summations  in 
equation  (6.18)  as  including  terms  from  1  to  A/,  which  then  yields  the  following 

Theorem  0.1 

For  the  MjM/1  parallel  network  (with  unknoum  routing),  the  average  number  in  system  at 
maximum  generalized  power  satisfies 

rjV*=rSiV;  =  ^(AF;)2  (6.19) 

1-4  1—4 


We  observe  that  this  result  is  actually  a  particular  case  of  Theorem  5.5  above,  since,  as  noted  in 
chapter  4,  the  M/M/1  parallel  network  (with  unknown  routing)  is  an  instance  of  formulation 


In  the  same  manner  as  was  done  previously  for  the  simple  nets  of  chapter  5,  we  may 
use  equation  (6.19)  to  yield  the  following 

Theorem  6.3 

For  the  M/M/l  parallel  network  (with  unknown  routing),  the  average  number  in  system  at 
maximum  generalized  power  satisfies 

N>y  (6.20) 

i -4  i-* 

Note  that  this  dual  equation  is  also  a  consequence  of  Theorem  S.6. 

Equation  (6.19)  also  yields  the  following 

Theorem  6.3 

For  the  M/M/l  parallel  network  (with  unknown  routing),  the  average  number  in  system  at 
maximum  generalized  power  satisfies 

N*  <  Mr  (6.21) 

Note  that  this  bound  is  a  particular  case  of  Theorem  5.7.  Of  course,  we  actually  have  the 

tighter  bound 

(6.22) 

from  equation  (6.18)  (any  channel  j  assigned  an  input  rate  X*  =0  does  not  contribute  to  N *). 

6.1.5  Solution  of  th'  Cenerallsed  Power  Problem 

Before  solving  the  M  independent  equations,  let  us  introduce  the  same  simplifying 
notation  as  in  chapter  3.  We  first  define,  for  1  <  j  <  M , 

Sj  i  s/cjcl  (6.23) 

Note  that  1  =  S,  >  52  >  •  •  •  >  Su.  We  also  define,  for  1  <  j  <  M, 

-  P,  (6.24) 

Choosing  k  »1  in  equation  (6.9),  we  have  (for  1  <  j  <  M) 

\-  Px=(\-  Pl)y/CjC[ 

which  is,  using  our  new  terminology, 


Arguing  as  in  chapter  3,  we  also  have 


r,  “y-  1  <j<M 


(6  26) 


which  determines  the  average  times  at  the  channels  in  terms  of  the  given  capacities  for  critical 
points  of  Pr. 

We  now  solve  the  M  independent  equations  (in  equations  (6.9)  and  (6.11))  for 
Px,  .  .  .  ,Pv  Equation  (6.11)  yields 

£i(r  +  l)p,-  r\p,C,  =0 

»*4 

which  becomes,  using  the  definition  of  6lt 


£|(r  +  l)(l-  6,)-  r](l-  6,)C,  =0 


£(1-  (r  +  l)tf,l(l-  e,)c,  =0 

1*4 

Dividing  by  Cx  nod  recalling  that  Ct/Cx  -S.f.  we  have 

£{l-(r  +  l)<M(l-*,)S(2-0 


£il-(r  +  2)51  +  (r  +  l)fll2l512=0 


Using  equation  (6.25),  we  obtain 


l|[1-(r+2,X+(r+1,(T)  ]5,2=0 


£l(r  +  l)512-(r+2)5151  +  5l2)  =0 


Having  eliminated  .  .  .  ,6U,  wt  Anally  have  the  following  quadratic  equation  in  the  unk¬ 
nown  variable  6X: 


(r  +  l)A/5,2-  (r  +  2)(£S,)01  +  £Sl2  -0 


(6  27) 


The  two  roots  of  this  equation  are 


(r  +  2)ES+|('  +  2)2(£S,)  -4(r  +  l)A/£S, 


2(r  +  l)A/ 


(r  +  2)£S,-  (r  +  2)2(£S.)  -4(r  +  l)A/£S( 


2(r  +  l)A/ 

These  roots  are  real  if  and  only  if  we  have  a  non-negative  discriminant,  i.e., 

Dr  i(r+2)2(fj5.)  -4(r  +  l)A/£S,2>  0 

i-* 

In  this  case,  we  clearly  have  0  <  v  <  u. 


We  now  claim  that 


u  <  ( r  +  l)u 


Using  equations  (6.28)  and  (6.29),  we  see  that  equation  (6.31)  holds  if  and  only  if 
( r  +  2)  £S,  +  \fITr  <  ( r  +  1)( r  +  2)  -  (r  +  l)^ 


This  inequality  is  equivalent  to 


(r+2)v/E7<  r(r  +  2)£S, 


v/S7  <  r£S, 


Squaring  this  last  equation  and  using  the  definition  of  D,  given  in  equation  (6.30),  we  obtain 

(r+2)2(£S.)  -  4(r  +  l)A/£S,2<  r2(£S,)2 


U  2 


4(<-  +  l)(£S.)  <  4(r  +  l)A/£S,5 


Thus  equation  (6.31)  is  equivalent  to 


(E$)2<  A/£s.5 


(6.32) 


Note  that  equation  (6.32)  is  identical  to  equation  (3.31)  of  chapter  3,  which  was  proved  using 


the  Cauchy-Schwarz  inequality  This  shows  equation  (6.31).  Therefore,  whenever  the  roots  u 
and  v  are  real  (i.e.,  whenever  equation  (6.30)  holds),  we  have  the  bounds 

0  <  v  <  u  <  (r-H)t;  (6  33) 

Assuming  the  root  u  is  real,  let  us  see  when  it  leads  to  a  feasible  solution.  We  denote 
the  point  corresponding  to  u  as  p(  u )  (or  X(  u )  or  9(  u ),  depending  on  the  variable  of  interest), 
but  suppress  the  dependence  on  the  particular  root  for  notational  convenience  when  it  is  clear 
from  the  context.  We  call  the  root  u  feasible  if  the  corresponding  point  p(  u)  is  feasible.  The 
condition  for  feasibility  is  0  <  p}  <  1  for  For  the  point  8(  u),  we  have  6X  =u, 

and  from  equation  (6.25),  6}  — u/S}  for  1  <  ;  <  A/.  Equation  (6.33)  then  gives  0  <  8 ,  for  al> 
j,  which  is  equivalent  to  <  1.  Thus  the  solution  is  feasible  if  and  only  if  >  0  lor 
1  <;  <  M.  This  is  equivalent  to  tf;  <  1  for  all  j,  or  u  <  5;.  Since  5;  >  5t  for  j<  k,  the 
condition  for  feasibility  becomes 

u  <  Su 

(note  that  this  is  equivalent  to  pu  >  0).  The  feasible  point  is  an  interior  point  if  and  only  if 
u  <  Su  (pu  >  0).  Similarly,  the  root  v  would  give  a  feasible  point  if  and  only  if 

v  <  Su 

with  the  feasible  point  an  interior  point  if  and  only  if  t;  <  Su.  If  these  roots  (u  and  v)  are  real 
and  give  rise  to  solutions  within  the  feasible  region,  then  they  give  values  of  6X  where  the  gra¬ 
dient  of  the  generalized  power  function  is  zero.  Using  the  relationship  8 ,  —8JS]  where 
6]  =1-  p]t  all  points  (plt  .  .  .  ,pu)  which  satisfy  \yPt  =0  for  the  M  channel  parallel  network 
may  be  found.  As  described  above,  solutions  of  this  form  (for  the  original  network  and  certain 
subnetworks)  will  lead  to  the  global  maximizer  of  P,  over  the  region  of  feasibility. 

Recall  our  assumption  that  both  u  and  v  are  real  (and  thus  equation  (6.33)  holds)  If 
Su  <  v,  then  neither  root  yields  a  feasible  solution.  If  t>  <  Su  <  ti,  then  only  v  yields  a  feasi¬ 
ble  solution,  and  we  may  consequently  disregard  u.  We  now  show  that  if  u  <  Su  so  that  both 
u  and  tf  yield  feasible  solutions,  then  the  solution  corresponding  to  v  gives  higher  generalized 
power  Pr.  Therefore,  the  root  u  need  not  b«  considered  in  determining  optimal  generalized 
power  points.  To  this  end,  assume  u  and  v  are  real  and  the  solution  points  corresponding  to 
them  are  both  feasible.  We  examine  the  solution  given  by  the  root  v.  At  in  chapter  3,  for 
1  <  i  <  A/  we  have 


v 


and 

X,  =fiCiS,(S,-  v) 


Therefore,  the  value  of  generalized  power  at  this  feasible  point  (call  the  value  Pr(t>))  is 


P,(v) 


u  '+1  ru  y+i 

(Ex.)  ")] 


V 

Efl 


•EU-  ») 


or 


Pr(v) 


E5>-  Mv 


As  in  chapter  3,  we  now  use  the  well-known  result  that  if  y  and  z  are  the  two  roots  of  the  qua¬ 
dratic  equation  ax2+bx  +  c  =0,  then  y  +  z  =-  b /a  and  yz  »c/a.  Applying  this  to  the 
roots  u  and  v  of  equation  (6.27),  we  find 


(r  +  l)Af 
r  +  2 


and 


»■( r  + l)A/( u  ■  v) 


Using  these  expressions  in  the  equation  for  Pr(v)  gives 

^  r  +  l)A/uv  -  v  ^— ~^— (  “  +  «>)  J 


Pr(v)  -(MC,)'+lV 


Mv 

r  +  2  ' 


or 


Therefore 


p,(v)  ~(nCyy+'v 


[( r  +  1 )  A/tr] r+l 

[“-  7+y*“ +  ")] 

f+i 

M 

[r+2(«*»)  .] 

or 


P'H  -(^i),+* 


P,(t/)  =((tCi) 


(( r  +  1 )  A/tr)  ,+1 

f  r  +  1  1 

- —  u - —  V 

Lr  +  2  r+2  . 

'+\ 

M 

r  r + 1  1 

- ti - V 

,r  +  2  r  +  2  . 

r+i  1( r  +  l)A/v] f-fI  [(r  +  l)u  -  glf 

M  r  +  2  J 
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We  finally  have 


P,(v)  *,- **}!**  M’v’*[ir  +  l)u-  v\’  (6.34) 

( r  +  2) 

In  a  similar  fashion,  we  examine  the  solution  corresponding  to  u  (call  the  value  Pr(u))  and 
find  that 

Pr(u)  =(/i C1)f~M  +  A/f  u'^Kr  +  lJu-  u('  (635) 

(r+2) 


We  claim  that  P,(t/)  >  Pf(u).  This  is  clearly  true  if  u  —v;  equation  (6.33)  thus 
shows  that  we  need  only  consider  the  range  u  >  v  >  0.  Using  equations  (6.34)  and  (6.35), 
we  see  that  we  must  prove 

v'-*I(r  +  l).i-  v\r  >  u,"w(( r  +  1) t> -  u|' 

From  equation  (6.33)  we  observe  that  both  sides  of  the  above  inequality  are  non-negative; 
therefore,  we  may  take  the  rth  root  and  preserve  the  inequality.  This  yields 

u2^fu((r  +  l)u-  t»]  >  u2^f u[( r  +  l)t/ -  uj 

or 

(vl^']2t)((r  +  l)u  -  u)  >  [ u1/,)2u(( r  +  1) u -  u)  (6.36) 

We  now  prove  equation  (6.36).  We  first  make  the  change  of  variable  a  £  u‘P  and 
ft  £  vx!' .  Therefore,  we  have  a’  —  u  and  b’  ~v.  Also  note  that  a  >  b  >  0  by  the  assump¬ 
tion  that  u  >  t;  >  0.  Rewriting  equation  (6.36)  in  terms  of  these  new  variables,  we  have 

i'-^Kr  +  Da'-  6']  >  o,+2|(r  +  l)ftr-  a'\ 

or 

a2r-W_  b2r+2  >  (r  +  l)0'*'(02_  *2) 

This  is  equivalent  to 

[a'+‘)2-(ft'+>|2>  (r  +  l)a'ft'(o2-  ft2) 


or 


(  af+1  +  ft,+l)(  ar+l-  ft'*1)  >  (r  +  l)o'ft'(o+ft)(a-  ft) 
We  now  note  that  or+l-  ftr+1  may  be  factored  as 

a ,+l  -  ft'+l  =(o-  ft)S«‘V-'  =  (o  -  b)Ylbka,-k 


(6.37) 


(6.38) 


Using  equation  (6.38)  in  equation  (6.37)  and  then  dividing  the  result  by  the  positive  term 
( a  -  b),  we  have 


t>4 


+  b'-»'£lbia'-i 


>  ( r  +  l)af6f( a  +  4 ) 


or 


Dividing  both  sides  by  the  common  positive  factor  arbr  and  rearranging  terms  yields 


or 


We  therefore  have 


or 


Thus  we  finally  have 


•PJ  T>‘-1hs[(|)'-i]>o 


*£(- 

M 


-  4  1 


)-*£( 

t 


a  - 


-•  a 


■)>o 


)>° 


"7*7* 


)>° 


(6.39) 


But  equation  (6.39)  is  obviously  true  since  a  >  b  >  0,  and  so  equation  (6.36)  holds.  There¬ 
fore  P,(v)  >  Pr(u),  and  we  consequently  may  disregard  the  root  u  in  determining  the  optimal 
generalized  power  point 


Let  us  now  review  the  solution  procedure  for  finding  the  global  maximizer  of  general¬ 
ized  power  for  an  M/M/l  parallel  network  with  M  channels  and  channel  capacities 
C,  >  •  •  •  >  Cu.  Let  P"  (1  <  m  <  M)  be  the  generalized  power  function  for  the  subnetwork 
consisting  of  the  fastest  m  channels  (channel  capacities  Clf  .  .  .  ,  Cm),  and  let  um  and  vm  be  the 
corresponding  roots  when  P*  is  used.  We  first  calculate  t;  =vu  from  equation  (6.29).  If 
vu  5:  ^>en  vu  corresponds  to  a  feasible  point  uw)  =(pj( vu),  .  .  .  ,Pu(vu)),  which  is  a 

critical  point  of  the  original  generalized  power  function  Pr  =>Prw.  The  coordinates  of  this  point 
are  given  by  P,(vu)  =1-  vu/S,  for  1<»<A/,  and  the  value  of  Prv  at  this  point  is  given  by 
equation  (6.34)  where  u  =iiy  satisfies  equation  (6.28).  This  procedure  is  then  carried  out  for 
subnetworks  obtained  from  the  original  network  by  dropping  the  slowest  channel  in  each  case. 


For  example,  v^-\  (which  corresponds  to  a  critical  point  p(t>v-i)  of  P,  ,  the  generalized 
power  function  for  A/-  1  channels)  and  are  calculated  next  Among  these  M  points 

(corresponding  to  the  roots  vIt  1  <  ;  <  A/,  of  the  A/  subnetworks),  that  one  which  is  feasible 
and  has  the  highest  generalized  power  is  the  global  maximizer  for  our  optimization  problem. 
The  following  illustrates  the  procedure. 

Step  0:  Set  m  =  A/ 

Step  1:  Calculate  vm  (and  uM) 

Step  2:  Check  if  vm  real;  if  not,  go  to  Step  5 
Step  S:  Check  if  vm  feasible;  if  not,  go  to  Step  5 
Step  4:  Evaluate  Prm(vm)  =  Pfv(  u* ) 

Step  5:  Check  if  m  *  1;  if  not,  set  m  «■  m  -  1  and  go  to  Step  1 

Step  6:  Determine  the  global  optimum  from  the  solutions  calculated  in  Step  4 

Thus,  in  general,  we  must  search  over  A/  points,  although  later  in  this  chapter  we  obtain  condi¬ 
tions  on  the  input  parameters  (the  capacities  C,)  which  reduce  the  number  of  points  that  we 
need  to  examine. 

6.1.6.1  Equal  Capacity  Case 

We  now  consider  several  examples  in  greater  detail.  For  our  first  (simple)  example,  let 
us  assume  that  all  channels  have  the  same  capacity  C.  In  this  case,  we  have  5;  » 1  for  all 
1  <  j  <  A/ ,  so  that  the  root  v  **vu  becomes 

(r  +  2)A/-  VT+2)*H/*-  4(  r  +  1)A*'Z  ( r  +  2) M  -  rM  1 

"  "  2(r  +  l)A/  2(r  +  l)A/  r  +  1 

From  equation  (6.25)  we  must  have  9 ;  =9t  for  all  j,  k ,  so  that  the  root  vu  yields 

l  <  j  <  M 

We  also  have  p;  =  pt,  N ,  * Nk,  and  X;  *=Xt  for  all  j,  k.  Thus 


N,-r,  X.-(/iC)7-^-  \<j<M 


and  the  solution  given  by  vu  is  p(  vu )  =(  r/J  r  -f  1) ,  .  .  .  ,  r/|  r  -f  1) ).  Therefore  (writing 

P,  -O 


P,M  =P?(vu)  =1=- 


(A/Xi )' 


l*Crl(r+l)\'«  _  +1  [Mr)' 


We  see  that  this  must  be  the  global  maximum  as  follows.  For  any  1  <  m  <  M ,  the  root  vm 
clearly  yields  the  solution  p(  vm)  »(r/Jr  4-  1],  .  .  .  ,  i  f\r  4-  1],  0,  .  .  .  ,0)  where  the  first  m  com¬ 
ponents  are  r/|r  4- 1]  and  the  last  M  -  m  ait  zero.  Ibis  has  generalized  power 


*(o -(/»cr+' 


(r  +  l)' 


and  so  the  solution  corresponding  to  vu  is  globally  optimal.  Thus  we  have  N*  =  r,  and  so  this 
equal  capacity  parallel  channel  case  generalizes  the  result  of  Kleinrock  |Klei79j  given  in  equa¬ 
tion  (5.3)  for  the  M/M/1  single-node  system. 

0.1. 5. 2  The  Two  Channel  Cue 


The  next  case  we  shall  consider  is  that  of  a  network  having  only  two  parallel  channels 
with  capacities  Cx  >  C2  (that  is,  the  case  A/  »2).  Following  the  procedure  discussed  at  the 
end  of  section  6.1.5  (with  M  »2),  we  first  find  the  solution  corresponding  to  v2  (the  case 
m  *1)  and  then  find  the  solution  corresponding  to  u,  (the  case  m  =1).  Note  that  t>2  ( >f  it  is 
real  and  feasible)  yields  the  optimal  critical  point  of  P,  »Prs,  while  u,  (which  is  always  real  and 
feasible)  yields  the  optimal  boundary  point  For  notational  convenience,  define  5  £  S2 
(  =  y/CjCl)-,  thus  we  have  0<5<1.  We  look  for  the  optimal  point  satisfying  v P,  =0 
(which  is  given  by  t;  ■»i;2)  by  examining  equation  (6.29)  for  this  network.  The  root  t;  is 

(r  +  2)(l  +  S)-  y/F, 

’  4(r  + 1) 


where 


D,  «(r  +  2)a(l  +  5)2-  8(r  +  l)(l  +  5*)  -( r*4  4r  +  4)(  1  +  2S  +  S2)  -  (8r  +8)(  1  -I  S2) 


Thus  we  have 


and  so 


D,  -(r2-  4r -  4)52  +  (2r2  +  8r+8)5  +  (r2-  4r-  4) 


r  4-  2)(  1  4-  5)  - 


2r^  +  8r  +  8  54- 


In  order  for  this  root  to  be  real,  we  must  have 


D,  =■(  r2-  4r  -  4)524-(2r24-8r  4-8)5  +( r2-  4r-  4)  >  0 


(6  40) 


r 2-  4r  -  4  >  0 

then  equation  (6.40)  holds  for  all  values  of  the  parameter  5,  and  the  roots  u  and  t;  are  real  for 
all  5.  This  is  equivalent  to  ( r  -  2)2  >  8  or  (since  r  is  positive)  to  r  >  2  4-2\/2. 


\  S  \ 

-V.vvv 
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Next  suppose  that  0  <  r  <  2  +  2\/2  or  that 


0  <  r2  <  4r  +  4 

In  this  case,  the  roots  u  and  v  are  real  for  certain  values  of  5,  but  are  not  real  for  other  values 
of  S.  For  the  existence  of  real  roots,  equation  (6.40)  shows  that  we  must  have 

(4  +4r  -  r2)^2-  (8  +  8r +2r2)5 +(4 +4r-  r2)  <  0 

This  is  equivalent  to 

^_(8+8r+2r« 

'  4  -Mr  -  r*  ’  ~ 


or 


S2-  2( 


4  +  4r  +  r2 
4  +4r  -  r2 


)S+{ 


4  +  4r  +  r2 
4  +4r  -  r2 


)  <( 


4  +  4  r  +  r2 
4  +  4  r  -  r2 


)-l 


Therefore  we  have 


or 


We  finally  have 


4  +  4r  +  r2  ,2  <  (4  +  4r  +  r2)2-  (4  +  4r-  r2)2 
4+4r-r2'  —  (4+4r-r2)2 

f  4+4r  +  r2  *  4r2(4  +4r) 

y  4+4 r-  r2  *  ~  (4+4r-  r2)2 


iS- 


4  +  4  r  +  r2 
4  +  4r -  r2 


)  <( 


4r 

4  +4r-  r2 


)(l  +  r) 


Thus  the  condition  for  t;  to  be  real  becomes 


4r\/l  +  r  ^  4  +  4 r  +  r2  ^  4r\/l  +  r 

4  +  4r-  r2  ~  4+4r-  r2  ~  4+4r-  r2 


or 


4  +  4r  +  r2-  4r\/l  +  r  ^  ^  <  4  +  4r  +  r2+  4r \/l  +  r 
4+4r-r2  ~  ~  4+4r-r2 

Note  that  the  right-hand  term  in  the  above  expression  satisfies 

4  +  4r  +  r2  +  4r\/l  +  r  2r2  +  4r\/l  +  r 

4  +  4  r  —  r2  4  +  4r  —  r2 

for  0  <  r2  <  4r+4.  Since  S  <  1  by  convention,  our  bounds  become 

4  +  4 r  +  r2 -  4r\/l  +  r  <  5  <  j 
4  +  4r -  r2 


Let  us  define 


Note  that 


B[r\  A  <+4r  +  r2-  4r\/l  +  r 
4+4  r  -  r2 


(6.41) 


fl(r) 


[2/T  +  7-  rl2 

4  +  4  r  -  r2 


Recall  that  0  <  r2  <  4r  +  4  by  assumption,  and  so  taking  square  roots  yields  0  <  r  <  2\/l  +  r . 
Thus  we  have  B(r)  >  0.  We  may  also  write 


fl(r) 


4 r \/l  +  r  -  2r2 
4  +  4r  -  r2 


Since  0  <  r  <  2\/l  +  r  as  shown  above,  multiplying  this  inequality  by  the  positive  quantity  2r 
yields  0  <  2r2  <  4r\/l  +  r .  Therefore,  fl(r)  <  1. 


Thus  u  and  t;  are  real  for  0  <  r2  <  4r  +  4  if  and  only  if  B(r)  <  S  <  1  where 
0  <  B(r)  <  1,  and  B(r)  is  defined  in  equation  (6.41).  If  this  condition  is  not  satisfied,  P,  has 
no  critical  point;  hence  the  boundary  point  given  by  t>,  is  globally  optimal.  For  r2  >  4r  +  4,  the 
roots  u  and  t;  are  real  for  all  S;  we  define  fl(r)  —0  for  this  range  of  r.  In  this  case,  P,  always 
has  critical  points,  and  these  must  be  compared  to  the  optimal  boundary  point  to  find  the  global 
solution.  Using  this  (extended)  definition  of  fl(r),  we  see  that,  for  any  r,  the  roots  u  and  t; 
are  real  if  and  only  if 

fl(r)<S<l  (6.42) 


Under  the  restrictions  given  in  equation  (6.42)  on  the  parameter  5,  let  us  examine  the 
root  t;  --m  v2  and  determine  if  it  leads  to  a  feasible  solution.  We  have  p,  =  1  -  t;,  so  that 

Pl  -  (3r+2)-(r+2)S  +  ^(r*-  4r -  +  8r +  8)5 +  (  r2- 4r  ^4)~  ((J  <3) 

Now  02mmv/S  and  p2  =»  1  -  02>  80  that 

_  (3r+2)5-  (r  +  2)  +  v/(r2-  4r-  4)52  +  (2r2  +  8r +  8)5  +  (r2-  4r-  4l 
^  4(  r  +  1)5 

Recalling  the  discussion  of  feasibility  after  equation  (6.23),  we  see  that  t;  yields  a  feasible  point 
if  and  only  if  p2  >  0.  Clearly,  p2  is  non-negative  for  5  >  (r  +  2 ) /( 3 r  +  2),  so  we  examine  the 
range  5  <  ( r  +  2) /( 3 r  +  2).  Then,  in  order  for  p2  >  0,  we  must  have 

>/(r2-  4r -  4)52  +  (2r2  +  8r+8)5  +  (ri-  4r-  4)  >  (r  +  2)-  (3r  +  2)S 

Since  both  sides  of  this  inequality  are  nonnegative  in  the  range  of  5  under  consideration,  squar¬ 
ing  will  preserve-  it,  and  our  condition  becomes 


(r2-  4 r-  4)52  +  (2r2  +  8r +  8)5  +  (r2-  4r-  4)  > 


(r2  +  4r  +  4)-  (6r2+ 16r +8)5  +  (9r2+ 12r  +  4)5* 


or 


(8r  +  8)  -  (8r2  +  24r  +  16)5  +  (8r2+ 16r +8)S2  <  0 
Dividing  by  the  positive  term  8r  +8  yields 

1-  (r  +  2)5  +  (r  +  l)52  <  0 

or 

(1-  5)|  1  -  (  r  +  1)5)  <  0 

Since  the  range  under  consideration  is  5  <  (r+2)/(3r  +  2)  <  1,  the  above  inequality  holds  if 
and  only  if  1  -  (r  +  1)5  <  0  or 

1 

<  5 


Note  that 


r+1  “ 


1  r  +  2 


r  +  1  3r  +  2 

because 

3r  +  2  <  (r  + 1)( r  +  2)  =r2  +  3r  +  2 

for  r  >  0.  Putting  together  the  above  two  cases,  the  condition  for  v  to  be  feasible  is 

1 


r+1  ~ 

under  the  assumption  that  the  roots  are  real. 


<  5 


We  still  must  show  that 

B(r)  K  7TT  (645) 

For  r2  >  4r  +  4,  this  is  trivially  true  since  we  have  defined  Z?(r)  =0  for  that  range  of  r.  For 
0  <  r2  <  4r  +4,  using  equation  (6.41),  we  see  that  equation  (6.45)  holds  if  and  only  if 

4  +  4r  +  r2-  4r\/l  +  r  1 
4+4r-r2  r  +  1 


or 


4(l  +  r)2+r2(l+r)-  4r(l  +  r)N/T+7  <  4(  1  +  r)  -  r2 


Thu  is  equivalent  to 


4r(l  +  r)  +  r2(l  +  r)  +  r2  <  4r(  1  +  rJv/T+r 
or,  dividing  by  the  positive  number  r, 

(4  +  r)(l+r) +r  <  4(  1 -l-rJi/rTT 
Squaring  this  last  inequality  yields 

( 16  +  8r  +  r2)(  1  +  2r  +  r2)  +  2r(4  +  5r  +  r2)  +  r2  <  16(  1  +2r  +  r2)(  1  +  r) 
or 


16  +  48r  +44r2  +  12r®  +  r4  <  16  +  43r +48r2+16r; 


2  j.  1(1.1 


This  simplifies  to 


or,  dividing  by  the  positive  quantity  r2, 


r 4  <  4r2  +  4r® 


r  <  4+4r 


which  is  true  for  this  range  of  r.  Thus,  in  all  cases,  equation  (6.45)  holds.  This  shows  that  the 
root  v  —t;2  is  real  and  yields  a  feasible  point  (p,,  p2)  which  is  a  critical  point  or  P,  if  and  only  if 
5  satisfies 


TTT^i 

The  values  for  p,  and  p2  are  given  above  io  equations  (6.43)  and  (6.44). 


We  next  consider  the  case  m  =1  of  our  optimization  procedure.  To  find  the  optimal 
boundary  point  (given  by  v,),  we  must  examine  the  face  X3  =0  (the  slowest  channel  is 
dropped).  This  face  corresponds  to  a  single  M/M/l  system  with  capacity  C,,  and  so,  from  th« 
above-mentioned  result  of  Kleinrock  (see  also  equation  (5.4)),  we  find  that  the  optimal  bour- 
dary  point  is  (p„p2)  “ ( r/\r  +  l|, 0). 


We  now  determine  the  optimal  generalized  power  point  (step  6  of  our  procedure), 
which  depends  on  the  given  parameter  S.  Since  an  optimal  interior  point  nust  have  ^ P,  =0 
(and  thus  corresponds  to  v  =n2),  we  immediately  see  that  the  global  maximum  occurs  at  the 
optimal  boundary  point  when  5  <  l/(r  +  l)  (i.e.,  <7,  >  (r+  1)2C2).  For  S  =l/(r +  1)  (i.e., 
Ci  “(r  +  1)2C'2),  we  find  that  v  =»5  =  l/(r  +  l)  as  follows.  First  recall  that  v  is  given  by 

_  (r  +  2)(l  +  5)  -  V(r  +  2)2(1+S)2-  8(7  +  1 ) ( 1  +  5*j~ 

4( r  + 1) 

Now  r  +  1  =1/5,  and  so  r  +  2  “( 1  +  5)/5.  Using  these  values  we  find 


1  +  5)’-  8S(  1+5 


However,  a  bit  of  multiplication  shows  that(l+5)4-  85(1  + 5s)  =  (  1-  5) 4,  and  so 

t._(l  +  S)2-(l-S)2 

4  4 


as  desired.  Thus  px  =1-  v  =r/(r  +  l)  and  p2  =  1  -  ( v/S)  =0.  In  this  case,  the  optimal 
boundary  point  and  the  critical  point  given  by  v  coincide,  and  so  this  point  must  be  the  global 
maximum.  Thus  we  have  ( p *,  p%)  =*■(  r/\r  +  l),  0)  when  5  <  l/(r +  1)  ( C,  >  ( r  +  1)2C2). 

For  l/(  r  +  1)  <  5  <  1  (  C2  <  Cx  <  ( r  +  1)2C2),  we  must  compare  the  value  of  general¬ 
ized  power  at  the  point  given  by  the  root  v  satisfying  yP,  —0  (which  is  an  interior  point  for 
this  range  of  5)  with  that  from  the  optimal  boundary  point  Rather  than  finding  the  general¬ 
ized  power  itself  (a  difficult  computation),  we  will  make  use  of  the  optimization  theory  fact 
stated  in  chapter  3  at  the  end  of  section  3.2.  In  order  to  determine  the  global  maximizer  for 
the  range  1  /( r  +  1 )  <  5  <  1,  we  examine  the  gradient  of  the  generalized  power  function  at  the 
optimal  boundary  point  Recall  from  equation  (6.4)  that  (for  ;  =1,2) 

dPt  (a,  +X2),+1 


d\,  (x,r,+x2r2) 

Using  the  fact  that  dT/d\  =  T8  for  M/M/l  along  with  Little’s  result,  the  jth  partial  derivative 
simplifies  to 


( r  +  1  )(X  x  T1  +  X2T2) 


"F  X2 


dT>  , 


d\, 


OP,  (X,  +  X2p  (r  +  l)(7V,  +  7V2) 

<9X;  (ffI  +  iV2)2  X1  +  X2  [ 

At  (pi,  p2)  =(  r/l r  +  l),  0)  we  have  ( X lt  X2)  =(  rp  Cj/jr  +  l|,  0).  At  this  optimal  boundary 
point  we  also  have  ff}  =r,  N2  =0,  Tr  —r/Xj  =(  r  +  l)/p  Clt  and  f2  =l//x(72  =  l/S2pCl  (by 
the  definition  of  5).  Therefore, 


°i  H'TTt] 


which  is  as  expected.  Also, 
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Thus,  at  the  optimal  boundary  point  (Xt,  X2)  =(r/iC,/Jr  +  1],  0),  we  find  that  the  gradient  of 
P,  has  value 

V P t  -(O./iC.ll-  l/fr  +  l)2*2]) 

Ely  the  well-known  result  from  optimization  theory  quoted  in  chapter  3,  if  a  point  is  a  local 
maximum  of  P„  then  yPr  -d  <  0  for  every  feasible  direction  d  Clearly,  for  l/(r  +  l)  <  S  <  1 
the  point  (rnC\f\r  + 1] , 0)  cannot  be  even  a  local  maximum  because  there  are  (infinitely 
many)  feasible  directions  d  with  vPf  d >  0.  In  fact,  at  that  point  any  vector  d  =(  dt,  d2)  with 
d2>  0  is  a  feasible  direction  such  that 


d2  >  0 


Thus  for  l/(  r  + 1)  <  5  <  1  the  maximal  boundary  point  is  not  globally  optimal  (it  is  not  even 
locally  optimal),  and  so  the  critical  point  given  by  the  root  v  must  be  optimal.  Writing  5  in 
terms  of  the  given  channel  capacities,  the  above  cases  enable  us  to  prove  the  following 

Theorem  6.4 

The  optimal  solution  which  maximizes  the  generalized  power  of  the  two  channel  M/M/l  paral¬ 
lel  network  it: 


(a)  for  C2<  <7,  <  (r  +  l)2C2  then 


Ir  +2)  -  (r+2)S  +  V(ri-  4r -  4)S2  +  (2r2  +  8r  +  8)S  +  (r2-  4r-  4) 


4(r  +  l) 


(6.46) 


(3r  +2)S-  (r  +2)  +  v(r  -  4r-  4)52  +  (2r2  +  8r  4-8)5  +  (  r2-  4r  -  4)  .  . 

4(r  + 1)5  [  '  1 


(b)  for  (  r  +  1)2C2  <  Cx  then 


(6.48) 


We  now  examine  the  behavior  of  the  optimal  solution  for  rj se  (a)  of  Theorem  6  4  in 
greater  detail;  in  particular,  we  focus  on  the  parameter  p*.  Proceeding  as  in  chapter  3,  we  first 
recall  that 

_  ( r +  2)(  1  +5) -  JD, 

4(r  +  l) 

where 

D,  =  (  r2-  4r-  4)S2  +  (2r2  +  8r  +  8)S  +  ( r2-  4r-  4) 

for  the  range  of  S  under  consideration  (l/Jr  +  l|  <  5  <  1).  Differentiating  v  with  respect  to  S 
yields 

iv  -  1  [r  +  <2\  (r2-4r-4)5-Kr24-4r4-4)l 

iS  4(r  +  l)  l  *  JW,  \ 

and  (after  a  bit  of  manipulation) 

d2v  ^  4r2 
dS2  ”  D  ^ 

Since  D,  >  0  for  l/(  r  + 1)  <  S  <  1,  we  have  d2v/dS2>  0,  and  thus  v  is  a  strictly  convex  func¬ 
tion  of  5  for  this  range  of  S.  Therefore,  p**»l-  v  is  a  strictly  concave  function  of  S.  To  find 
the  maximum  value  of  p*,  we  set  dp*/dS  =0,  or  equivalently  dv/dS  =  0.  This  gives 

(  r  +  2)  \/W,  =  (  r2-  4r-  4)S -*-(  r2  + 4r  +  4) 

Squaring  this  equation  and  using  the  definition  of  D,  yields  (after  some  calculation) 

(r2-  4r -  4)5*  +  2( r2+4r  +  4)S- (r2  +  4r+4)  =0 

Note  that  the  corresponding  value  of  D,  satisfies 

Dr  -2 r2 


If  r2-  4r -  4  =0  ( r  =2  +  \/2),  we  obtain 


We  also  have  that  the  maximum  value  of  p*  is 


•  2  +  \pi 


Pi 


If  r2-  4r-  4  >  0  ( r  >  2  +  \/2),  it  can  be  shown  that 


and  that 


r  +  1 


<  S  <  ) 


In  this  case,  we  also  find  S  <  1/2,  and  the  maximum  value  of  p*  is 

.  _  r1-  r(2  +  \/2) 
r2-  4r-  4 


If  r2-  4r-4<0(r<  2  +  \/2),  it  can  be  shown  that 

~(r+?)l(r+2)-rs/2\ 
4  +4r-  r2 


and  that 


r  +  1 


<  S  <  1 


In  this  case,  we  also  find  5  >  1/2,  and  the  maximum  value  of  p *  is 

■  r(2+'/?)-r» 

''  4  +  4r-  r3 


Several  interesting  consequences  of  this  simple  two  channel  parallel  network  may  be 
drawn  from  the  above  results.  Let  us  regard  the  network  as  a  model  of  two  users  (source- 
destination  pairs),  each  with  its  own  channel  for  its  packets.  We  observe  that  operating  at  the 
optimal  generalized  power  point  may  be  unfair  the  sense  that  some  users  are  restricted  to  hav¬ 
ing  zero  throughput  In  fact,  from  the  above  characterization  of  the  global  maximum  of  this 
system,  we  see  that  user  2  will  have  zero  throughput  whenever  ( r  +  1)2C2  <  C,  (i.e.,  whenever 
the  faster  channel  is  at  least  (r  +  1)2  times  as  fast  as  the  slower  channel).  Of  course,  such  a 
system  operating  point  is  unfair  to  user  2.  Note  that,  as  r  increases,  the  set  of  capacities  which 
yield  fair  optimal  solutions  also  becomes  larger.  This  is  not  surprising,  because  throughput  is 
favored  for  large  r.  We  also  note  that  local  generalized  power  is  not  necessarily  equal  to  global 
generalized  power,  i.e.,  an  operating  point  obtained  by  maximizing  generalized  power  using 
only  local  information  (where  each  user  is  aware  only  of  traffic  characteristics  along  his  own 
path)  may  not  be  the  operating  point  obtained  by  globally  maximizing  generalized  power.  We 
see  that  the  optimal  point  using  local  information  is  (pl(p2)  *=(  r/\  r  +  lj ,  r/|  r  +  lj ),  which  is 
globally  optimal  if  and  only  if  S  —1  (i.e.,  if  and  only  if  both  channels  are  the  same  speed). 
Thus,  an  algorithm  which  attempts  to  optimize  generalized  power  using  only  local  information 
will,  in  general,  fail. 
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6.1.6  Simplifying  the  Detemdnadoo  of  the  Optimal  Solution 

In  the  two  channel  example  analyzed  above,  the  global  optimum  was  determined  by 
examining  the  gradient  of  the  generalized  power  function  at  the  optimal  boundary  point.  Using 
this  example  as  a  guide,  we  find  that  it  is  sometimes  possible  to  analytically  determine  the 
optimal  solution  without  evaluating  all  the  M  roots  v ,  for  1  <  j  <  M .  That  is,  we  may  elim¬ 
inate  the  tail  of  our  optimization  procedure  by  stopping  with  root  vm  for  some  index  m. 


Before  we  consider  the  general  case,  let  us  study  the  special  case  where  only  one  root 
needs  to  be  evaluated.  We  wish  to  find  conditions  on  the  parameters  S,  (and  thus  the  channel 
capacities  C,)  which  insure  that  the  points  corresponding  to  the  roots  t>i,  .  .  .  ,vu  i  are  not 
optimal.  In  such  a  case,  our  optimization  procedure  involves  one  iteration,  and  since  the  condi¬ 
tions  we  seek  are  in  terms  of  the  given  5,  only,  the  remaining  M  -  1  roots  need  not  be 
evaluated.  We  proceed  by  examining  the  gradient  of  the  generalized  power  function  for  the 
original  M  channel  network  at  these  M  -  1  points.  In  particular,  consider  an  index  1  <  m  <  M 
(which  corresponds  to  a  subnetwork  with  m<M  channels)  and  assume  that  vm  yields  a  feasi¬ 
ble  point  which  is  a  critical  point  of  its  generalized  power  function  P That  is,  vm  is  real  and 
satisfies  v*  <  Sm.  The  point  (pi,  .  .  .  ,pm)  (or  (X(,  .  .  .  ,  X m ) )  corresponding  to  is  then 
given  by  p;  BP;(vm)  »«1-  vM/S,  for  1  <  j  <  m  and  satisfies 


dT, 

y’TT+Tl 


(r+i)5>,r, 

_ 

m 

Ex, 


1  <  /  <  m 


(6.49) 


We  now  evaluate  the  gradient  of  P,  —P?  at  the  point  (X,,  .  .  .  ,Xm,0,  .  .  .  ,0).  Note 
that  this  point  represents  the  solution  corresponding  to  the  root  vn  in  the  original  M- 
dimensional  space.  Evaluating  equation  (6.4)  for  the  ;th  partial  derivative  of  P,  =P^  at  the 
above-mentioned  point,  we  find  (since  X;  =0  for  m  <  ;  <  M) 


dP, 

d\, 


f+» 


(Ex,) 
_ 

(Ex,  r.) 


Ex.r, 

— ^ — l^ir+TA 

Ex, 


From  equation  (6.49)  we  have 


dTi 

X|7x7  +  Tl 


(r  +  i)Sx,r, 

_ i-4 _ 

Ex, 


dT, 

'X;-^-  +T,  l<j<m 


173 


and  so  (for  1  <  j  <M) 


dp,  ytz i 


m  r+l 

(Ex,) 


ax, 


(iT\  .  ,  dT, 

x‘7x7  +  r‘)-^dx7+r^ 


Thus,  we  clearly  have 


dP, 


ax, 


=0  1  <  m 


as  expected. 


We  now  examine  the  ;th  partial  derivative  for  m<j<M.  Using  equation  (6.6)  and 
the  fact  that  \}  *0  in  the  range  of  j  under  consideration,  we  find 


dP , 
d\, 


m  "H 

(Ex,) 


($>,*;) 


i  i 


Pc\  (1  -  px) 


2  1 


Now  (as  \,  *0), 


1  c\  1  1 


;  tic,  pCx  Cj  tiCx  5/ 


and  so 


dP, 

a\, 


(Ex,) 


f-H 


(Ex,  r.) 


i  i 


_ i _ i_ 

pCi  '  (1-  P,)2~  mC,  ’  Sj2 


Therefore, 


9P,  l 


1 


*  ,-H 

(Ex,) 


d\}  pCx  ( 1  -  px) 


7  - - T 


(Ex.r.)  l 


or,  using  px  — p,(v«)  =«1-  vm, 

OP,  1  1 


*  '+« 

(Ex,) 


d\,  tiCx  (Vm) 


2  u  2 


(Ex.r.)  l  ^ 


i-(-f) 


for  m  <  ;  <  M .  Thus  we  have 
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1  <  ;  <  m 


(6  50) 


4-(-r-)l  ™<j<M 


where  K  >  0. 

We  will  dow  use  the  above  evaluation  of  the  jth  partial  derivative  to  find  conditions  on 
the  given  parameters  5,  which  insure  that  the  solution  corresponding  to  the  root  vm  is  not  the 
global  optimum.  To  this  end,  we  evaluate  v Pt  d  at  the  point  given  by  vm  where  d  is  any  feasi¬ 
ble  direction.  Such  a  feasible  direction  must  be  of  the  form  d  —(du  ...  ,du)  where  <f;  >  0  for 
m  <  j  <  M .  We  have 


V*Vd 


which,  using  equation  (6.50),  becomes 


VP,  d-«  S  d,  l-(-T-) 


One  condition  that  insures  \jPr  d  >  0  (and,  therefore,  that  the  solution  corresponding  to  vm  is 
not  optimal)  is  to  have 


1  -  >0  m<j<M 

Sj 


vm  <  S,  m  <  j  <  M 

Since  Su  <  S}  for  all  1  <  ;  <  A/,  this  condition  becomes 

<  Su 

Therefore,  if  the  root  vm  satisfies  vm  <  Su,  then  the  solution  point  corresponding  to  t/*  is  not 
even  a  local  maximum,  because  there  are  feasible  directions  d  such  that  v^Vd>0  at  that 
point 

Note  that  the  verification  of  the  condition  t>M  <  Sy  involves  the  calculation  of  the  root 
vm,  which  is  precisely  what  we  are  trying  to  avoid.  Thus  we  wish  to  find  such  a  condition  which 
depends  on  the  input  parameters  S,  only.  Recall  from  equation  (6.15)  that  we  have 
Pi  >  r/(  r  +  1)  for  a  critical  point  (pt,  .  .  .  ,  p„)  of  Pr".  Then  we  must  have  vm  <  l/(  r  +  1)  since 
vm  =*1-  p,.  Hence,  for  those  systems  for  which  5y  >  l/(r +  1),  we  have  t/„  <  Sy,  and  thus, 
by  the  above  argument,  the  solution  point  corresponding  to  vm  is  not  optimal.  Since  this  is  true 
for  any  m  <  M ,  the  point  corresponding  to  the  root  uy  must  be  globally  optimal.  We  have 
proved  the  following 


Theorem  0.5 


If  Su  >  l/( r  + 1)  (i.e.,  Cx/Cu  <(r  +  l)2),  then  the  global  maximum  of  P,  Jot  the  M 
channel  parallel  network  is  given  by  the  point  which  corresponds  to  the  root  vu . 


This  yields  the  promised  condition  based  on  the  given  parameters  5 ,  which  guarantees  that  only 
one  solution  point  (that  corresponding  to  i>y)  needs  to  be  calculated  in  determining  the  optimal 
generalized  power  point.  Note  that  the  result  for  the  two  channel  example  in  the  range 
l/(r  +  l)<S<l  follows  from  the  above  theorem. 


Now  let  us  return  to  the  problem  of  finding  simplifying  conditions  for  the  general  case. 

The  procedure  which  led  to  the  proof  of  Theorem  6.5  may  be  generalized  in  the  following  way. 

Define  n  as  the  largest  index  (1  <  n  <  A/)  for  which  5,  >  l/(  r  +  1).  Therefore,  S,  >  l/(  r  + 1) 

(i.e.,  C,/Ci  >  l/(r  +  l)2)  for  1  <  i  <  n,  and  S,  <  l/(  r  +  1)  (i.e.,  C./C,  <  l/(  r  +  l)2)  for  i  >  n. 

Note  that  Theorem  6.5  is  the  case  n  «—A/.  Thus  the  ratio  of  the  capacity  of  the  fastest  channel 
to  that  of  any  channel  up  to  and  including  channel  n  is  less  than  (r  +  1)2  (  Cx/C,  <  ( r  + 1)2  for 
1  <  t  <  n),  while  its  ratio  to  the  capacities  of  all  channels  strictly  slower  than  channel  n  is  at 
least  (r  + 1)2  ( Cx/C,  >  (r  + 1)2  for  n  <  f).  Applying  the  previous  argument  to  the  subnetwork 
with  n  channels,  we  see  that  the  solutions  corresponding  to  roots  tv  i,  •  •  •  ,  t>i  must  yield  lower 
generalized  power  than  the  solution  corresponding  to  tv  Therefore,  the  optimal  generalized 
power  point  must  be  given  by  one  of  the  roots  vu,  ...  ,vt,  and  we  may  ignore  the  others.  We 
have  shown  the  following 

E 


Theorem  6.6 


Let  n  be  the  largest  index  (l  <  n  <  M )  such  that  S ,  >  l/(r  +  l).  The  global  maximum  of 
P,  for  the  M  channel  parallel  network  is  given  by  a  point  which  corresponds  to  one  of  the  roots 

vu,  ■  ■  ■  ,  tV 

This  enables  us  to  greatly  simplify  the  determination  of  the  optimal  generalized  power  point  for 
certain  networks.  In  terms  of  the  procedure  given  at  the  end  of  section  6.1.5,  we  may  insert 
the  following  new  step  between  steps  4  and  5: 

Step  4-5:  Check  if  Sm  >  l/(  r  +  1);  if  yes,  go  to  Step  6 


Thus  as  soon  as  5„  >  l/(r  +  l),  we  may  immediately  disregard  any  subsequent  roots.  That  is, 
we  have  found  a  condition  which  is  easy  to  check  and  which  (if  true)  enables  us  to  eliminate 
the  tail  cf  our  optimization  procedure. 


We  now  demonstrate  that  the  above  two  theorems  yield  results  concerning  fairness  (as 
defined  in  chapter  3).  We  first  consider  Theorem  6.5.  Note  that  the  optimal  point  (given  by 
t/y)  is  an  interior  point  of  the  feasible  region  since  vu  <  l/(  r  +  1)  <  Sy,  and  so  it  yields  a  fair 
solution  point  We  have  shown  the  following 

Theorem  0.7 

If  Sy  >l/(r  +  l)  ( i.e C|/<7y  <  ( r  +  l)2^,  then  the  global  maximum  of  P,  for  the  M 
channel  parallel  network  it  a  fair  operating  point. 

Thus  we  see  that  if  the  capacity  of  the  fastest  channel  is  less  than  ( r  +  1)2  times  the  capacity  of 
the  slowest  channel,  the  optimal  operating  point  with  respect  to  generalized  power  gives  each 
channel  (or  user)  non-zero  throughput.  Therefore,  an  unfair  optimal  solution  can  only  occur 
when  the  ratio  of  the  fastest  channel  capacity  to  the  slowest  is  at  least  (  r  +  l)2  However,  as  we 
shall  see  in  section  6.1.7. 1,  this  property  does  not  characterize  unfair  solutions.  That  is,  there 
are  parallel  networks  satisfying  Cx/Cu  >  (r  +  1)2  which  yield  fair  global  maxima  (i.e.,  each 
user  has  non-zero  throughput). 

The  above  result  that  Sy  >  l /(r  +  1)  implies  the  optimal  solution  is  fair  (which  used 
Theorem  6.5)  may  be  generalized  using  Theorem  6.6  and  the  following  claim. 

Qalmi  If  1  <  i  <  j  <  M  and  S,>l/(r  +  l),  then  the  solution  corresponding  to  root  vt  (for 
the  subnetwork  with  j  channels)  is  fair  for  user  i. 

We  prove  this  claim  by  first  noting  that  v,  <  l/(  r  + 1)  <  S,,  and  also  (since  i  <  j,  and  thus  the 
subnetwork  with  j  channels  necessarily  includes  channel  i)  that  p,(u;)  =1-  t ;;/S,.  Therefore 
p,  >0,  and  the  solution  is  fair  for  user  i.  Thus  the  claim  holds,  which  enables  us  to  prove  the 
following 

Theorem  6.8 

If  for  tome  m  (l  <  m  <  M )  Sm  >  l/(  r  +  1)  (ie.,  C\jCm  <  ( r  +  l)2),  then  the  global  max¬ 
imum  of  P,  for  the  M  channel  parallel  network  it  fair  for  uter  m  in  the  tente  that  channel  m  it 
attigned  non-zero  throughput  at  the  optimal  generalized  power  point. 

To  prove  this,  we  first  define  n  as  in  Theorem  6.6;  that  is,  we  let  n  be  the  largest  index 
( 1  <  n  <  M)  such  that  S„  >  l/(  r  +  1).  Thus  we  must  have  1  <  m  <  n.  From  Theorem  6.6, 
we  know  that  the  optimal  generalized  power  point  corresponds  to  one  of  the  roots  t/y,  .  .  .  ,vn. 
We  now  note  that  this  optimal  point  will  be  fair  for  users  1  through  n  (and  thus  for  user  m)  no 
matter  which  of  the  roots  vUt  .  .  ,vn  yields  highest  generalized  power.  This  is  true  from  the 


claim  proved  above,  because  if  we  let  v}  yield  the  optimal  point  and  »'  be  one  of  these  first  n 
users,  then  i  <  n  <  j.  Thus  root  v,  yields  a  point  which  gives  non-zero  throughput  to  each  of 
the  channels  (users)  1,  .  .  .  ,  n  and  therefore  to  user  m,  which  proves  Theorem  6.8 

This  shows  that  if  the  ratio  of  the  capacity  of  the  fastest  channel  to  the  capacity  of 
channel  m  ( 1  <  m  <  M )  is  less  than  ( r  + 1)2,  then  the  optimal  generalized  power  point  is  fair 
for  user  m.  Wc  have  found  a  condition  (*'ased  on  the  given  channel  capacities)  which  is  help¬ 
ful  in  determining  the  set  of  users  for  which  the  optimal  generalized  power  point  is  fair,  but 
which  unfortunately  does  not  fully  characterize  fairness  as  we  sball  see  in  section  6. 1.7.1 

We  also  observe  the  influence  of  the  parameter  r  in  the  above  theorems  concerning 
fairness.  For  large  values  of  r,  throughput  is  deemed  more  important  by  the  analyst  in  choos¬ 
ing  the  function  P,.  Since  the  optimal  solution  is  fair  if  Cx/Cu  <  (r  +  1)2,  the  set  of  capacities 
which  yield  a  fair  solution  also  becomes  larger  (the  term  (r  +  1)2  increases  when  r  does).  Thus 
we  are  willing  to  give  throughput  to  slower  channels  as  r  increases,  because  delay  is  not 
accorded  as  much  importance. 

5.1.7.1  Fairness  Characterisation  Cbunterex ample 

For  the  case  of  two  channels,  Theorem  6.4  shows  that  the  optimal  solution  when  gen¬ 
eralized  power  P,  is  maximized  is  fair  if  and  only  if  C,/C2  <  (r  +  1)2.  Thus  Theorem  6.4  gives 
a  characterization  of  fairness  for  M  —2  in  terms  of  the  given  channel  capacities.  For  the  case 
of  M  channels,  Theorem  6.5  shows  that  the  optimal  solution  is  fair  if  the  condition 
Cx/Cu  <  (r  +  1)2  on  the  channel  capacities  holds.  We  now  show  that  this  property  does  not 
characterize  fairness  for  this  general  case.  That  is,  if  the  condition  Cx/Cu  >  (r  +  1)2  holds, 
then  it  is  not  necessarily  the  case  that  the  optimal  solution  is  unfair.  Specifically,  we  prove  the 
following 

Theorem  5.9 

For  any  real  number  a  >  (1  +  r)2,  there  it  an  M/M/1  parallel  network  with  Cx/Cu  =a, 
but  whole  optimal  tolution  for  generalized  power  P,  it  fair. 

In  fact,  the  example  network  we  choose  is  of  the  form  C,/C,  =a  for  2<  »  <  M.  For 
notations!  convenience,  define  0  \/a  so  that  02=*a.  Therefore,  we  have  0  >  1  +  r.  We 
consider  a  parallel  network  of  M  channels  with  Cx***aC  ~*02C  and  C2=-  =*CU  **C. 
Thus  the  ratio  of  the  capacity  of  the  single  fast  channel  to  the  capacity  of  anv  of  the  slow  chan¬ 
nels  is  a  *=02  We  have  Sx  =  1  and  S2  •  •  •  *  Sy  =  1/0.  We  will  show  that  there  is  a  value 
of  M  -» M 1  large  enough  such  that  the  resulting  parallel  system  yields  a  fair  global  solution 
point  when  generalized  power  Pr  is  maximized.  Intuitively,  this  comes  about  since  the  accumu¬ 
lated  throughput  for  a  large  number  of  slow  channels  is  great  enough  to  overcome  the  addi¬ 
tional  delay  introduced  by  those  slow  channels. 
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To  prove  this  theorem,  we  wi]|  show  that 


(i)  vu  is  real  for  large  M 

(ii)  vu  yields  a  feasible  interior  solution  point  for  large  M 

(iii)  lim  P^(vy)  =»oo 

U  — » ao 

Assuming  (i),  (ii)  and  (iii)  hold,  we  now  prove  Theorem  6.9.  We  can  find  an  integer  M'  such 
that,  using  (i)  and  (ii),  vu>  is  real  and  yields  a  feasible  interior  solution  point,  and  also,  using 
(iii),  such  that 

P?W)  >  Pr’{v,) 

for  all  ;  <  M'.  Thus,  as  Pt\  u;)  -P*'(  v,),  we  also  have 

P? W)  >  PrUhj) 

for  j<M'.  The  optimal  boundary  point  is  given  by  v,  for  some  j<M'  (recall,  the  subnet¬ 
works  of  interest  are  obtained  by  dropping  the  slowest  channel  in  a  recursive  manner),  and  thus 
tie  above  choice  of  M1  shows  that  this  critical  point  yields  higher  generalized  power  than  the 
optimal  boundary  point.  Therefore,  the  solution  corresponding  to  vu>  must  be  globally  optimal. 
From  (i)  and  (ii),  the  root  vu>  is  real  and  yields  a  feasible  solution  point  which  is  an  interior 
critica  point  of  P,  =»  Pf1'.  Since  this  point  is  interior  to  the  feasible  region,  it  yields  a  fair  solu¬ 
tion,  i.e.,  each  user  has  non-zero  throughput.  This  proves  Theorem  6.9. 


Before  proving  (i),  (ii)  and  (iii),  we  establish  some  results  which  will  assist  us  in  these 
proofs.  We  first  set  L  £  M  -  1,  so  that  the  network  has  1  fast  channel  of  capacity  aC  and  L 

u  L  u  L 

slow  channels  each  of  capacity  C.  We  observe  that  =*  1  +  — -  and  J]S,2  ■=■  1  +  — j.  The 

"  (r 


0 

roots  u  “Ua/  »ut+1  and  v  =  vi  +i  are  given  in  terms  of  the  discriminant 

u  2  u 


D(L )  -(r  +  2)2(£5,)  -  4(r  +  l)(l  +  L)£S,s 


(6.51) 


Using  the  values  for  S,,  we  have 


D(t)  -(r  +  2)!(l  +  i)i-  l(r+l)(l+t)(l+i) 


or 


2)(I.)-(r,  +  lr  +  4)(l  +  ^+il)-(4r+4)(l+i+A  +  il) 
Multiplying  and  collecting  terms  in  powers  of  L ,  we  obtain 


179 


D(L)  -r3-  J4r  +  4)-  (2r2  +  8r+8)l  +  (4r  +  4)-l.]l  4-^ 
which  finally  yields 

D(L )  — ^-[r*L2-  j(4r+4)/?2-(2r2  +  8r+8)/?+(4r  +  4))L  +r202] 
We  m,yr  rewrite  this  expression  in  the  form 

D(L)-±[r*L*-f(0)L+r>0>] 

where  we  have  defined 


f(0)  i(4r+  4)02-  (2r2  +  8r+8)0  +  (4r  +  4) 


(6.52) 


(6.53) 


By  differentiating  equation  (6.53)  with  respect  to  0,  we  observe  that  f(0)  fc  strictly 
convex  with  a  global  minimum  at 

2r2  +  8r+8  ,  ,  2 r2 

- W8 - ‘+1TT 8 

Note  that 


0 ml.  “I  +  r 


4(r  +  l) 


<  1  +  r 


Therefore,  /(0)  is  a  strictly  convex  iracreanh;  function  of  0  tot  0  >  1  +  r.  Evaluating  f(0)  at 
the  point  0—1  +  r  yields 


/(1  +  r)  —  4(l  +  r)a-  (2r2  +  8r+8)(l  +r)  +  4(l  +  r) 


or 

/(1+r)  -(l+r)(4(l+2r  +  r2)-  (2r2  +  8r +  8) +4) 

Therefore 

/(1  +  r)  —  2r*(  1  +  r)  >  0 
Since  f(0)  is  strictly  increasing  for  0  >  1  +  r,  we  must  have 

fifi)  >  /(1+r)  —  2r*(  1+r)  >  0 

in  this  range.  Thus  f(0)  >  0  for  0  >  1  +  r,  and  so  f{0)  is  positive  for  the  given  (fixed) 
value  of  0  of  Theorem  6.8. 


Writing  equations  (6.28)  and  (6.29)  in  terms  of  the  parameters  of  the  example 
network) s)  we  are  studying,  we  have 


n 


% 


Lv 

\ 

'.N 
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(r  +  2){l  +  ±)  +  ,/DlL} 
2(r  +  l)(l  +  L) 

(r+2)(i+ j)-  jwi 

2(r  +  l)(l+L) 


(654) 


(6  55) 


We  know  that  the  solution  point  corresponding  to  t;  gives  higher  generalized  power,  and  thus 
we  wish  to  evaluate  P,(v)  as  given  by  equation  (6.34).  We  first  calculate 


( r  +  1)  u 


(r  +  l)(r  +  2)(l  +  A)+(r  +  i)x/STIT  (r+2)(l+|-)-  VdJXI 
2(r  +  l)(l+L)  2(r  +  l)(l+L) 


or 


<,+,)«- » -  ’i'+w+L)+{'+tu>Jm 

'  ’  2(r  +  l)(l  +  l)0 

Therefore 


i(rii),  ,|. _li±Md£±£t±MII3l: 

2'(r+l)'(l+l)'r 

and  so,  using  equation  (6.34),  we  have  (recall  that  M  =  1  +L  ) 

Pr(v)  ^Cl)^^±v^[r{fi  +  L)  +  Vim\t 
Since  (7,  =*02C,  we  obtain 

Pr(v)  -(nC)*'  v,'*a\r(0  +L )  +0\/W{TJ\ 1 


(6.56) 


We  now  prove  (i).  From  equation  (6.30),  we  see  that  the  roots  u  and  v  are  real  if  and 
only  if  D(L  )  >  0.  From  equation  (6.52),  we  observe  that  D(L)  is  positive  for  large  L,  and 
thus  (i)  holds. 

We  next  prove  (ii).  We  wish  to  show  that,  for  large  L,  the  root  v  =*vu  =  vl  +  ,  yields  a 
feasible  solution  which  is  also  an  interior  point  of  the  feasible  region.  That  is,  we  claim  that 
v  <  Su  for  large  L  .  This  is  true  if  and  only  if 

»  <  j  (6.57) 


for  large  L,  which  we  now  proceed  to  prove.  Recall,  from  the  proof  of  (i),  that  the  roots  u 
and  v  are  real  for  large  L.  Using  equation  (6.55),  we  see  that  equation  (6.57)  is  equivalent  to 


(r  +  2)(l  +  ^)-  v/FflT  l 
2(r  +  l)(l+L)  <  J 

or 

(r  +  2){/3  +  L)-  psfD{Ll  <  2( r  + 1)(  1  +L  ) 

This  last  inequality  yields 

(r  +  2)0  +  (r  +  2)L  <  2( r  +  1)  +  2( r  +  1)L  +  0^/DlL] 
or 

( r  +  2)0  <  rL  +  2(  r  +  1)  +  fisfDjT] 

which  is  clearly  true  for  large  L ,  since  D(L )  is  positive  for  large  L ,  and  is  fixed.  This  proves 
equation  (6.57)  and  therefore  (ii).  Thus,  for  large  L,  we  have  shown  that  the  root  v  is  real 
and  yields  a  feasible  solution  point  which  is  an  interior  point  of  the  feasible  region.  Therefore, 
it  yields  a  fair  solution. 


We  now  prove  (iii).  We  first  find  a  lower  bound  on  v  =iy+i  avu  which  is  useful  in 
bounding  the  corresponding  value  of  generalized  power  Pr(t>).  We  claim  that 


_1 _ 

('  +  !)/> 


<  v 


(6.58) 


for  large  L .  Recall  that,  for  large  L ,  t>  is  real  and  yields  a  feasible  solution  which  is  fair.  Using 
equation  (6.55),  we  see  that  equation  (6.58)  is  true  if  and  only  if 


,  (r  +  2)(l  +  i)-V5IIT 

(r  +  l)0  <  2(r  +  l)(l  +  i) 


or 


2(r  +  l)(l  +  L)  <  (r  +  l)(r+2)(0  +  L)  -  ( r  +  1)0\/dJT) 
This  is  equivalent  to 

2(  1  +  Z, )  <  ( r  +  2)0  +  ( r  +  2)L  -  py/DjLj 


or 

^VZTfTT  <  rL  +  (r+2)0- 2  (6.59) 

Note  that,  since  p  >  1  +  r,  we  have 

( r  +2)0  >  (r  +  2)(r  +  l)  >  2 

and  so  (r  +  2)0-  2  >  0.  Thus  for  equation  (6.59)  to  hold,  we  need  only  show  that 
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PVD{L)  <  rL 


(660) 


for  large  L.  Since  D(L)  is  positive  for  large  L,  we  may  square  equation  (6  60)  and  preserve 
the  inequality  to  obtain 


P2D(L)  <  r2L‘ 


Using  equation  (6.52),  we  have 


r2L2-  f(P)L  +r202  <  r2l2 


Rearranging  terms,  we  need  only  prove 


r2P2<f(P)L 


for  large  L.  Since  f(P)  is  positive  for  P  >  1  +  r,  this  inequality  clearly  holds  for  large  L 
(recall  that  P  is  fixed).  This  proves  equation  (6.58). 


From  the  above  results,  for  large  L  ( i.e.,  for  large  Af),  the  root  t;  =*vLM  =  is  real, 
yields  a  feasible  solution  point  which  is  fair,  and  also  satisfies  equation  (6.58).  In  particular,  we 
have  shown  for  large  L  that 


1 _  .  .  1 

(r  +  l)0  P 


(6.61) 


We  now  bound  the  vafae  P,(t/)  for  large  L.  Recall  that  equation  (6.56)  gives  P,(v)  as 

Pr(v)  »( nCV»  r(P+L)  +P/DIL?, ' 

& 


We  now  use  the  bound  #iven  in  equation  (6.58)  to  obtain 


p,M  >  (nC) 


,+,(;• +  1)/T* _ l_ 

2r  |(r  +  l)^l 


—  \r(P+L)+P</DUT 0' 


(6-62) 

for  large  L.  Since  D(L)  is  positive  for  large  L,  the  right-hand  side  or  the  above  inequality 
increases  without  bound  as  L  -»  oo  (i.e.,  as  Af  -»  oo).  Therefore,  we  have 


lim  P?(vu)  =*oo 

U  —  oo 


(6.63) 


where  P?  is  the  generalized  power  function  of  an  M  channel  parallel  network.  This  proves 
(iii),  ind  thus  Theorem  3.9. 


This  concludes  our  analysis  of  the  generalized  power  function  which  extends  Giessler's 
power  for  the  M/M/1  parallel  network.  We  have  found  a  solution  procedure  for  the  general 
case  of  M  channels,  and  we  have  derived  the  exact  analytical  solution  for  the  two  channel  net. 
The  solution  of  this  optimization  problem  was  not  an  easy  task,  however,  and  several  negative 
aspects  of  the  optimal  operating  point  were  revealed.  Simple  two  channel  examples  of  parallel 
nets  with  an  unfair  optimal  operating  point  or  such  that  the  local  generalized  power  point  differs 
from  the  global  generalized  power  point  were  presented.  In  chapter  5,  it  was  also  shown  that, 
for  r  >  1,  generalized  power  is  not  concave  for  the  M/M/l  queueing  system  (the  case  of  one 
channel).  The  difficulty  of  the  method  of  solution  and  the  undesirable  properties  which 
resulted  suggest  that  the  generalized  power  problem  for  general  computer  network 
configurations  may  perhaps  be  hard  to  solve  and  yield  poor  operating  points  for  this  particular 
definition.  However,  a  generalized  power  function  extending  one  first  introduced  by  Kleinrock 
turns  out  to  not  possess  many  of  these  undesirable  qualities. 

0.1  Generalised  Power  (Extension  at  PK) 


We  now  choose  to  analyze  the  M/M/l  parallel  network  (with  unknown  routing)  by 
using  a  family  of  generalized  power  functions  based  on  those  first  introduced  by  Kleinrock 
(Klei79|  for  a  single  queueing  system.  His  definition  is 


PK,t 


(6.64) 


In  this  section,  the  notation  PKft  will  refer  to  the  function  defined  in  equation  (6.64),  while  the 
notation  P,  will  continue  to  refer  to  the  extension  of  Giessler’s  power  function  defined  as  PG  f 
in  equation  (6.1)  and  analyzed  in  the  first  part  of  this  chapter.  The  case  r  —1  of  PK  ,  was 
extended  to  a  definition  valid  for  an  arbitrary  network  in  chapter  4.  Proceeding  in  the  same 
way,  we  may  extend  equation  (6.64)  to  a  general  network  with  M  channels  as 
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This  becomes 


PK,t  -(7 


In  a  single  server  queueing  system,  p  (the  fraction  of  time  the  server  is  busy),  is  also  equal  to 
the  expected  number  of  busy  servers.  In  the  general  network,  this  latter  expectation  is  simply 

u  u  x,  _ 

£]p,.  We  have  also  replaced  x  with  — F,  as  in  chapter  4.  Since  N,  “P,/(l-p,)  for 

1^  l  >4  "I 

M/M/l,  equation  (6.66)  m ay  also  be  written  solely  in  terms  of  p,  as 
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(6.67) 


We  now  solve  the  parallel  network  problem  of  chapter  3  using  the  objective  function 
PH,,.  Recall  that  the  optimal  solution  of  this  network  for  P,  (determined  in  the  previous  part 
of  this  chapter)  was  unfair,  was  quite  complicated  to  derive,  and  had  the  property  that  local 
generalized  power  was  not  equal  to  global  generalized  power.  The  model  we  consider  is  that  of 
an  M/M/l  parallel  network  with  M  channels  and  no  restriction  on  the  routing  of  messages 
through  the  net.  We  wish  to  find  channel  flows  X,  for  1  <  i  <  M  which  maximize  PK  t.  This 
yields  a  multi  variable  optimization  problem  with  M  unknowns.  We  will  find  all  critical  points 
of  Px.r  (points  with  vPk,,  “0)  and  compare  them  with  the  maximal  boundary  point  as  in 
chapter  4.  To  this  end,  we  first  find  the  M  partial  derivatives  of  PK  ,  with  respect  to  the  chan¬ 
nel  flows.  Taking  the  partial  derivative  of  PKt,  with  respect  to  X;  from  equation  (6.65)  gives 
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If  we  assume  that  V^/r,,  *=0,  then  dPKit/d\j  for  all  \  Thus  we  have  (using 

7,  “  l/p  Cj) 
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Since  we  assume  that  each  channel  acts  as  an  M/M/l  queueing  system,  we  may  use  equation 
(6.6)  which  states  that 
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Substituting  this  expression  into  equation  (6.68)  yields 
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Therefore,  for  vP*(f  ™>0,  we  have 

P;  — Pt  Vj.i 

and  thus 

ty-Nt  Vi.* 

Using  equations  (6.70)  and  (6.71),  we  find  that  equation  (6.69)  simplifies  to 
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Since  N  =*p/(  1-  p)  for  M/M/1,  we  find 

r  +  1  1 
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or 
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r  +  1 


and 
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Thus  p,  »— r/(  r  +  1)  and  N,  ■■  r  for  all  1  <  i  <  A/  at  this  (unique)  critical  point  of  the 
function  PK  ,,  and  the  corresponding  function  value  is 


_|Mr/(r  +  l)|"»  _  (Mr)' 
*■’  Mr  (r  +  l)'+* 


As  in  chapter  4,  the  optimal  boundary  point  occurs  when  one  of  the  X,  is  zero.  Therefore  we 
consider  a  parallel  network  with  M  -  1  channels,  and  by  the  above  analysis,  the  optimal  boun¬ 
dary  point  will  be  such  that  all  the  other  p,  «-r/(r  + 1).  Thus  the  optimal  boundary  point  will 
yield  a  function  value  of 


Pk  -[(M-l)r|' 


and  so  the  critical  point  of  P^,,  is  globally  optimal.  We  have  shown  the  following 
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Theorem  0.10 


For  the  A IfM/l  parallel  network  (with  unknown  routmg),  the  channel  utilization i  which  max¬ 
imize  the  generalized  power  function  P*if  are 

1<‘<A/  (6  72) 

We  also  have  the  following 

Theorem  0.11 

For  the  M/M/l  parallel  network  (with  unknown  routing),  the  average  number  of  mettaget  at 
each  channel  when  P^,,  w  maximized  it 

N*  -r  l<i<M  (6.73) 


This  theorem  extends  Kleinrock’s  result  for  M/M/l  to  the  M/M/l  parallel  system  with 
unknown  routing.  We  note  that  the  undesirable  properties  of  the  optimal  solution  for  this  net¬ 
work  when  P,  was  maximized  have  vanished.  The  optimal  solution  for  is  fair  (it  is  as  fair 
as  possible),  while  global  generalized  power  and  local  generalized  power  are  now  the  same.  The 
utilizations  of  the  individual  channels  have  taken  on  greater  weight  in  the  objective  function. 
This  is  reflected  in  the  optimal  solution,  because  every  channel  is  utilized  at  the  same  level 
regard  lees  of  the  speed  of  the  channel. 

Let  us  now  consider  formulations  PFl,  PF2,  and  PF3  with  objective  function  PK>,  for  a 
general  network  topology.  The  optimization  problem  for  the  parallel  network  considered  above 
is  an  instance  of  PFl,  and  the  only  constraints  of  this  problem  are  that  each  p,  be  between  zero 
and  one.  We  note  that  the  feasible  region  for  that  particular  problem  consists  of  the  set  of  M 
dimensional  vectors  p  *“(pj,  .  .  .  ,pu)  such  that  0  <  p,  <  1  for  all  1  <  i  <  M ,  while  the  objec¬ 
tive  function  is  given  solely  in  terms  of  the  p,  in  equation  (6.67).  Formulations  PFl,  PF2,  and 
PF3  for  general  network  topologies  will  have  the  same  objective  function  as  given  in  equation 
(6.67),  but  the  feasible  region  will  be  a  subset  of  the  feasible  region  for  the  parallel  network. 
TTie  constraints  imposed  by  the  particular  topology  of  the  network  and/or  by  the  formulation 
being  considered  (given  routing  or  relative  traffic  matrix)  will  reduce  the  set  of  p,  which  are 
feasible.  If  we  consider  an  arbitrary  network  and  relax  (disregard)  these  extra  constraints,  we 
obtain  the  parallel  network  optimization  problem.  Thus  if  the  optimal  solution  to  the  parallel 
network  is  feasible  for  the  particular  network  we  are  examining,  then  it  must  be  optimal  for  this 
other  network  also.  That  is,  if  the  vector  given  by  p,  =  r/(  r  +  1)  for  all  t  is  featible  for  a  partic¬ 
ular  network  problem,  then  it  is  optimal.  This  says  that,  if  it  is  at  all  possible  to  have  iV,  =»r 
based  upon  the  constraints  imposed  by  the  topology  and/or  formulation,  then  the  optimal  pol¬ 
icy  is  to  do  just  that.  As  in  chapter  4,  we  can  give  several  examples  of  network  problems  such 
chat  A',  ™  r  for  all  >  is  optimal.  We  have  shown  that  the  parallel  network  with  arbitrary  channel 
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capacities  is  such  aa  example,  while  the  series  network  with  eqaaJ  channel  capacities  is  another 
obvious  example.  A  third  interesting  example  is  a  unidirectional  ring  with  A!  nodes  and  Af 
channels,  all  channels  having  the  same  capacity  C.  As  in  chapter  4,  this  third  example  has 
both  a  fair  and  an  unfair  optimal  generalized  power  solution.  Thus,  even  if  we  “keep  the  pipe 
full",  the  resulting  optimal  solution  using  Kleinrock's  generalized  power  function  Pk,,  may  still 
be  unfair. 

In  this  section  we  have  introduced  a  family  of  generalized  power  functions  based  upon 
those  introduced  by  Kleinrock.  We  have  seen  that  the  optimization  of  these  functions  yields 
the  rule  of  thumb  that  (to  maximize  P*tf)  one  should  always  operate  a  network  in  order  to 
have  N,  — «r  as  long  as  the  constraints  of  the  network  topology  and  problem  formulation  allow 
this  to  be  done.  However,  many  networks  do  not  permit  such  a  “keep  the  pipe  full"  solution. 
A  general  solution  procedure  for  such  networks  is  thus  far  unknown  and  may  be  difficult  to  dis¬ 
cover. 


CHAPTER  7 

Deterministic  Rules  of  Thumb 


In  the  previous  chapters  we  analyzed  several  throughput-delay  tradeoff  functions 
(power  and  its  relatives)  for  various  computer  network  configurations  and  problem  formula¬ 
tions.  The  models  considered  in  those  chapters  were  used  to  represent  conventional  wire  net¬ 
works  of  the  ARPANET  type,  and  consequently  all  queueing  systems  which  were  examined 
were  single-server  systems  (the  server  being  the  message  channel)  with  no  blocking  of  mes¬ 
sages  (infinite  buffer  size).  A  natural  extension  of  that  analysis  is  tc  consider  models  which 
contain  multiple-server  queueing  systems.  In  fact,  so-called  Markovian  networks  (both  open 
and  closed)  which  consist  of  multiple-server  systems  have  been  extensively  analyzed  and  used 
to  model  various  computer  phenomena  |Klei76).  One  example  of  the  use  of  such  models  is  in 
the  area  of  telephone  systems  (Sysk60j,  for  which  the  multiple-server  assumption  is  particularly 
applicable.  A  second  area  of  application  is  that  of  the  performance  analysis  of  computer  sys¬ 
tems  behavior  |Saue81,  Lave83].  Another  extension  of  the  previous  work  is  to  consider  models 
which  incorporate  blocking  (finite  buffer  size).  Let  us  now  examine  multiple-server  systems 
(with  and  without  blocking)  to  find  the  “appropriate  operating  point”  using  power. 

7.1  Pun  Delay  System 

In  attempting  to  extend  Kleinrock’s  result  that  N*  —  1  for  M/G/l  to  the  multiple- 
server  system  M/G/m,  we  run  up  against  a  serious  problem.  The  M/G/m  system  is  extremely 
difficult  to  analyze.  In  fact,  general  expressions  for  system  variables  (such  as  N,  W,  T,  etc.) 
are  unknown.  Approximations  can  be  made  with  various  degrees  of  success,  but  an  exact 
analysis  has  not  been  published.  If  we  turn  our  attention  to  the  M/M/m  queueing  system, 
much  more  is  known.  As  mentioned  above,  networks  of  these  systems  have  been  studied,  but 
we  consider  only  a  single  M/M/m  system  in  what  follows.  As  we  shall  see,  even  this  case  is 
difficult  to  analyze  in  terms  of  power,  because  the  closed-form  expressions  for  various  system 
parameters  (including  T)  become  quite  complicated  as  the  number  of  servers  m  gets  large. 


Let  us  consider,  then,  an  M/M/m  system.  The  arrival  rate  to  this  m-server  system  is 
Poisson  with  rate  X,  and  service  time  is  exponentially  distributed  with  mean  x  =  l//r.  Note 
that  the  throughput  of  this  pure  delay  system  is  simply  7  »-X.  The  average  time  in  system,  T, 
is  given  by  |Klei76) 
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=  x  +  T 


Qm 
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(71) 
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where  p  ™(7z)/m  is  the  expected  fraction  of  busy  servers,  while  Qm  is  the  probability  that  all 
m  seners  are  busy  (and  thus  Qm  is  the  probability  that  the  systeti  contains  m  or  more).  Note 
that  Qt  is  also  the  probability  that  an  arrival  to  the  system  must  queue,  since  we  have  Poisson 
arrivals.  Further,  Qm  is  given  by  the  (complicated)  expression 

(«*)" 

Qm  (7.2) 

^■(mp)*  (mp) 

&  m\(l-p) 

We  note,  for  example,  that  Qx  and  “(2  p2)  /( 1  +p).  Using  Little’s  result,  we  see  from 
equation  (7.1)  that  the  average  number  in  system  satisfies 

ft -mp  +  ^-Z—Q.  (7.3) 

1  -  P 

Since  I  is  constant  for  this  system,  one  might  be  tempted  to  conclude  that  all  the 
power  functions  defined  in  chapter  4  above  (PG,  PN,  and  PK)  will  yield  the  same  optimal 
power  point  We  now  show  that  this  is  indeed  the  case.  The  power  function  introduced  by 
Kleinrock  [Klei79|  is 

Pk  ~~rji  =Pall£ 


where 


Pci  -4: 


is  Giessler’s  power  function.  For  multiple  server  systems,  note  that  Kleinrock’s  function  PK 
depends  on  the  number  of  servers  m  through  the  term  p  *=*(ril)/m.  But,  since  m  is  constant, 
PK  will  be  optimized  at  the  same  value  7* for  which  PG  (and  also  PN)  is  optimized. 


Arguing  as  in  chapter  2  for  the  case  of  a  single-server  queueing  system,  we  see  that  the 
optima]  value  of  any  of  the  above  notions  of  power  can  be  determined  by  solving  the  familiar 
equation 


or,  equivalently, 
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In  order  to  use  equations  (7.4)  or  (7.5),  we  must  first  find  Qm  (and  then  T).  For  m  **  1,  since 
<?i  equation  (7.1)  yields  T  =J/(1-  p).  If  we  solve  equation  (7.5)  for  m  «1  using  this 
value  for  T,  we  find  that  N*=l  and  1/2,  which  agrees  with  Kleinrock’s  results  for 


Let  us  now  end  the  optimal  power  point  for  the  case  of  two  servers  (m  —2).  Using 
the  value  Q2  —(2p2)/(  1  +p)  given  above,  equation  (7.1)  yields 


From  this  expression  for  T  and  Little’s  result  (recall  that  p  =  (iz)/2  for  M/M/2),  we  also 
have 
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Differentiating  equation  (7.6),  we  obtain 
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Using  equation  (7.5),  we  see  that 


Therefore 
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for  the  M/M/2  system  at  maximal  power.  Equations  (7.7)  and  (7.8)  now  yield 
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Solving  this  equation,  we  find 


3(PT-1 


.  n/3 


(7.10) 


for  the  system  M/M/2.  This  yields  a  counterexample  to  the  tantalizing  conjecture  that  N*  —m 
for  M/M/m.  Also  note  that  the  optimal  value  of  Kleinrock’s  power  function  is 


For  m  >  2,  Qm  becomes  quite  complicated,  and  thus  T  and  the  power  function  do  also. 
Values  of  system  variables  have  been  numerically  calculated  for  various  values  of  m  by  Klein- 
rock,  and  plots  of  the  results  appear  in  [Klei79] .  A  plot  of  power  PK  versus  p  for  different 
values  of  m  is  given  in  Figure  3.5  of  that  paper,  and  it  shows  that 

lim  p*  —  1  »  lim  P* 

m  -»oo  m  -* oo 

for  M/M/m.  A  plot  of  AT  versus  m  in  Figure  3.6  of  the  same  paper  indicates  that 
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for  all  m,  and  that 
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However,  the  above  results  for  p*  and  N*  have  so  far  resisted  an  analytical  proof. 

Another  plot  in  that  paper  (Figure  3.4)  gives  the  normalized  average  time  in  system 
T/z  versus  the  efficiency  p  for  different  values  of  m.  This  plot  indicates  that,  in  the  limit,  T 
behaves  exactly  as  in  the  deterministic  D/D/1  system.  This  turns  out  to  be  only  one  of  a 
number  of  cases  of  deterministic  behavior  that  occur  due  to  the  smoothing  effect  of  the  law  of 
large  numbers  which  are  considered  in  (Klei79).  This  smoothing  principle  for  large  shared  sys¬ 
tems  is  as  follows. 

A  large  population  presents  a  total  demand  which  is  deterministic  with  a  value  equal  to  the  sum  of  the 
average  demands  of  each  member  of  the  population  (as  opposed  to  the  sum  of  the  peak  demands  of 
each). 

Kleinrock  studies  this  principle  (and  its  interaction  with  power)  in  relation  to  several  queueing 
system  models.  In  the  next  two  sections  of  this  chapter  we  review  these  results  and  provide 
new  proofs  of  theorems  which  appear  in  [Klei79] .  Moreover,  we  correct  the  value  obtained  at  a 
particular  point  in  several  equations  of  this  paper.  The  results  of  the  next  two  sections  illustrate 
the  deterministic  behavior  of  large  systems,  and  we  apply  this  analysis  to  a  model  of  a  packet- 
ized  voice  network  in  the  final  section  of  this  chapter. 

7.2  Pure  Lass  Systems 


Consider  m  data  channels  which  are  fed  by  a  Poisson  input  source  of  messages  with 
rate  X.  Assume  that  any  message  which  arrives  to  find  all  m  channels  busy  is  lost  (blocked). 
We  model  this  as  an  M/G/m/m  pure  loss  system  (see  Figure  7.1). 


SOURCES 


CHANNELS 


Figure  7.1  The  M/G/m/m  System 


Unlike  the  M/G/m  system,  expressions  for  variables  of  the  M/G/m/m  system  are  known.  As 
might  be  expected,  however,  these  expressions  become  complicated  for  large  values  of  m.  But 
in  the  limit  as  m  -*oo,  the  law  of  large  numbers  takes  hold  and  deterministic  behavior  results. 
To  study  this  behavior,  let  us  decompose  our  Poisson  source  into  Af  sources,  each  generating 
messages  at  a  Poisson  rate  a.  We  thus  have  X  =■« M  a.  The  service  time  distribution  is 
assumed  to  be  general  with  mean  x.  As  before,  J  ■■A/C  where  b  is  the  mean  message  length 
in  bits  and  C  is  the  channel  capacity  in  bits  per  second.  Further  define  a  £  ax  and 
A  £  \  x  ax  a.  In  the  language  of  telephony  theory,  a  is  the  load  offered  by  each 
of  the  M  sources,  while  A  is  the  total  offered  load.  We  also  define  the  offered  load  per  chan¬ 
nel  6  as 


m  m 


Thus  6  is  simply  a  multiple  of  M/m,  the  ratio  of  sources  to  channels. 


Performance  measures  of  interest  are  given  in  terms  of  the  blocking  probability 
B  For  example,  the  arrival  rate  of  messages  which  actually  enter  the  system  (which 

is  identical  with  the  throughput  7)  is  simply  X(l-  B).  Thus  the  arrival  rate  X  and  the 
throughput  7  are  not  the  same  for  this  loss  system.  The  total  carried  load  is  therefore 
7  I  =»X(1-  B)  I  »A(1-  B),  and  the  efficiency  p  of  each  channel  is 

_  7?  _  X(  1  -  B)x  _  A(  1  -  B) 
mm  m 

Note  that 


p  -  6(1 - B ) 

Since  T  *2,  we  see  that  the  variable  of  interest  is  B,  the  blocking  probability.  Once  we  know 
B,  other  parameters  (such  as  throughput  and  power)  may  be  calculated.  The  blocking  probabil¬ 
ity  B  for  the  M/G/m/m  system  is  given  by  Erlang's  famous  formula 


Tins  is  easily  proved  for  M/M/m/m;  for  a  rigorous  proof  of  the  general  service  time  case  see 
the  book  by  Cohen  (Cohe76].  If  m  (so  that  A  =*S),  we  have  B  =  6/(1 +5).  However, 
the  formula  for  B  becomes  quite  complicated  for  large  m.  But  a  simple  limiting  behavior  is 
exhibited  in  |Klei79]  for  fixed  values  of  M /m.  This  key  variable,  the  ratio  of  sources  to  chan¬ 
nels,  appears  in  the  limiting  expression.  Specifically,  we  keep  the  variable  6  constant  (and  thus 
the  ratio  M /m  constant)  as  m  -»  oo  and  examine  the  behavior  of  B. 

We  first  give  a  new  proof  to  the  following  theorem  from  [Klei79|,  which  characterizes 


Let  us  now  prove  Theorem  7.1.  It  ie  easier  to  consider  l/B.  We  write 


1 


XM'/i*  £A>e-A/j\ 


B  Am/m !  Am  e~A  /m! 

where  we  obtained  the  riglit-hand  term  by  multiplying  the  numerator  and  the  denominator  of 
the  middle  expression  by  tA.  Using  equation  (7.13),  we  have 


,  L 


oo  -  m  x 


1  _ _ aal _ =  e-i'-AUx 

B  Ame~A /ml  J  *  M  ' 


Making  the  change  of  variable  y  -  A  yields 


1  ,  ®  i.  " 

■fl  “/ o  (1  +  T)  e'Uv 


We  now  wish  to  determine  the  limiting  behavior  of  the  above  expression  as  m-*oo  Writing 
A  =  m  6  gives 


We  now  wish  to  determine  the  limiting  behavior  of  the  above  expression  as  m-+oo.  We  first 
define  the  functions  (for  m  *1,2,...) 


and  also  define 


/.<») 


We  observe  that  the  sequence  of  functions  fm(v)  increases  monotonically  for  all  0<y  <  oo 
and  converges  to  the  function  /(y).  Thus  we  may  use  the  Monotone  Convergence  Theorem  to 
interchange  limit  and  integral,  so  that 


,  1 


im  —  =  lira  /  /„(y)dy  —/  lim  fm{y)dy 

-*oo  D  m  ->oo  0  0  m  -*  oo 


■/0  "/0  e  >(1  1  W 


i  oo  0  <  5  <  1 


II 


Therefore  we  hare 


lira  B 

n  -*oo 


o 


0  <  5  <  1 
i  <5 


which  proves  Theorem  7.1. 


From  this  result  we  see  that  the  probability  of  success  P$  £  l  -  B  satisfies 


lim  Ps 
•  -*00 


0  <  5  <  1 
1  <  5 


(7.14) 


Note  the  deterministic  behavior  in  the  limiting  case  of  m.  As  long  as  the  offered  load  per 
channel  can  be  handled  by  the  system  (0<  5  <  1),  there  is  no  blocking  and  all  messages  are 
transmitted.  However,  if  the  average  amount  of  traffic  is  greater  than  the  channels  can  handle 
(1<$),  only  a  fraction  1/5  of  the  messages  are  successful.  The  success  probability  Ps  has 
been  plotted  versus  5  for  various  values  of  m  in  Figure  7.2.  We  note  that  the  curve  for 
m  » 100  a  already  very  close  to  the  limiting  behavior  exhibited  in  Theorem  7.1. 


As  commented  by  Kleinrock  (Klei79),  a  closer  examination  of  the  theorem  indicates 
that  the  limiting  blocking  probability  is  zero  for  0  <  5  <  1  and  then  behaves  like  that  of  a  sys¬ 
tem  with  m  “1  (recall  that  B  “5/(1 +  5)  for  M/G/l/1).  Thus  it  appears  as  if  the  limiting 
pure  loss  system  (for  1  <  5)  acta  like  the  M/G/l/1  system  with  a  load  of  5  -  1  with  regard  to 
blocking  probability.  To  analyze  this  limiting  behavior  further,  let  us  consider  the  probability 
i  of  there  being  m  -  1  in  the  system  (recall  that  B  =  pm).  Then  we  have 


Pm-  1 


_  Am~  1/[  m  -  1)!  = 


Thus  as  5  remains  constant  and  m  -* oo 


and 


P*-i 

m  -*00 


0  <  5  <  1 
1  <  5 


lim  (p„+p„_,j 


0  <  5  <  1 
1  <5 


Similarly  we  may  fix  k  and  consider  Then 


Pm-t 


Am~  /(  m  -  k)\  ^  m(m  -  1)  •  •  •(  m-  t  + 1) 

*  “  a* 

a 


or  (as  A  “ m5) 


Therefore 


lim  pm_t 

9  -*00 


0  0  <  5  <  1 

1  1 


5*  5*+l 


1  <  5 


and 


lim  |p„+pm-,  +  - 

m  -♦  oo 


+p*-t| 


0  <  5  <  1 
1  <5 


We  note  that,  for  1  <  5,  the  system  is  almost  always  in  those  states  in  which  most  of  the 
servers  are  busy.  But  although  the  blocking  probability  for  the  limiting  system  behaves  as  that 


f 


of  the  M/G/l/1  system  with  the  load  per  server  shifted  over  by  one  unit,  we  see  that  the 
overall  characteristics  of  the  two  systems  are  different.  In  particular,  for  fixed  k ,  there  is  posi¬ 
tive  probability  l/8k  that  more  than  k  servers  are  idle.  Thus  the  m-*oo  system  does  not  act 
exactly  as  an  M/G/l/l  system  (except  for  the  case  when  6  is  large). 


Limiting  values  of  other  system  parameters  may  now  be  easily  calculated.  Using  the 
fact  that  p  =  5(1—  B),  we  obtain  the  following 

Theorem  7.2  (Klelnroek) 

For  the  M/G/mfm  system,  at  6  remain s  constant  and  m  -*  oo  we  have 

..  (5  0<{<1 

1<S  <™> 

We  also  note  that  N  —  7T  for  this  pure  loss  system,  and  so 

N  72 


m  *n 


Thus  we  have  the  following 


Theorem  7.3  (Klelnroek) 


For  the  M/Gfmfm  system,  as  6  remains  constant  and  m  -*  oo  we  have 


..  N  16  0<6<l 

Iim  —  ■■ 

*-»oo  m  1  1  <  6 


Theorems  7.2  and  7.3  were  first  shown  by  Kleinrock  [KIei79]. 


(7.16) 


We  now  examine  the  behavior  of  the  power  functions  PK  and  PG  for  these  pure  loss 
systems.  Since  the  delay  remains  constant  (T«f),  the  power  function  PK  satisfies 


Pk 


t£ 

m 


for  M/G/m/m.  Similarly  we  have 


Pg 


2 

X 


In  either  case,  the  value  of  power  is  simply  a  constant  multiple  of  throughput.  When  maximiz¬ 
ing  power  for  these  pure  loss  systems,  our  decision  variable  is  the  input  rate  X  (or  equivalently 
the  offered  load  per  channel  £)  which  corresponds  to  the  traffic  matrix  (7;t}of  chapter  4. 
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An  examination  of  the  M/G/l/1  system  (the  case  m  —  1)  now  reveals  an  unfortunate 
property  of  power  for  these  blocking  systems  if  we  use  the  previous  definitions.  Although  the 
blocking  probability  does  appear  in  the  calculation  of  throughput  as  7  —  X(l-  B),  we  see  below 
that  7  (and  thus  power)  will  continue  to  increase  as  the  input  rate  X  increases,  even  though 
more  and  more  messages  are  blocked.  For  the  M/G/l/1  system,  5  —  A  —  Xx,  and  so  equation 
(7.11)  yields  B  -5/(1  +  5)  and  1  -  B  -1/(1  +  5).  Thus 


7  =X(1  -  B)  i—  1 

'  ;  Fll  +  5J  1  +  5  F 


so  that 


=  Z? 

2 

Both  the  throughput  7  and  the  blocking  probability  B  are  strictly  increasing  as  the  input  rate  X 
(and  thus  the  offered  load  A  —5)  is  increased.  For  M/G/l/1,  since  Pa  —7/2  and  PK  =72, 
they  are  maximixed  as  the  design  variable  5  — *  00.  But  such  an  operating  point  also  maximizes 
the  blocking  probability  B,  an  unacceptable  situation.  Thus  these  notions  of  power  are  increas¬ 
ing  functions  of  the  favorable  measure  throughput,  but  are  not  decreasing  functions  of  the 
undesirable  quantity  B,  as  they  should  be. 

To  alleviate  this  problem,  Kieinrock  [Klei79j  proposed  a  power  measure  which  incor¬ 
porates  the  blocking  probability.  His  definition  is  (again  we  use  the  notation  Pk) 


T/J 


(7.17) 


Note  that  this  new  power  function  PK  is  an  increasing  function  of  the  throughput  7,  a  decreas¬ 
ing  function  of  the  delay  T,  and  also  a  decreasing  function  of  the  blocking  probability  B.  For 
the  case  of  an  M/G/m/m  pure  loss  system,  since  T  =*  2,  this  new  definition  of  power  simplifies 
to  P  —  p(l- B).  If  m  — 1  (M/G/l/1),  we  have 

p  «)  B)  ~B{  1-  B)  -(777X177) 


(1+S)s 

This  equation  expresses  P  solely  in  terms  of  the  design  variable  5.  Differentiating  P  with 
respect  to  5  gives 

dP  __  (1  +  5)a-  25(1  +  5)  _  1-  5 

d6  *  (1+5)4  =  (1+5)J 

and  so  P  is  maximized  when  5  =1  for  the  M/G/l/l  system.  Note  that  P*  =* 1/4,  which  is  the 
same  as  for  the  M/M/l  pure  delay  system  when  we  use  Kieinrock’s  power  function. 


It  remains  to  calculate  the  limiting  value  of  this  power  function  when  m  -*  oo.  The  fol¬ 
lowing  theorem,  first  proved  by  Kleinrock  [Kiei79j,  shows  that  this  new  definition  of  power 
gives  a  function  which  peaks  at  the  (intuitively)  correct  point 

Theorem  7.4  (Kleinrock) 


For  the  M/G/mfm  system,  at  5  remains  constant  and  m  — ►  oo  we  have 


lim  P 

m  —  co 


0  <  5  <  1 
1  <  5 


(7.18) 


The  maximum  occurs  when  6  *1,  i.e.,  where  the  total  offered  load  per  channel  is  unity.  For 
small  values  of  6,  there  is  no  blocking,  and  an  increase  in  the  input  rate  results  in  increased 
throughput  and  increased  power.  For  large  values  of  S,  a  decrease  in  the  input  rate  results  in  a 
decrease  in  the  blocking  probability  and  an  increase  in  power  (even  though  the  throughput 
decreases).  Thus  we  have  found  simple  expressions  for  the  limiting  behavior  of  the  system 
parameters  of  interest  These  results  will  be  extended  when  we  model  a  packetized  voice  net* 
work  later  in  this  chapter. 


We  close  this  section  with  the  observation  that  there  does  not  seem  to  be  a  nice  intui¬ 
tive  explanation  of  the  optimum  power  point  for  these  systems  with  blocking.  That  is,  the 
analogue  of  the  "knee  of  the  curve”  rule  seems  to  be  absent  for  pure  loss  systems.  For  exam¬ 
ple,  in  the  system  M/G/m/m  we  have  constant  mean  delay  7-f  for  all  values  of  the  input 
rate  X.  In  fact,  the  design  variable  X  is  not  equivalent  to  throughput  in  this  case. 

7.3  Combined  Lou  and  Delay  System 

Let  us  augment  the  pure  loss  model  analyzed  in  the  section  7.2  by  allowing  (a  finite 
number  of)  messages  to  wait  in  queue  if  all  m  channels  are  occupied.  That  is,  we  add  a  finite 
buffer  and  model  the  resulting  system  as  an  M/M/m/K  queue  (see  Figure  7.3). 


Figure  7.3  The  M/M/m/K  System 


At  most  K  messages  may  be  in  the  system  at  one  time,  with  at  most  K  -  m  of  them  m  the 
queue.  Any  message  that  arrives  to  Bnd  all  m  channels  busy  and  the  buffer  filled  is  lost 
(blocked).  We  use  the  same  variable  definitions  as  for  the  pure  loss  system,  and  also  express 
the  buffer  size  as  a  multiple  of  m  (to  maintain  the  same  system  characteristics  as  m  -*  cr) 
Thus  we  set  K  -  m  ™ 0m  or  K  +  m.  Note  that  is  not  necessarily  an  integer,  although 
it  is  a  rational  number.  As  in  the  analysis  of  the  pure  loss  system,  we  will  study  the  various 
system  parameters  as  m  — *  oo  and  note  the  effect  of  the  smoothing  principle  on  them. 


Again  we  first  need  to  determine  the  limiting  behavior  of  the  blocking  probability  B, 
because  other  system  variables  are  described  in  terms  of  it.  To  this  end,  we  define 


Am  /  ml 


(7.19) 


Recall  that  in  Theorem  7.1  we  showed 


Sm(A)~J  (1  +  -J-)  e-'dy 


(7.20) 


and  also 


lim  5.(A)  =*  lim  S„(m£) 

*  -•  00  n  -»oo 


oo  0<{<1 
1 


-I 


1<6 


(7.21) 


Using  equation  (7.21),  we  will  examine  B  for  the  combined  loss  and  delay  system  as  m-»oo. 
To  this  end,  we  note  for  an  M/M/m/K  system  with  parameters  X  and  /i  that 


X  1 


P>  ”Po(7 )  7T  l<j<™ 

h  -»  +  ><><* 


Solving  for  p0  we  find 


P  o 


f  riV . 1  r 

k  »  m!  mJ~  "  J 


In  our  case,  A  —\x  =  X/jj,  and  so  the  blocking  probability  B  =*Pk  is  given  by 

m  I 

B  — ■ 


^  A1 


m!  m 
~T 


A1 


E  -7T+  E  -T7 

y-  .-h  ml  m> 


(7.22) 


Let  us  prove  the  following  theorem  which  was  stated  in  [Klei79],  but  for  which  he  presented 
no  proof. 


Theorem  7.5 


For  the  MfMfm/K  system,  at  6  remains  constant  and  m  -*oo  we  have 


lim  B 

msoo 


0  <  6  <  1 
1<6 


(7.23) 


This  is  the  same  result  as  for  the  pure  loss  system,  which  shows  that  the  finite  buffer  has  no 
effect  on  B  in  the  limit. 


To  prove  Theorem  7.5,  we  once  more  find  it  easier  to  consider  l/B.  Recalling  that 
A/m  =  6  and  K  -  m  ™f)m,  vtt  have  from  equation  (7.22) 


and  so 


1  £  jl  ml  k 

B  =  Am  AK~m 
ml  mK~m 


A1 


Y—  + 

h  >'■ 


Am 

m! 


]•* 


B 


) 


Therefore 


For  1/6  >  1,  since 


|  1  t*  tn-\  |  ) 

1-s.MK})  +  £(}) 


clearly 


lim  —  *»oo 
m  —  oo  B 


For  1/6  <  1,  using  equation  (7.21)  we  have 


00  0<  S<  1 

1 


and  we  have  Theorem  7.5 


lim  —  —  — : — 
»-><*>  B  j 


0  0  <  5  <  1 

0 


(Note:  the  above  limit  is  taken  on  the  infinite  sequence  of  those  m  such  that  pm  is  integer. 
Otherwise  one  would  have  a  non-integer  buffer  sixe.  For  example,  if  P  = 11/5  say,  then  we 
must  only  consider  those  systems  as  m-*oo  for  which  m  is  a  multiple  of  5;  e.g. 
m  -«5, 10, 15,  20,  25,  etc.) 

As  in  the  case  of  the  pure  loss  system,  since  p  =5(1-  B)  we  find 

Theorem  7.0 

For  the  M/M/mlK  syotem,  ao  5  remains  constant  and  m  -*oo  we  have 


\6  0  <  6  <  1 

bm  p  =<  “  “ 

» -»ao  ll  1  <  6 


(7.24) 


Limiting  expressions  corresponding  to  Theorems  7.3  and  7.4  arr  more  difficult  to  obtain 
than  for  the  pure  loss  cystem,  since  we  no  longer  have  a  simple  expression  for  T.  Thus  we 
must  calculate  T  and  N/m  explicitly.  We  choose  to  concentrate  on  N/m.  Using  the  expres¬ 
sions  for  pt  calculated  above  for  the  M/M/m/K  system,  we  have 

k  Wttw+  £ 

N  *  %  )  ,  if  7~j  : 


In  our  case,  A  =*Xx  =»  A  //a ,  which  yields  the  expression 


»  A)- i  k  i 

A^(j~  1)!  m!  m’-M 

E  a1 — - — 


Dividing  by  m  gives 


We  will  use  equations  (7.25)  and  (7.26)  (depending  on  the  value  of  S)  to  find  the  lim¬ 
iting  value  of  N/m,  and  then  of  T/x  and  power  P.  In  the  process  we  will  correct  three  equa¬ 
tions  from  |Klei70];  the  cases  0<6<1  and  1<6  were  stated  correctly  there,  but  the  case 
S  *1  was  incorrectly  stated.  We  now  prove 

Theorem  7.7 

For  the  tytiem  MfMfm/K,  at  6  remains  constant  and  m  -*  oo  we  have 


0<6<  1 


lira  —  =  1  +  —  1=6 

in  -♦  go  TTl  2 

1+0  1 <6 


(7.27) 


First  consider  the  case  S  <  1.  From  equation  (7.25)  we  have 

l  +  ~SjA)%6’ 

Recalling  that  lim  Sm(A)  =oo  for  6  <  1,  we  have 

*  -*oo 

6(  1  -  0)  +  0  -  — +  0  ■  — ^ — r- 


lim  H 

« — oo  m 


Now  consider  the  case  6  >  1.  In  this  case 


1  ^ 
lim  (j) 

m  OO  0  ' 


lim  Sm(A)  =  — 
1 


Hence  equation  (7.26)  yields 


T 


f.r 


il 

•0  +  (l  +0) 

1  n  1/ 

s 

U-i  JJ 

»-(!/«)  U- (1/5)1 

As  might  be  expected,  in  this  saturated  situation  the  queue  remains  filled. 


Finally,  let  us  consider  the  numerically  more  difficult  case  of  6  =1.  Again  we  use  equa¬ 
tion  (7.25).  Since  6  «■!,  we  have  A  *=*m.  Thus 


Therefore,  we  have 


This  yields 


We  now  claim  that 


_  1+^m-l-  — 

N_  _ _ m  % 

m  Sm  ( m )  +  ()  m 


l  x.w-.^^[a=l^aL] 

m  Sm(  m)  +f)m 


jy  5m(m)  -  1 +^m +y(l +/?m) 


$■.(”>)  +0m 


IS  5«(m)  +  4-'  1  +  ^m(1  +  4) 


2  1  2‘ 
S,(m)+pm 


•S.(m) 


..  $.("»/ 

urn  - 

m  —oo  m 


.'.HV-  ■  -  -  •  ■ - 


0 


(7.28) 


Assume  this  claim  (it  will  be  shown  later).  Then 


..  iV  ..  m  m  1  2 ' 

urn  —  ™  lun  - — - — - 

«-•«  m  ■»  -* oo  Sm  (  m ) 

—  '■+£ 
m 


o+o+£(i+|) 

J1”®  ~m  “  0+0 


We  finally  obtain 


to  R-iU 

»-‘cc  m  2 


Thus  we  note  the  interesting  result  that,  on  the  average,  as  m  -*  oo  for  5=1  the  queue  remains 
half-full. 

To  complete  the  proof  we  need  only  verify  equation  (7.28),  namely, 

S„(  m) 

lim  =0 

m  -»®  m 

To  this  end,  using  equation  (7.20),  we  first  rewrite  5w(m)/m  as 


Now  make  the  change  of  variable  x  —vim,  so  that  dx  =dv/m.  This  yields 

S_  (  m )  . 

— - Jo  l(»+*)«_t|  ** 

Define  the  functions  (for  m  =1,2,...) 


Note  that 


/.<*)  i|(i+»).-T 


/.(•(-(i +•)•-{"',  ;:°o 


Therefore 


((l  +  i)e-‘J-  >  |(l  +  *)e-| 


-ii  w-H 


I 


which  means  that 


Let/(z)  a  lim  /„(*).  Then 


and  so 


Now  since  / 1  >  /2  >/*>-. .  and 


/-(*)  >/.+.(*) 


„  >  ri  *-« 

^ x  ^  "lo  i  X 


L  /(*) =° 


/0  /i(*)  <k  =/0  (1  +  *)  e'1  “2  <  oo 

the  functions  /„  are  dominated  by  the  integrable  function  /,.  Hence  the  Lebesgue  Dominated 
Convergence  Theorem  may  be  applied  to  interchange  limit  and  integral  and  give 

Um  L  /■(*)  dx  "/-  Um  /«(*)  dx  “ /0  /(*)  *  =0 


5_(  m)  ,  oo 

Um  - m -  "  lim  In  /•(*)  dx  =  ° 

and  the  claim  (equation  (7.28))  is  proved. 

We  now  can  find  the  limiting  values  of  T  and  the  power  function  P.  Since 
N/m  —  p(  T /I),  Theorems  7.8  and  7.7  yield 


Theorem  7.8 


For  the  system  M/Mfm/K,  at  S  remains  constant  and  m  -*oo  we  have 


1  0  <  5  <  1 

lim  =  1  +  4-  1  =-5 

•  “♦00  f  2 

1+0  1 <  5 


(7.29) 


Next,  using  the  definition  of  power  that  includes  blocking  given  in  equation  (7.17),  we  find 
from  Theorems  7.5,  7.6,  and  7.8 
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Theorem  7.0 


For  the  tystcm  M/MfmfK,  at  S  remains  constant  and  m  -*  oo  we  have 


lim  P 

■  -♦00 


s 

0<$<1 

1 

1  =<$ 

-4 

1 

1  <6 

(!+/»)« 

(7.30) 


This  last  expression  gives  ns  an  interesting  example  of  a  (discontinuous)  power  function  which 
has  no  maximum  point.  The  point  at  which  we  might  think  the  maximum  would  occur  (£  =1) 
is  a  point  of  discontinuity  of  P. 

7.4  An  Application  to  a  Paeketiied  Voles  Network 

Recent  advances  in  communications  technology  (e.g.  flberoptics)  promise  the  capability 
of  transmitting  messages  across  networks  at  very  great  speeds  (on  the  order  of  gigabits  per 
second).  A  paper  by  Roberts  [Robe82j  suggests  that  much  of  this  huge  bandwidth  may  be 
wasted  if  we  restrict  the  use  of  such  networks  to  conventional  data  sources  (facsimile,  elec¬ 
tronic  mail,  etc.).  One  possible  area  of  application  for  these  new  advances  is  packetized  voice. 
In  this  section  we  study  a  simple  model  of  speech  where  we  specifically  do  not  allow  packets  to 
queue.  This  model  is  appropriate  since  random  blocking  of  voice  packets  is  claimed  not  to  seri¬ 
ously  affect  speech.  Instead  one  usually  wishes  minimal  variance  in  delay  and  a  constant  rate  of 
packets  through  the  net  Speech  is  capable  of  sustaining  some  loss  of  packets;  however,  it  will 
degrade  appreciably  if  large  numbers  of  consecutive  packets  are  blocked. 

The  environment  we  consider  consists  of  many  users  utilizing  the  capacity  of  a  com¬ 
munications  channel  whose  bandwidth  has  been  split  into  many  individual  subchannels.  We 
model  this  situation  as  an  M/G/m/m  queueing  system,  and  thus  we  may  utilize  the  results  of 
section  7.2  above.  Therefore  we  have  a  pure  loss  system  consisting  of  m  channels  (servers) 
with  no  queueing  of  incoming  packets.  Any  packet  which  arrives  to  find  ail  m  channels  busy 
will  be  lost  (or  blocked).  As  in  section  7.2,  we  assume  that  arrivals  occur  from  M  users,  each 
sending  packets  at  a  Poisson  rate  of  a.  Thus  the  total  arrival  rate  of  speech  packets  is  Poisson 
at  a  rate  X  where  X  *=A/a.  The  service  time  distribution  is  assumed  to  be  general  with  mean 
x.  Here  I  ~F/C  where  F  is  the  mean  packet  length  in  bits  and  C  is  the  channel  capacity  in 
bits  per  second.  The  total  applied  load  to  the  system,  A,  satisfies  A  *»Xx  —Mai.  The 
offered  load  per  channel  6  is  6  =  A /m  =(Xx)/m  =  ( M jm)ax.  Performance  measures  of 
interest  include  the  probability  that  a  packet  is  lost  or  blocked.  Thus  the  parameters  of  interest 
are  given  in  terms  of  the  blocking  probability  B  =Bm(A).  We  see  that  the  actual  arrival  rate 
to  the  system  is  7  —  X(l-  B),  and  thus  7J  —  X(l-  B)x  —  A(l-  B )  is  the  total  carried  load. 
The  efficiency  p  of  each  channel  is  p  — (7x)/m  «6(1-  B). 
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We  now  extend  the  above  model  to  a  senes  network  of  soch  M/G/m/m  nodes.  That 
is,  we  consider  a  tandem  of  N  channels,  each  split  into  m  subchannels.  The  ontput  of  ar 
M/G/m/m  system  is  Poisson  if  arrival  points  of  blocked  customers  are  considered  as  departures 
[Cohe76|.  However,  departures  of  non>blocked  customers  (those  that  have  been  successfully 
served)  are  not  Poisson.  As  a  rough  approximation  we  assume,  for  simplicity,  both  that  the 
blocked  traffic  has  been  exactly  balanced  by  introducing  additional  traffic  at  each  succesr/ive 
node  at  a  rate  of  X-  7,  and  that  the  resulting  combined  traffic  (at  rate  X)  is  Poisson.  Ilf  we 
examine  a  large  network  of  such  nodes,  we  may  consider  our  N- node  tandem  as  a  path  (virtual 
channel)  through  the  packedzed  network. 

Define  P ^  as  the  probability  that  a  packet  is  not  blocked  along  the  N-node  trndem. 
Using  the  above  approximation,  we  have  that 

w-w 

where,  recall,  P5  »1-  B  is  the  success  probability  for  a  single  M/G/m/m  system  (studied  in 
section  7.2).  The  behavior  of  P^  for  N  “5  hops  is  plotted  in  Figure  7.4.  For  rrj  large  we 
see  a  dramatic  deterministic  behavior. 


Figure  7.4  Success  Probability  for  a  Path  with  5  Hops 


Using  the  result  for  a  single  node  from  equation  (7.14),  we  may  find  the  limiting  probability 
that  a  packet  will  successfully  traverse  a  path  of  N  hope  as 


0  <  5  <  1 


Urn  P 


(7.31) 


We  therefore  have,  for  very  long  tandems,  that  the  limit  is 


lin,  Ita  Pj">  -I1  °SfS1 

N  —  aon—oo  (0  1<$ 


(7.32) 


For  an  infinite  tandem  (N  —  oo),  there  is  a  critical  value  of  offered  load  per  channel  5{  -1 
such  that  a  packet  will  either  eventually  surely  be  blocked  or  will  surely  be  successful,  depend¬ 
ing  on  whether  the  system  is  overloaded  ($>  <Se)  or  not  (5  <  <5C)  respectively.  In  Figure  7.5 
the  limiting  case  of  m  -*  oo  is  plotted  for  N  ™ 1, 5, 10, 15,  20,  oo.  The  0-1  behavior  of  the  suc¬ 
cess  probability  is  quite  evident  as  N  becomes  large. 


Figure  7.5  Success  Probability  for  the  Limiting  Case  of  m 


We  next  consider  the  number  of  hops  until  a  packet  is  blocked  (i.e.,  dropped)  Let  n 
be  a  random  variable  representing  the  number  of  hops  a  packet  successfully  traverses  along  the 
path,  and  let  B  be  the  blocking  probability  for  a  single  M/G/m/m  system.  Thus,  assuming  W 
nodes  in  the  chain,  n  * k  with  probability  (1-  B)k  B  for  0  <  k  <  N-  1  and  n  «/V  with  pro¬ 
bability  (1-  B)"  (-Pj">).  For  B  -0  we  have  P »1,  and  a  packet  will  surely  traverse  all 
N  hops  on  the  path  ( B  can  be  zero,  at  least  in  the  limiting  C3se  of  m,  by  Theorem  7.1). 

Now  assume  B  >  0.  In  this  case  n,  the  average  number  of  hops  a  packet  successfully 
traverses,  is  given  by 

n  -  5]*( I"  B)kB  +  N(l-  fl)"-(  1-  B)k-'  +  N(l-  B)* 

k  ^  k* 4 


We  note  that 


yiV  . _ i  v‘  ‘  --  *  1-  *N  1-  NwN-l  +  (N-  1) wN 

fa  iw  \-W  (1-  «;)* 


for  any  w.  Setting  to  «■!-  B,  we  have 


*  -0- 


Therefore 


For  N  -*  oo  (and  B  >  0)  we  obtain  the  simple  expression 

Soo  A  lim  n  -  £i(l-  B)*B 


(7.33) 


Using  this  latter  equation,  we  have  rfoo—1/5  when  m  —1,  since  B  —5/(l  +  6)  for 
M/G/l/1.  The  limiting  case  of  m  -*  oo  yields  (using  Theorem  7.1) 


0<5<1  (never  blocked) 


(7.34) 


Again,  for  m  -» oo,  we  observe  the  shifted  behavior  of  za  important  system  parameter  from  the 
m  -«1  case  when  1  <  5.  Also  note  that  as  5-*oo  th  n  -►  0,  and  a  packet  is  blocked  at  the 
first  hop.  For  0<5  <  1  a  packet  is  never  blocked  and  successfully  traverses  the  entire  path 
Figure  7.6  gives  a  plot  of  n®  versus  6  for  various  values  of  m.  We  see  that  the  curve  for 
m  =■  100  gives  values  very  near  the  limiting  case  of  m  -*  oo. 


Figure  7.6  Mean  Number  of  Successful  ’lops  for  the  Limiting  Case  of  N 


Examining  equation  (7.34)  in  greater  detail,  w»  observe  that  if  there  is  a  1/100  over* 
load  on  the  system  (5  —l +  1/100)  then  ffoo—100,  while  if  there  is  a  1/10  overload  then 
n®  “10.  This  provides  us  with  a  nice  rule  of  thumb  relating  the  fraction  of  overload  with  the 
average  number  of  successful  hops  in  large  nets.  We  now  consider  a  tandem  of  N  nodes  each 
modeled  as  an  M/G/m/m  system  with  m-»oo.  Suppose  the  system  is  in  an  overloaded  state 
with  the  offered  load  equal  to  6  “1  +  1  /K.  Thus,  from  equation  (7.34),  this  value  of  offered 
load  to  the  system  would  yield  an  average  of  K  successful  hops  per  packet  in  an  infinite  tan¬ 
dem.  That  is,  Ha,  for  6  “1  +1  (K.  Since  we  are  examining  the  case  when  m~*  oo,  we  see 
by  equation  (7.14)  that  the  probability  of  success  for  a  single  hop  is  Ps  “1  /6.  The  probability 
of  success  in  the  N  hop  system  is  therefore 


For  K  "1,  then  6  «2,  and  thus  «1/2W.  For  K  large,  we  first  write  N  ™ aK  (so  that 
a—N/K).  Then  we  have 


and  so  for  6  near  1  we  find 

ej*>-  j;-'- 

This  gives  an  estimate  of  the  fraction  of  successful  traffic  in  an  overloaded  N  hop  network  from 
the  parameters  of  the  limiting  system. 

In  this  section  we  have  introduced  a  model  of  a  packe tired  voice  network  with  many 
users  and  many  voice  channels  which  incorporates  blocking.  The  model  utilized  the  rough 
approximation  of  balancing  blocked  traffic  for  each  node  of  the  network  with  input  traffic  from 
the  other  nodes  so  that  the  Poisson  assumption  could  be  used.  Our  primary  interest  involved 
studying  the  interplay  of  input  parameters  X  (input  rate),  z  (mean  service  time),  m  (number  of 
channels),  and  N  (number  of  nodes)  in  such  a  model.  The  limiting  behavior  of  a  single  node 
in  such  a  pure  loss  network  which  was  analyzed  in  section  7.2  was  extended  to  a  path  through 
the  network.  We  obtained  intuition  into  the  deterministic  behavior  of  large  nets  (which  occurs 
as  a  consequence  ol  tlie  smoothing  effect  of  the  law  of  large  numbers).  The  various  plots  in 
the  paper  also  graphically  illustrate  this  behavior.  We  see  that  there  are  mixtures  of  the  input 
parameters  of  interest  (X,  J,  m,  and  N )  which  give  excellent  behavioral  characteristics.  In  the 
extreme  limiting  case  of  m-*oo  and  N  —  oo  we  find  a  critical  threshold  Sc  —  1  of  offered  load 
per  channel  such  that  for  S  <  Se  the  probability  of  success  is  one  and  all  packets  are  successful, 
while  for  6  >  6C  the  success  probability  is  zero  and  all  packets  are  lost  The  limiting  case  of 
m -*  oo  and  N -*  oo  was  also  used  to  estimate  the  fraction  of  traffic  which  will  successfully 
traverse  a  path  of  K  hops  in  an  overloaded,  large,  pure  loss  network. 

This  concludes  our  analysis  of  multiple  server  systems,  with  and  without  blocking.  In 
general,  it  presented  more  difficulties  than  for  single  server  systems.  But  for  very  large  systems 
(i.e.,  large  numbers  of  servers),  the  smoothing  effect  of  the  law  of  large  numbers  takes  hold 
and  deterministic  behavior  results.  Exploiting  this  behavior,  a  power  function  first  introduced 
by  Kleinrock  which  includes  blocking  was  studied  for  large  nets.  It  was  found  to  peak  at  the 
right  value  of  offend  load  for  the  limiting  pure  loss  system. 


CHAPTER  8 

Conclusions  and  Suggestions  for  Further  Work 


As  previously  discussed,  this  research  addresses  the  problem  of  “where  should  one 
operate  a  computer  network".  In  an  attempt  to  partially  answer  the  above  (rather  vague)  ques¬ 
tion  in  this  dissertation ,  we  have  been  led  to  the  consideration  of  throughput-delay  tradeoff 
functions.  One  possible  approach  which  was  taken  in  this  work  involves  the  optimization  of  the 
various  notions  of  power  and  generalized  power  defined  above.  We  have  seen  for  simple  com¬ 
puter  networks  (those  leading  to  simple  optimization  problems),  that  the  choice  of  the  operat¬ 
ing  point  which  maximizes  power  leads  to  several  intuitively  pleasing  results.  Rules  of  thumb 
such  as  “keep  the  pipe  full",  and  the  invariances  shown  by  N“,  the  average  number  at 
optimum  power,  are  examples.  However,  optimizing  power  for  more  complex  network  prob¬ 
lems  was  difficult  and  also  led  to  unwanted  side  effects.  Applying  Kleinrock’s  definition  of 
power  (instead  of  that  of  Giessler  or  Nakamura)  to  these  complicated  network  problems  did 
eliminate  some  of  the  undesirable  properties  of  the  optimal  power  point 

In  applying  these  results  to  real  networks,  one  use  could  be  to  provide  a  network 
operating  point  which  would  be  the  target  of  a  flow  control  procedure.  The  parameter  N*  could 
be  used  as  a  handle  that  window  flow  control  system  design  would  deal  with.  Thus  the  results 
about  N*  obtained  in  this  research  are  implementable  in  real  systems. 

We  now  indicate  future  areas  of  research  which  are  related  to  the  work  done  in  this 
dissertation.  The  analysis  of  power  itself  may  continue  in  several  directions.  More  complex 
optimization  problems  (such  as  PF1  and  PF2  of  chapter  4)  using  the  conventional  computer 
network  model  m^y  be  analyzed.  It  appears  that  the  analysis  becomes  harder  and  difficulties  in 
optimization  may  arise.  A  definition  of  power  (in  the  spirit  of  that  introduced  by  Kleinrock)  is 
needed  which  has  physical  meaning  as  a  throughput-delay  tradeoff  function  and  whose  “nice” 
properties  extend  beyond  the  simple  network  optimization  problems  to  the  multi-variable  case. 

We  may  also  extend  the  analysis  of  power  to  models  of  computer  phenomena  other 
than  the  traditional  wire  networks  studied  above.  A  step  in  this  direction  was  the  study  of 
blocking  models  in  chapter  7.  One  useful  set  of  models  are  those  of  broadcast  networks,  be 
they  packet  radio,  satellite,  or  broadcast  cable.  Local  networks  are  becoming  particularly  impor¬ 
tant  The  delay  characteristics  of  the  various  broadcast  protocols  (ALOHA,  CSMA,  etc.)  are 
usually  rather  complicated.  A  method  of  analysis  introduced  by  Kleinrock  [Klei77|  provides  an 
approximation  to  delay  (the  ZAP  approximation)  which  could  be  studied  from  the  power  per¬ 
spective. 
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Another  set  of  models  to  investigate  in  terms  of  power  are  those  of  time-shared  sys¬ 
tems  These  models  lead  naturally  to  the  study  of  power  for  queueing  disciplines  other  than 
firs  t-come-first- served.  For  example,  many  time-sharing  models  assume  a  processor-sharing 
discipline  |Lave83].  The  classic  work  of  Baskett  et  al  | Bask? 5]  on  networks  of  queues  which 
allow  various  types  of  nodes  other  than  firet-come-flnt-served  may  be  useful.  A  recent  paper 
by  Cohen  |Cohe79]  introduces  a  discipline  he  calls  generalized  procettor  tharlng,  which  could 
also  be  analyzed  from  the  power  point  of  view.  The  M/G/m/m  system  studied  in  chapter  7  is, 
in  fact,  a  special  example  of  a  generalized  processor  sharing  system. 

Computer  systems  performance  modeling  from  the  point  of  view  of  power  not  only 
leads  to  the  consideration  of  other  queueing  disciplines,  but  also  to  the  analysis  of  power  for 
closed  networks  of  queues.  The  networks  considered  in  this  work  were  all  open  networks,  but 
many  computer  phenomena  are  modeled  using  closed  (and  mixed)  networks  [Lave83|.  Even 
in  the  case  of  certain  conventional  wire  networks,  the  model  employed  consists  of  closed 
chains.  An  example  is  the  model  developed  by  Reiser  |Reis79)  for  a  virtual  circuit  network 
with  window  flow  control.  Some  preliminary  work  on  power  for  closed  networks  h»  already 
appeared  in  the  literature  (Bhar80, Haie83] ,  but  the  networks  considered  are  topologically  (and 
mathematically)  simple. 

In  addition  to  these  network  models  for  analyzing  computer  performance,  other  models 
for  certain  computer  phenomena  have  also  been  introduced.  One  particular  area  of  recent 
interest  is  in  the  modeling  of  distributed  systems.  With  the  rapid  evolution  of  distributed  pro¬ 
cessing  technology,  models  of  distributed  systems  have  become  increasingly  important  One 
technique  of  modeling  these  systems,  stochastic  Petri  nets,  takes  into  account  throughput  and 
delay  measures  and  was  first  introduced  by  Molloy  |Moll8lj.  These  stochastic  Petri  net  models 
could  perhaps  be  analyzed  with  respect  to  power. 

Another  area  of  research  (in  the  spirit  of  chapter  -1)  concerns  performance  criteria  other 
than  the  power  functions  studied  above.  Three  types  of  power  functions  (and  their  extensions 
to  generalized  power)  were  analyzed  in  this  dissertation,  but  each  definition  was  not  without  its 
drawbacks  (either  in  the  physical  meaning  of  the  function  or  in  the  difficulty  of  optimizing  it  in 
certain  cases).  Other  performance  measures  which  yield  a  throughput  delay  tradeoff  mav  be 
defined  and  studied.  An  example  is  given  by  Kermani  and  Kleinrock  in  [Kerm80|.  There  they 
introduce  a  function  which  is  simply  a  linear  combination  of  throughput  and  delay  (ay-  T, 
a>0).  We  note  that  a  preference  for  throughput  (or  delay)  can  be  indicated  by  simply  adjust¬ 
ing  the  parameter  a,  similar  to  the  generalized  power  family.  Another  example  appears  in 
|Yosh8l|  where  they  extend  their  single  node  power  function  to  a  general  network  topol¬ 
ogy.  However,  their  extension  is  based  on  the  channel  Bows  (X,)  and  thus  the  total  internal 
network  traffic,  whereas  all  the  power  functions  considered  in  this  dissertation  are  based  on  the 
throughput  and  thus  the  traffic  matrix  {y,*}.  Therefore,  their  measure  does  not  have  physical 
meaning  as  a  throughput-delay  tradeoff  function,  and  it  consequently  does  not  seem  as  useful 
as  the  usua1  power  definitions. 
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Another  approach  (also  in  the  spirit  of  chapter  4)  is  to  change  the  constraints  and/or 
the  decision  variables  of  the  problem  under  study.  An  example  appears  in  (Tann8l|  where  the 
power  of  individual  users  b  maximized  under  the  constraint  that  all  users  have  the  same  power 
Thb  does  not  seem  very  interesting,  however,  since  all  users  are  constrained  by  the  maximum 
power  of  the  slowest  user. 

In  dbcussing  performance  measures  related  to  the  original  notion  of  power  it  may  be 
natural  to  ask  whether  these  measures  can  in  any  way  be  made  to  correspond  to  the  concept  of 
power  found  in  electrical  circuit  theory.  From  our  results  we  can  see  that,  for  an  M/M/1  tan¬ 
dem,  the  power  of  the  system  P  b  related  to  the  power  P,  of  the  individual  nodes  as 


Thb  looks  suspiciously  like  a  result  for  the  admittance  of  a  parallel  electrical  circuit  In  fact  the 
measure  of  power  presented  in  [Yosh81]  was  obtained  by  noting  a  correspondence  between  an 
original  computer  network  and  an  electrical  circuit  network.  Thus  the  wealth  of  techniques 
from  electrical  circuit  theory  (e.g.  Kirchoff’s  Laws)  may  perhaps  be  useful  in  analyzing  com¬ 
puter  networks. 

We  now  address  a  most  important  direction  of  future  research,  namely  the  implementa¬ 
tion  in  real  systems  of  the  "appropriate”  operating  point  In  the  optimization  problems  studied 
in  thb  dbsertaiion,  we  assume  a  fixed  environment  with  a  centralized  ability  to  achieve  an 
optimal  operating  point  But  in  practice,  dynamic  behavior  may  occur  and  a  distributed  algo¬ 
rithm  may  be  needed.  Such  an  algorithm  was  given  in  [Gall77]  when  the  performance  measure 
was  delay,  but  we  know  of  no  such  algorithm  for  optimizing  global  power.  In  fact,  »  we  noted 
in  chapter  3,  Jaffe  [Jaff8l]  gave  an  example  of  a  network  in  which  local  power  (where  all  nodes 
of  the  network  use  only  local  information  in  optimizing  power)  and  global  power  differ.  That 
b,  the  resulting  local  power  value  b  not  globally  optimal.  Thus  globally  maximizing  power 
using  a  "decentralizable”  algorithm  m^y  not  be  possible  for  certain  networks. 

Since  local  power  and  global  power  do  not,  in  general,  give  identical  results,  another  set 
of  questions  involve  the  approximation  of  global  power  using  the  intuition  and  rules  of  thumb 
derived  from  the  local  point  of  view.  Flow  control  strategies  that  use  only  local  information  (in 
the  calculation  of  window  size,  for  example)  may  be  used  to  somehow  approximate  a  good  glo¬ 
bal  operating  point.  A  first  step  in  this  direction  was  given  by  Bharath-Kumar  and  Jaffe  in 
(Bhar8l).  They  developed  a  heuristic  "greedy"  distributed  algorithm  where,  one  by  one,  each 
user  maximizes  his  own  power  based  upon  current  information.  As  pointed  out  by  Yemini 
[Yemi8l],  thb  type  of  ttlfuh  optimization  is  related  to  the  well-known  approach  called  Pa*vto 
optimality.  Yemini  examines  the  optimization  of  power  from  this  point  of  view,  and  it  appears 
that  the  theory  of  Pareto  optimality  may  be  useful  in  the  analysis  of  distributed  algorithms  for 
optimizing  power  (or  any  other  favorite  performance  measure). 
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Another  important  performance  criterion  which  has  appeared  in  this  work  is  fairness 
Various  concepts  of  fairness  have  been  defined  |Gerl82,  Wong82]  besides  the  one  used  in  this 
dissertation.  One  may  try  to  extend  the  definition  of  power  (the  product  of  powers  introduced 
by  Bharath-Kumar  and  Jaffe  (Bhar8l|  is  an  example)  or  change  the  constraints  of  the  problem 
to  yield  fair  solutions. 

In  this  dissertation,  we  analyzed  networks  from  the  power  point  of  view  always  »sum- 
ing  that  the  topology  and  the  channel  capacities  were  known.  Instead,  we  may  consider  the 
capacities  {<7, }  and/or  the  network  topology  to  be  decision  variables,  thus  creating  new  power 
problem  formulations  (recall  that  we  proceeded  slightly  in  that  direction  in  chap*'*  *  -'hen  we 
noted  that  the  usual  capacity  assignment  problem  did  not  change  when  power  was  used  as  the 
objective  function  rather  than  delay).  Such  extended  problem  formulations  naturally  lead  to 
another  possiole  area  of  research,  namely  the  dttign  of  computer  network'  with  power  as  a  per¬ 
formance  measure.  Thus  we  car  assume  that  the  channel  capacities  and  tLe  topology  are  vari¬ 
ables  and  try  to  find  networks  with  a  structure  which  optimizes  power. 

We  end  by  emphasising  the  difficulty  of  the  question  asked  at  the  beginning  of  this 
dissertation,  namely,  finding  an  appropriate  operating  point  for  a  compute;1  network.  Hopefully 
this  research  has  contributed  toward  some  clarification  of  this  question. 
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